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Quantum mechanics of an anharmonic

oscillator as ��� quantum �eld theory

Classical treatment�

Lagrangian

L �
�x�

�
� V �x� �

�x�

�
� ��

�
x� � �x�

Euler�Lagrange equation � Newton	s �nd law

d

dt

�L

� �x
�

�L

�x
� ��

x� ��x
��x�

Canonical momentum

p �
�L

� �x
� �x

Hamiltonian

H � p �x� L �
p�

�



��

�
x�
 �x�

Change of names� x� �� p� �

L �
���

�
� ��

�
�� � ���

� Lagrangian of the 

� scalar �eld

H �
��

�



��

�
��
 ���
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Quantization�

� � ��� � � ��

Operators � and � act on the wave function

����

������ � ������ ������ � �i �
��
����

��� �� � i � canonical commutation relation

H � �H �
���

�



��

�
���
 ����

Schrodinger picture� ���� t�� ��� ��

Dynamics is governed by the Schrodinger equa�

tion

i
�

�t
���� t� � �H���� t�

�h � �
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Heisenberg picture �

���� � �Schro��� t � 
�

���t� � ei
�Ht��e�i

�Ht

���t� � ei
�Ht��e�i

�Ht

Dynamics is determined by Heisenberg equa�

tions

d

dt
���t� � i� �H� ���t��

d

dt
���t� � i� �H� ���t��

Perturbation theory � expansion in powers of
a �coupling constant� ��

Typical problem� �nd the dispersion �� mean
��� in the ground state of the anharmonic os�

cillator h�j���j�i
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QM solution�

�H � �H�
 �Hint� �H� �
���

�


��

�
���� �Hint � ����

Ground state of the harmonic oscillator

��perturbative vacuum���

�H�j
i � E�j
i � E� �
�

�
� j
i � e�

�
��

�

Ground state of the anharmonic oscillator

��physical vacuum���

�Hj�i � Evacj�i
Perturbative solution

j�i � j
i � �
�X
jnihnj

���j
i
En �E�


O����

jni � eigenstates of �H� �Hermit polynomials��

En � ��n
 �
��

h�j���j�i � h
j���j
i � �
�X h
j���jnihnj���j
i

En � E�
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QFT solution ��interaction picture��

Some de�nitions�

Interaction representation�

��I�t� � ei
�H�t��e�i

�H�t

��I�t� � ei
�H�t��e�i

�H�t

T�product of operators

Tf���t����t��g � ��t�t�����t����t��
��t��t����t�����t�
Evolution operator

�U�t�
� � ei
�H�te�i

�Ht � �Uy�t�
� � ei
�Hte�i

�H�t

�U�t�� t�� � U�t��
��U
y�t��
�

Group property�

�U�t�� t���U�t�� t�� � �U�t�� t��
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Formula � �HI�t� � ����I �t���

�U�t�
� � T exp�i
Z t

�
dt� �HI�t

��

� �� i
Z t

�
dt� �HI�t

�� 
 i�
Z t

�
dt�

Z t�

�
dt� �HI�t

�� �HI�t�� 
 	

Proof�

d

dt
�U�t�
� � �iei �H�t����e�i

�Ht �

�iei �H�t����e�i
�H�t�U�t�
� � �i����I �t��U�t�
�

d

dt
�r	h	s	� � �i����I �t�

�
�� i

Z t

�
dt� �HI�t

�� 
 			
�

� �i����I �t��r	h	s	�

Also� �U�t�
�
���
t��
� �r	h	s	�jt�� � �

� �U�t�
� � �r	h	s	�

Similarly one can prove that

�U�t�� t�� � T exp�i
Z t�

t�
dt� �HI�t

��
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How to �nd h�j���j�i using the evolution op�
erator�

Key idea� if you take j
i and wait for a long
time� you	ll get j�i�

lim
T�����i�	

e�i
�HT j
i ��

�Strictly speaking� we must take T���i
�� then
T ��� and only then 
� 
��

lim
T��

e�i
�HT���i�	j
i �

lim
T��

e�i
�HT���i�	

X
N

jNihN j
i �

lim
T��

e�iEvacT���i�	
�
j�ih�j
i


�X
jNihN j
ie��T�EN�Evac	
iT�EN�Evac	

�
At T ��
e��T�EN�Evac	 � 
 because EN � Evac

� lim
T��

e�i
�HT���i�	j
i � j�ih�j
ie�iEvacT���i�	

Thus

j�i � lim
T��

�e�iEvacT h�j
i���e�i �HT j
i
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In terms of evolution operators

j�i � lim
T��

�e�i�Evac�E�	T h�j
i����U�
��T �j
i
h�j � lim

T��
�e�i�Evac�E�	T h
j�ji���h
j�U�T�
�

� h�j���j�i � lim
T��

h
j�U�T�
�����U�
��T �j
i
h
j�jih�j
ie��i�Evac�E�	T

�T ��� i
� is always assumed��

By de�nition of the T�product

�U�T�
�����U�
��T� � Tf���I �
��U�T��T�g �
Tf���I �
� exp�i

Z T

�T
dt� �HI�t

��g
Also�

h
j�U�T��T�j
i � h
jei �H�T e��i
�HTei

�H�T j
i �
e�iE�T h
je��i �HT j
i � h
j�ih�j
ie��i�Evac�E�	T

� h�j���j�i � lim
T��

h
jTf���I �
�e�i
R T
�T

dt� �HI�t
�	gj
i

h
jTfe�i
R T
�T dt

� �HI�t
�	gj
i
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At T �� we get

h�j���j�i � h
jTf���I �
�e
�i
R
�

��
dt �HI�t	gj
i

h
jTfe�i
R
�

��
dt �HI�t	gj
i

� master formula for calculations in the inter�

action representation�

In the �rst order in perturbation theory

e�i
R
�

��
dt �HI�t	 � � � i�

Z �

��
dt���I �t�

so

h�j���j�i � h
j���j
i � i�
Z �

��
dt
h
��t�h
j���I �t����I �
�j
i


���t�h
j���I �
����I �t�j
i � h
j���I �
�j
ih
j���I �
�j
i
i

The correlation functions of the type

h
jTf���I �
����I �t�gj
i are called Green functions�
They are calculated using Feynman rules�

Foundations of QCD ��� ���� June ����
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Feynman rules for the Green functions�

Consider the simplest Green function

G�t� t�� � h
jTf��I�t���I�
�gj
i
which is called �propagator��

To �nd it� we use the ladder operator formal�

ism for the harmonic oscillator�

�a �
���
 i��p
��

�ay �
���� i��p
��

Properties of ladder operators�

������� � i �
��a��ay� � �

� canonical commutation relation in terms of

ladder operators�

�aj
i � 
 �a � �annihilation operator�

��ay�nj
i � jni �ay � �creation operator�

Foundations of QCD ���� ���� June ����
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�H� � ���ay�a
 �
��

Canonical commutation relation �
� �H���a� � ���a� � �H���a

y� � ��ay �
ei �H�t�ae�i �H�t � �ae�i�t

ei �H�t�aye�i �H�t � �ayei�t

�
�

��I�t� � ei
�H�t��e�i

�H�t �

�p
��

ei
�H�t��a
�ay�e�i

�H�t �
�ap
��

e�i�t

�ayp
��

ei�t

Now we can �nd the �propagator�

h
jTf��I�t���I�t��gj
i �
��t� t��

��
h
j��ae�i�t
�ayei�t���ae�i�t�
�ayei�t��j
i


�t	 t�� �
�

��
h
j��a��ay�e�i��t�t�	j
i
 �t	 t�� �

�

��
e�i�jt�t

�j

�recall that �aj
i � h
j�ay � 
��
Similarly

h
jTf���I �
����I �t�gj
i �
��t�

���
h
j��ae�i�t
�ayei�t����a
�ay��j
i
 �t	 t��

Foundations of QCD ���� ���� June ����
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The result of the calculation can be repre�

sented by Wick	s theorem�

h
jTf���I �
����I �t�gj
i �

X
contractions

��I�
���I�
���I�t���I�t���I�t���I�t�

Each contraction is a propagator

��I�t���I�
� � G�t� �
�

��
e�i�jtj

represented by a line in a Feynman diagram

The rest is combinatorics

h
jTf���I �
����I �t�gj
i �

h
j���I �
�j
ih
j���I �
�gj
i �

Foundations of QCD ���� ���� June ����
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� h
jTf���I �
����I �t�gj
i � h
j���I �
�j
ih
j���I �
�gj
i �
�

P
of the connected Feynman diagrams �

� ��G��t�G�
�

Second term �coming from the denominator�

cancels disconnected diagrams� This is a gen�

eral property� any Green function is represented

by sum of relevant connected Feynman dia�

grams�

� h�j���j�i � G�
�� ��i�
Z �

��
dtG��t�G�
�

�
�

��
��� ��

���
i
Z �

��
dte��i�jtj� �

�

���
��� ��

��
� 
O����

This may be a wierd way to calculate h��i in
quantum mechanics� but it generalizes to �eld

theories�

Foundations of QCD ���� ���� June ����
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QFT for the Klein�Gordon �eld

���x� t� � Klein�Gordon �eld�

�if m� � 
 it would be observable like electric

�eld��

��� �m����x� � 
 � Klein�Gordon equation

� analog of Maxwell	s equations�

x � ��x� t�� �� � �
�x�

�
�x�

Classical theory�

Lagrangian L �
R
d�xL��x� t��

L � �
�
����

��� m�

�
��

� Lagrangian density for the free KG �eld

L � �
�
����

���m
�

�
������

� Lagrangian density for the self�interacting

KG �eld �

Euler�Lagrange eqn reproduces the KG equa�

tion

Foundations of QCD ���� ���� June ����
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Quantization of the free KG �eld

For simplicity� one�dimensional KG �eld ��x� t�

L �
Z
dx

�
���

�
� ��

���

�
� m�

�
��
�

Idea� KG �eld � superposition of harmonic

oscillators�

Lattice model of the KG �eld�

� harmonic oscillators at each point of the lat�

tice with pairwise interaction�

L�t� � a
Xh ���n�t�

�
���n
��t�� �n�t���

�a
�m

�

�
��n�t�

i
Change of the label� �n � ��xn� t� �
L�t� �

a
Ph ����xn�t	

� � ���xn
a�t	���xn�t		�

�a�
� m�

� ���xn� t�
i

In the �continuum limit� a� 
 this reproduces
the above KG Lagrangian

Foundations of QCD ��	� ���� June ����
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Quantization of a set of oscillators�

Canonical momenta� �n �
�L
� ��n
� a ��n

De�ne ��xn� t� � �
a�n �

���xn� t� �
H �

X
�n ��n � L �

a
Ph

���xn�t	
� 
 ���xn
a�t	���xn�t		�

�a�

 m�

� ���xn� t�
i

In the continuum limit we get

H �
Z
dx
h���x� t�
�



���x� t��

�



m�

�
���x� t�

i
As usual� for quantization of the set of os�

cillators we promote �n and �n to operators
satisfying canonical commutation relations

���m� ��n� � i
mn� ���m� ��n� � ���m� ��n� � 


In terms of ��xn� and ��xn� this reads

����xm�� ���xn�� �
i

a

mn

which reduces to

����x�� ���y�� � i
�x� y��

����x�� ���y�� � ����x�� ���y�� � 


in the continuum limit�
Foundations of QCD ��
� ���� June ����
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For the ��dimensional KG �eld the canonical

commutation relations are

�����x�� ����y�� � i
��x� y��

�����x�� ����y�� � �����x�� ����y�� � 


Ladder operators

����x� �
Z

d�pq
�Ep

�
�a	pe

i	p	x
�a
y
	pe
�i	p	x

�

����x� � �i
Z

d�pq
�Ep

Ep
�
�a	pe

i	p	x � �ay	pe�i	p	x
�

�Ep �
q
m�
 �p���

It is easy to check thath
�a	p��a

y
	p�

i
� �����
���p� �p��h

�a	p��a	p�
i
�

h
�a
y
	p��a

y
	p�

i
� 


�	

�

� canonical commutation relations�

Foundations of QCD ���� ���� June ����
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Classical Hamiltonian

H �
Z
d�x

h����x� t�
�



�r���x� t��
�



m�

�
����x� t�

i

� �H �
Z
d�x

h�����x�
�



�r����x��
�



m�

�
�����x�

i
In terms of ladder operators

�H �
Z
d�pEp�a

y
	p�a	p

�we throw away the � constant��

� � �H��a	p� � �Ep�a	p� � �H��a
y
	p� � Ep�a

y
	p� �

ei
�Ht�a	pe

�i �Ht � �a	pe
�iEpt� ei

�Ht�a
y
	pe
�i �Ht � �a

y
	pe
iEpt

The Heisenberg operators are de�ned as usual

����x� t� � ei
�Ht����x�e�i

�Ht� ����x� t� � ei
�Ht����x�e�i

�Ht

�
���x� �

R d�pp
�Ep

�
�a	pe

�ipx
�a
y
	pe
ipx

�
���x� � �i R d�pp

�Ep
Ep

�
�a	pe

�ipx � �ay	peipx
�

where x � ��x� t� and px � Ept� �p�x

Foundations of QCD ���� ���� June ����
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Basic property

�a	pj
i � 

where j
i is the ground state of the quantized
�eld �� the lattice of oscillators��
Proof�

Suppose �a	pj
i 
� 
� Denote this state by jXi�
�HjXi � �H�a	pj
i � � �H��a	p�j
i
�a	pHj
i �
�Ep�a	pj
i
 E��a	pE�j
i � �E� �Ep�jXi

We see� that the state jXi has enegry less than
the ground state energy which is impossible

� �a	pj
i � 
�

Foundations of QCD ���� ���� June ����
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Free propagator G��x�y� � h
jTf��I�x���I�y�gj
i

G��x� y� �

��x� � y��h
j
Z

d�pq
�Ep

�
�a	pe

�ipx
�a
y
	pe
ipx

�
Z

d�p�q
�E�

p

�
�a	p�e

�ip�y
�a
y
	p�
e
ip�y

�
j
i
 �x	 y�

�aj
i � h
j�ay � 
�

G��x� y� �

��x� � y��
R d�pd�p�

�
q
EpE�p

e�ip�x�y	h
j�a	p�ay	p�j
i
 �x	 y�

��a	p��a
y
	p�
� � 
���p� �p�� �

G��x� y� �

��x� � y��
R d�p
�Ep

e�iEp�x�y	�
i	p�	x�	y	
 �x	 y�

It can be rewritten in the rel��inv� form�

G��x� y� � lim
���

Z
d�p

����i
e�ip�x�y	

�

m� � p� � i


Foundations of QCD ���� ���� June ����
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Self�interacting Klein�Gordon �eld

L �
Z
d�x
�

�
����

���m
�

�
������

H �
Z
d�x

h����x� t�
�



�r���x� t��
�



m�

�
����x� t�
���

i
Quantization � same as for the free KG �eld�

�� ����x�� � � ����x�

�����x�� ����y�� � 
���x� �y�� ���� ��� � ���� ��� � 


�H �
Z
d�x

h�����x�
�



�r����x��
�



m�

�
�����x� 
 ����

i
Heisenberg picture� ���x� and ���x� depend on

time

���x� � ����x� t� � ei
�Ht����x�e�i

�Ht

���x� � ����x� t� � ei
�Ht����x�e�i

�Ht

Vectors of state �like the vector of ground state

j�i� do not depend on time�

Foundations of QCD ���� ���� June ����
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Cross sections are determined by Green func�

tions h�jTf���x�����x��			���xn�gj�ji

2
1 1s=(p  +p’ )  =  4E c.m.

2

= 
σd

dΩ c.m. 64     sπ2
1 |T|

2

p
1 2

p

p’
1

p’
2

S�p�� p
�
� � p�� p

�
�� �

�
 
�
P
p� �

P
p��T�p�� p

�
� � p�� p

�
��

LSZ theorem�

S�p�� p
�
� � p�� p

�
�� � lim

p�i�m�
��p�i �m��

Z
d�x��x

�
�d

�x��x
�
�e

�ip�x��ip
�

�x
�

�
ip�x��ip
�

�x
�

�

h�jTf���x�����x������x�����x���gj�i

Foundations of QCD ���� ���� June ����
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Perturbation theory� �H � �H�
 �Hint

�H� �
Z
d�x

h�����x�
�



�r����x��
�



m�

�
�����x�

i
�Hint �

Z
d�x������x�

Interaction representation de�ned as in QM

��I��x� t� � ei
�H�t����x�e�i

�H�t� ��I��x� t� � ei
�H�t����x�e�i

�H�t

Literally repeating all the steps we get

h�j���x��			���xn�j�i �
h
jTf��I�x��			��I�xn�e�i

R
�

��
dt �HI�t	gj
i

h
jTfe�i
R
�

��
dt �HI�t	gj
i

where j
i is the �perturbative vacuum� �� ground
state of �H���

R�
�� dt �HI�t� � � R

d�x �LI�x� �
h�j���x��			���xn�j�i �

h
jTf��I�x��			��I�xn�ei
R
d�x �LI�x	gj
i

h
jTfei
R
d�x �LI�x	gj
i

This master formula is relativistic invariant

�although the intermediate steps were not��

Foundations of QCD ���� ���� June ����
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Cross section in the �rst order in ��

h
jTf��I�x����I�x�����I�x����I�x���i�
Z
d�x���I �x�gj
i

�
X

contractions

��I�x����I�x
�
����I�x����I�x

�
��i�

Z
d�x��I�x���I�x���I�x���I�x�

Each contraction is a free propagator

��I�x����I�x� � G��x� � x�

� Feynman diagram for the four�point Green

function

x

x’
1

x1 2x

x’
2

λ

Foundations of QCD ���� ���� June ����
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Feynman diagram in the momentum represen�

tation

λ
2 2

1

221/(m -p’   )
1

2 2
2

2
2
2

1/(m -p   ) 1/(m -p   )

1/(m -p’   )

G�p�� p
�
� � p�� p

�
�� �Z

d�x��x
�
�d

�x��x
�
�e

�ip�x��ip
�

�x
�

�
ip�x��ip
�

�x
�

�

h�jTf���x�����x������x�����x���gj�i �
���

�m� � p����m
� � p

��
� ��m

� � p����m
� � p

��
� �

O����

LSZ theorem �
T�p�� p

�
� � p�� p

�
�� � ���
O�����

The meson�meson cross section is

d�

d�
�
���

��s

O����
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In higher orders in perturbative expansion in

powers of � we have more complicated dia�

grams such as

k

p +p’ -k

k
1

p -p -k
2

p -p’ -kk 1 2

1 1

2

2
p’

1

p
1 p

p’

Feynman rules for the Green functions in mo�

mentum representation�

� �
m��p��i�

for each propagator with momen�

tum p�

� ��� for each vertex ���� combinatorial co�
e cient�

� R d�k
����i

for each �loop� momentum k�

Foundations of QCD ��
� ���� June ����
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Path integrals in quantum mechanics

Anharmonic oscillator

�H � �H�
 �V � �H� �
�p�

�
� �V �

��

�
�x�
 ��x�

�note that here �H� does not include
��

� �x
���

Wave function in Dirac notations is !�x� t� �
h�j!�t�i
where j�i� eigenstates of the coordinate oper�
ator �x� �xjxi � xjxi�
Evolution is described by the operator e�i �Ht�

j!�tf�i � e�i
�H�tf�ti	j!�ti�i

In terms of wave functions

!�xf � tf� � hxf j!�t�i �
Z
dxihxf je�i �H�tf�ti	jxii!�xi� ti�

� K�xf � tf " xi� ti� � hxf je�i �H�tf�ti	jxii �
kernel of the evolution operator �propagation

amplitude��

Physical meaning� we release the oscillating

particle in the point x � xi at time t � ti and
K�xf � tf "xi� ti� is a probabilty to �nd this par�
ticle in the point x� xf at later time t � tf �

Foundations of QCD ���� ���� June ����
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Path integral for the evolution kernel

Insert � �
R
dxjxihxj n times �#t �

tf�ti	
n �

hxf je�i �H�tf�ti	jxii �Z
dx�			

Z
dxnhxf je�i �H
tjxni			hx�je�i �H
tjx�ihx�je�i �H
tjxii

For small #t

hxkje�i �H
tjxk��i �Z
dp

��
hxkjpihpje�i �H
tjxk��i �Z

dp

��
eip�xk�xk��	e�i

p�

� 
t�iV �xk	
t �

�p
��i#t

ei

xk�xk���

�

��t
�iV �xk	
t

hxf je�i �H�tf�ti	jxii �
�
�

��i#t

�n
� Z
dx�			

Z
dxne

i
t
P



xk�xk���
�

�
�t��
�V �xk	

�

� N��
Z
Dx�t�e

i
R tf
ti

dt
�
�x�

� �V �x	
�
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Path integral and classical mechanics

Restore �h for a minute

K�xf � tf "xi� ti� � N��
Z x�tf	�xf

x�ti	�xi
Dx�t�e

i
�hS�x�t		

This formula can be used as a postulate of

quantum mechanics instead of Schrodinger equa�

tion�

Classical limit�

At �h� 
 �classical limit� this integral is deter�
mined by a stationary phase point correspond�

ing to minimum of the action S�x�t�� �
least action principle � given the initial and ��

nal points� the classical path is a path with

minimal action�

In quantum mechanics� all trajectories are pos�

sible� Each trial path is weighted with eiS and

we have to sum over trial con�gurations due

to the superposition principle of quantum me�

chanics �for undistinguishable paths� we must

sum the amplitudes��

Foundations of QCD ���� ���� June ����
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Path integrals for the Green functions

Consider the two�point Green function

G�t�� t�� � h�jTf���t�����t��gj�i
At �rst� we prove that �tfi � tf � ti�

G�t�� t�� � lim
tf���ti���

h
jTfe�i �Htfi���t�����t��gj
i
h
je�i �Htfij
i

Proof�

Take t� � t�� Consider the numerator

Num�t�� t�� � h
je�i �Htf���e�i
�Ht����e�i

�Ht�ij
i
Recall that

e�i �Ht�ij�i
ti���� e�iEvact�ij�ih�j
i

h
je�i �Htf�
tf��� h
j�ih�je�iEvactf�

�	

�

lim
tf���ti���

Num�t�� t�� �

jh
j�ij�e�iEvac�tf�
t�i	h�j��ei �Ht����j�i

Foundations of QCD ���� ���� June ����
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Similarly� the denominator is

Den � h
je�i �Htfij
i � jh
j�ij�e�iEvac�tfi	

� Num
Den

� eiEvac�t��	h�j��e�i �Ht����j�i
On the other hand

h�jei �Ht���e�i
�Ht����e�i

�Ht�j�i � eiEvact��h�j��ei �Ht����j�i

� lim
tf���ti���

Num

Den
� G�t�� t��

Path integral for G�t�� t���

We know that

Den � h
je�i �Htfij
i �
Z
D�e

i
R tf
ti

L�t	dt

The numerator

Num � h
je�i �Htf���e�i
�Ht����e�i

�Ht�ij
i �Z
d��d��h
je�i �Htf���j��ih��je�i �Ht����j��ih��je�i �Ht�ij
iZ
d��d��h
je�i �Htf�j��i��h��je�i �Ht��j��i��h��je�i �Ht�ij
i

Foundations of QCD ���� ���� June ����
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φ

φ1

a

φ
b

t=b t=a

t

φ

t1

Each path is weighted

with F(    ) = F(   (t  ))φ
1 φ 1

PropertyZ
d��

Z ��a	��a

��t�	���
D�e

i
R a
t�
L�t	dt

F����Z ��t�	���

��b	��b
D�ei

R t�
b

L�t	dt

�

Z ��a	��a

��b	��b
D�ei

R a
b
L�t	dtF���t��� �

Num �

Z
D���t����t��e

i
R tf
ti

L�t	dt

� G�t�� t�� �

R
D���t����t��e

i
R
�

��
L�t	dt

R
D�ei

R
�

��
L�t	dt

In general

h�jTf��t��			��tn�gj�i �
R
D���t��			��tn�e

iS��	R
D�eiS��	

Foundations of QCD ���� ���� June ����
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Euclidean path integral

Analytic continuation of the evolution operator

to the imaginary time � � �it gives

hxf je� �H��f��i	jxii � N��
Z
Dx���e

�
R �f
�i

dt

�
�x�
��
� 
V �x��		

�

� �x��� denotes now the derivative with respect

to � ��

The �nite�sum version of this formula

hxf je� �H��f��i	jxii �
�
�

��i#t

�n
� Z
dx�			

Z
dxne

�
t
P



xk�xk���
�

�
�t��

V �xk	

�

is very convenient for practical calculations since

the integrals of this type can be computed us�

ing the Monte�Carlo methods� This is the sim�

plest example of the lattice calculation in a

quantum theory�

Foundations of QCD ���� ���� June ����
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Feynman diagams from path integrals

Consider the two�point Green function

h�jTf��t����t��gj�i �
R
D���t����t��e

iS��	R
D�eiS��	

for the anharmonic oscillator�

At small �

S � S�
 Sint

S� �
Z
dt
h ����t�
�

� ��

�
���t�

i
Sint �

Z
dt����t�

Note that� unlike p���� we include ��

� �
� in S��

h�jTf��t����t��gj�i �
R
D� ��t����t��e

iS���	
iSint��	R
D�eiS���	
iSint��	

Perturbative expansion � expansion of eiSint in
the numerator and denominator�
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In the �rst order in perturbation theory we get

i�

R
D���t����t��

R
dt���t�eiS�R

D�eiS�

�i�
R
D���t����t��e

iS�R
D�eiS�

R
D�

R
dt���t�R

D�eiS�

It is the same expansion as in interaction rep�

resentation picture �see p����

h�jTf���t�����t��gj�i � h
jTf��I�t����I�t��gj
i �
i�
Z
dt
h
h
jTf��I�t����I�t�����I �t�gj
i

�h
jTf��I�t����I�t��gj
ih
j���I �t�j
i
i

becauseR
D���t��			��tn�e

iS�R
D�eiS�

� h
jTf��I�t��			��I�tn�gj
i

Proof� this is simply the master formula for

path�integral representation of Green functions

�see p���� applied for the unperturbed har�

monic oscillator� �Recall that ��I is a Heisen�

berg operator for �H � �H���
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Path�integral derivation of Wick	s theorem

G��t�� 			tn� �

R
D���t��			��tn�e

iS�R
D�eiS�

�

X
contractions

� G��t� � t��G��t� � t��			G��tn�� � tn�

De�ne the functional

Z�J� �

R
D�eiS�
i

R
dtJ�t	��t	R

D�eiS�

Expansion of this generating functional Z�J�

in powers of the source J�t� generates the set

of Green functions G��

Z�J� �

�
 i
Z
dtG��t�J�t� 


i�

�

Z
dt�dt�J�t��J�t��G��t�� t��

i�

�$

Z
dt�dt�dt�J�t��J�t��J�t��G��t�� t�� t�� 
 			

The generating functional Z�J� is a gaussian

integral �albeit a path one� so we can try to

calculate by appropriate shift of variable�

Foundations of QCD ��
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Accurately

Z�J� �

R
d�fd�ie

��
��

�
fe�

�
��

�
i
R ��tf	��f
��ti	��i

D�e
iS�
i

R tf
ti

dtJ�t	��t	

R
d�fd�ie

��
��

�
fe�

�
��

�
i
R ��tf	��f
��ti	��i

D�eiS�

Let us make a shift ��t� � ��t� 
 ���t� in the
path integral in the numerator� The exponen�

tial in the numerator will turn to

��
�
��f 
 ��f�

� � �

�
��i
 ��i�

�
 iS���
 ��� 


i
Z tf

ti
dtJ�t����t� 
 ���t�� �

��
�
���f �

�

�
���i 
 iS����� 
 i

Z tf

ti
dtJ�t����t�

����f ��f � �i��i� 
 i
Z tf

ti
dt� �� ���� ������

��
�
��f �

�

�
��i 
 iS���� 
 i

Z tf

ti
dtJ�t����t���

Z tf

ti
dt� �� ���� ������� by parts�

����
���tf
ti



Z tf

ti
dt������t 
 ������t� 
 J�t�� �

Foundations of QCD ���� ���� June ����
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���
�
���f �

�

�
���i 
 iS����� 
 i

Z tf

ti
dtJ�t����t�

��
�
��f �

�

�
��i 
 iS����


� ����tf�� ���f��f � � ����ti� 
 ���i��i




Z tf

ti
dt������t 
 ������t� 
 J�t���

We choose ���t� in such a way that it eliminates
the linear �black� term in the exponential
� we get the di%erential equation

���t � ������t� � J�t�

with boundary conditions

����tf� � ���f �
����ti� � ����i

The solution of this equation is

���t� �
Z tf

ti
G�t�t��J�t��� G��t�t�� �

�

��
e�i�jt�t

�j

where G��t � t�� is the �propagator� for har�
monic oscillator �see p� ����

��
Z tf

ti
dtdt�J�t�G�t� t��J�t��� �

�
��f �

�

�
��i 
 iS����
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� the numerator reduces to

Z
d�fd�i

Z
D�e

��
���

�
f

��i 	e

iS�
i
R tf
ti

dtJ�t	��t	
�

e
��
�

R tf
ti

dtdt�J�t	G�t�t�	J�t�	Z
d�fd�i

Z
D�e

��
���

�
f

��i 	eiS�

� Z�J� � e
��
�

R tf
ti

dtdt�J�t	G�t�t�	J�t�	

At tf ��� ti � �� we get

Z�J� � e�
�
�

R
dtdt�J�t	G�t�t�	J�t�	

Expanding this in powers of J we obtain

G��t�� t�� � G��t� � t��

G��t�� t�� t�� t�� � G��t� � t��G��t� � t�� 


G��t� � t��G��t� � t�� 
G��t� � t��G��t� � t��

G��t�� t�� t�� t�� t�� t�� �

G��t� � t��G��t� � t��G��t� � t�� 
 			

while all the Gn with odd n vanish

� Wick	s theorem �see p� ����
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Functional integrals

Consider again lattice model for �
� Klein�

Gordon �eld

�H � a
Xh����xk�

�


����xk
��� ���xk���

�a�

 V ��k�

i

where V ��� � m�

� for the free KG �eld of

V ��� � m�

� 
 ��� for the self�interacting �eld�
For one oscillator� we found the path integral

representation for the evolution kernel

h�f je�i �Htj�ii
where j�i were the eigenstates of the coordi�
nate operator ���

For �N oscillators of our lattice model� the

eigenstates of the coordinate operator ��n are

jf�Kgi � j��Nij��N��i			j���ij��j��i			j�Ni

Foundations of QCD ���� ���� June ����
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By construction�jf�Kgi are eigenstates of ��eld
operator� ��k�

��kjf�Kgi � �kjf�Kgi
The evolution kernel is

hf�Kgf je�i �Htfijf�Kgii
As in the case of harmonic oscilator� in order

to �nd the path integral representation for the

evolution kernel we divide tfi into small inter�

vals #t and insert

� �
Z
d��N j��Nih��N j			

Z
d��N j��Nih��N j

�

Z
�d�kjf�Kgihf�Kgj

We get

hf�Kgf je�i �Htfijf�Kgii �
Z
�d�nkhf�Kgf je�i �H
tjf�Kgni

hf�Kgnje�i �H
tjf�Kgn��i			hf�Kg�je�i �H
tjf�Kgii

Foundations of QCD ���� ���� June ����
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For small #t the evolution kernel for our lattice

Hamiltonian is simply a product of evolution

kernels for individual oscillators�

hf�Kgn
�je�i �H
tjf�Kgni ��
�

��i#t

�N
e
ia
t

P
k

h

�n��
k

��n
k
��

��t�
�

�n
k��

��n
k
��

�a�
�V ��n

k
	
i

� functional integral for the KG �eld on the

lattice

hf�Kgf je�i �Htfijf�Kgii �


�

��i#t

�nN
Z
�d�nke

ia
t
P

k�n

h

�n��
k

��n
k
��

��t�
�

�n
k��

��n
k
��

�a�
�V ��n

k
	
i

As in the case of one oscillator� it is convenient

to label the integration variables by the time

tn and position xk rather than by n and k

�nk � ��xk� tn� �
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hf�Kgf je�i �Htfijf�Kgii �


�

��i#t

�nN Z
�d��xk� tn�

exp
n
ia#t

X
k�n

h���xk� tn
#t�� ��xk� tn��
�

�#t�

����xk
 a� tn�� ��xk� tn��
�

�a�
� V ���xk� tn��

io
In the �continuum limit� a�#t� 
 we get

hf�gf je�i �Htfijf�gii �Z
D��x� t�e

i
R
dxdt

h

 ��
x�t���

� �
��
x�t���

�a�
�V ���x�t		

i

where jf�gii is a wave functional describing
the state where the �eld is equal to ��x� t��

The �nal form of the functional integral for the

evolution kernel is

hf�gf je�i �Htfijf�gii �
Z ��tf	��f

��ti	��i
D��x� t�eiS
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Because of the comlicated structure of the

wave functional jf�gii it is more convenient to
work in terms of Green functions where the

initial and �nal states are simple �perturbative

vacua��

Repeating the steps which lead us from the

path integral for evolution kernel to path inte�

grals for the Green functions� we get

h�jTf���x�� t��			���xn� tn�j�i �R
D��x� t���x�� t��			��xn� tn�e

iSR
D��x� t�eiS

In four dimensions everything is the same �ex�

cept we must start from ��dimensional lattice�

�

h�jTf���x��			���xn�j�i �
R
D��x���x��			��xn�e

iSR
D��x�eiS
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The generating functional for Green functions

Z�J� �

R
D�eiS�
i

R
dxJ�x	��x	R

D�eiS�

As in the QM case� linear term in the nu�

merator must vanish after the shift ��x� �
��x� 
 ���x�

� the di%erential equation

��� �m�����x� � J�x�

with the boundary conditions

�

�t
����p� t�

t��� �p����p� t�

�

�t
����p� t�

t��� �p����p� t��

re&ecting the perurbative vacua at t� ���
����p� t� � R

d�xei	x	p���x� t��

Solution�

���x� �
Z
dx�G��x� x��J�x��

where G��x�x�� �
R d�p
����i

�
m��p��i�

e�ip�x�x
�	 is

a free propagator �
Foundations of QCD ��	� ���� June ����
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Z�J� � e�
�
�

R
dxdx�J�x	G��x�x

�	J�x�	

Expanding this generating functional in pow�

ers of J one obtains Wick	s theorem� just like

for the anharmonic oscillator �

h�jTf���x��			���xn�j�i �
R
D��x���x��			��xn�e

iSR
D��x�eiS

� sum of Feynman diagrams

The Euclidean version of the functional inte�

gral for Green functions is

h���x��			���xn�i �
R
D��x���x��			��xn�e

�SR
D��x�e�S

where the the boundary conditions are ���x� t��

 at t� ��� The correlation function
h���x��			���xn�i is the analytical continuation of
the Green function h�jTf���x��			���xn�j�i to imag�
inary times ti � �iti� The lattice form of the
Euclidean functional integral is very convenient

for computer calculations�

Foundations of QCD ��
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QED

Classical electrodynamics is a theory of elec�

tromagnetic �eld �describred by F�� � � �E� �H� �

�eld strength tensor� interacting with charged

Dirac bispinor �eld ��x��

First pair of Maxwell	s eqs�

��F
���x� � ej��x�

where j� � �����

� ��vector of the electomagnetic current �in

particular� ej� � e�y� � ��x�� charge density�

Second pair of Maxwell	s eqns 
 description

in terms of potentials

F�� � ��A� � ��	 ��

where A� � ��� �A� � scalar and vector poten�

tials ��electromagnetic �eld���

The choice of potential is ambiguous � gauge
invariance� one can add A� � A� 
 ��� with

an arbitrary ��x� and �E and �H will not notice

it�

Foundations of QCD ���� ���� June ����



HUGS ����

Dirac equation in an external electromagnetic

�eld�

i 
D��x� � m��x�

D� � ��
 ieA� � covariant derivative�

The electomagnetic coupling constant e is the

charge of electron�

Electrodynamics Lagrangian�

L�x� � ��
�
F���x�F

���x� 
 ���x��i 
D �m���x�

Euler�Lagrange equation � Maxwell	s eqns 

Dirac eqn�

Gauge invariance�

��x�� ei
�x	��x�
���x�� e�i
�x	 ���x�

A��x�� A��x�� �
e����x�

���	
��
� L�x�� L�x�
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Coulomb gauge�

�kAk � 
� k � �����

In Coulomb gauge Maxwell	s eqns turn to

������x� t� � ����x� t��� ��Ak�x� � jk�x�

� A� � � is not an independent dynamical
variable�

���x� t� � e
Z
d�x�

���x�� t�

��j�x� �x�j � Coulomb potential

The electromagnetic coupling constant e ��
charge of the electon� is small

e�

��
�
�

��'

�
e�

���hc
�
�

��'

�

� we can use perturbative expansion

L� LF 
 LD
 Lint
LF � ��

�F���x�F
���x� �free e	m	 Lagrangian

LD � ���x��i 
� �m���x� �free Dirac Lagrangian
Lint � e���x� 
A��x� �interaction Lagrangian
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Quantization of the free e�m� �eld

LF � ��
�
F���x�F

���x�

We will quantize the electromagnetic �eld in

the Coulomb gauge�

�
� � Non�physical degrees of freedom are ab�

sent�

��� � Intermediate steps are not Lorentz invari�

ant�

Without sources A� � 
 �
we try Ak�x� as canonical coordinates

Canonical momenta�

�� � �L� �A� � does not exist

�k � �L� �Ak � � �Ak � �A��x
k � � �Ak � Ek

�
�

HF �

Z
d�x��k �Ak � L� �

Z
d�x
�

�
� �E�
 �H��

�recall that �E�
 �H� is the energy density of

e�m� �eld��
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Quantization� we promote Ak��x� t� and �k��x� t�

to operators �Ak��x� and ��k��x� satisfying the

CCR

� �Ai��x�� �Aj��y�� � 


���i��x�� ��j��y�� � 


���i��x�� �Aj��y�� � � �Ei��x�� �Aj��y�� � i
ij

���x� �y�

A problem� last line contradicts to Maxwell	s

eqs�

We want to have Gauss law �r � ��E � 
 as in
classical physics� but

� �Ei��x�� �Aj��y�� � i
ik

���x� �y��

�r � ��E��x�� �Aj��y�� � i�k

���x� �y� 
� 


A trick that works in QED �but not in QCD��

���i��x�� �Aj��y�� � i
trik

���x� �y�


trik

���x� �y�

def�
Z
d�k

�

ij �

kikj
�k�

�
e�i

	k�	x�	y	

Foundations of QCD �	�� ���� June ����



HUGS ����

Expansion in ladder operators

��A��x� �
Z
d�k

�Ek

X
�����

e���k�
�
�a�ke

i	k	x
�a
y�
k e�i

	k	x
�

where e���k� � polarization vectors and Ek � j�kj

k     z

( k )

e

(1)e

(2)( k )

h
�a�k��a

�
k�

i
� 
h

�a
y�
k ��a

y�
k�

i
� 
h

�a�k��a
y�
k�

i
� �����
���k � �k��

����	
���

� CCR

�HF �
�

�

Z
d�x���E

�

 ��H

�
� �

Z
d�kEk�a

y�
k �a

y�
k
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CCR�
h
�HF ��a

y�
k

i
� Ek�a

y�
kh

�HF ��a
�
k

i
� �Ek�a�k

�	

�

� �a�j
F i � 

j
F i � the perturbative vacuum for free e�m�
�eld �ground state of the Hamiltonian �HF ��

Heisenberg operators�

��A��x� t� � ei
�HF t��A��x�e�i

�HF t

�����x� t� � ei
�HF t�����x�e�i

�HF t

�
i �HF t�a�ke

�i �HF t � �a�ke
�iEkt

ei �HF t�a
y�
k e�i �HF t � �a

y�
k eiEkt

�	

�

��A�x� �
Z
d�k

�Ek

X
�����

e���k�
�
�a�ke

�ikx
�a
y�
k e�ikx

�

Propagator of the transverse photons

Dtr
ij � h
F jTf �Ai�x� �Aj�y�gj
F i �Z
d�k

����i
e�ik�x�y	

�

�k� � i


�

ik �

kikj
�k�

�
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Quantization of the free Dirac �eld

LD � ���x��i 
� �m���x�

Canonical coordinate� ���x� t�

� canonical momentum � � �L
� ��
� i�y

H �
Z
d�x����i�� �r
m��

Quantization� ���x� t� � ����x�� ���x� t� � ����x�

CAR �canonical anticommutation relations��

f����x�� ����y�g� f��y��x�� ��y��y�g � 

f����x�� ��y��y�g � 
���x� �y�

Ladder operators

����x� �
Z

d�pq
�Ep

�
� X
s����

��as	pu��p� s�e
i	p	x
�b

ys
	p v��p� s�e

�i	p	x

�
�

�����x� �
Z

d�pq
�Ep

�
� X
s����

��bs	p�v��p� s�e
i	p	x
�a

ys
	p �u��p� s�e

�i	p	x

�
�

u��p� s� � Dirac bispinor for the electron�

v��p� s� � for the positron�

Foundations of QCD �	�� ���� June ����
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CAR for the ladder operators

f�as	p��as
�

	p g � 
 f�bs	p��bs
�

	p g � 

f�ays	p ��a

ys�

	p�
g� 
 f�bys	p ��b

ys�

	p�
g � 


f�as	p��a
ys�

	p�
g� 
���p� �p��
ss� f�bs	p��b

ys�

	p�
g � 
���p� �p��
ss�

�����	
����

�

f��� ��g� f���� ���g � 
� f����x�� �����y�g � 
���x� �y�

�HD �
Z
d�x�����x���i�� �r
m� ����x�

�

Z
d�pEp

X
s

�
�a
ys
	p �a

s
	p

�b
ys
	p
�bs	p

�

CAR 	 CCR would lead to 
	 �
� Hamiltonian would not have the ground state�h

�H��as	p

i
� �Ep�as	p

h
�H��bs	p

i
� �Ep�bs	ph

�H��a
ys
	p

i
� Ep�a

ys
	p

h
�H��b

ys
	p

i
� Ep�b

ys
	p

�	

�

�as	pj
Di ��bs	pj
Di � 

j
Di � the perturbative vacuum for Dirac �eld�
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Heisenberg operators are de�ned as usual

����x� t� � ei
�HDt ����x�e�i

�HDt� �����x� t� � ei
�HDt�����x�e�i

�HDt

ei �HDt�as	pe
�i �HDt � �as	pe

�iEpt

ei �HDt�a
ys
	p e

�i �HDt � �a
ys
	p e

iEpt

same for �b and �by

����	
���

�

���x� �
Z

d�pq
�Ep

�
� X
s����

��as	pu��p� s�e
�ipx
�b

ys
	p v��p� s�e

ipx

�
�

����x� �
Z

d�pq
�Ep

�
� X
s����

��bs	p�v��p� s�e
�ipx
�a

ys
	p �u��p� s�e

ipx

�
�

Propagator of the Dirac particle

S�x� y� � h
DjTf��x� ���y�gj
Di
Tf ���x�����y�g � ��x� � y�� ���x�

����y����y� � x��
����y���

CAR 
P
s u��p� s��u��p� s� �
p
m�

P
s v��p� s��v��p� s� �
p�m

� S�x�y� �
Z

d�p

�����i

m
 
 p
m� � p� � i


e�ip�x�y	

Foundations of QCD �	
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Quantization of electrodynamics in the

Coulomb gauge

L�x� � ��
�
F���x�F

���x� 
 ���x��i 
D �m���x�

Canonical coordinates� Ai� �� canonical mo�

menta� �k � Ek� � � �y�

H � HD
HF 
Hint
HCoulomb

Hint�t� � e
Z
d�xAk��x� t� ����x� t��k���x� t�

HCoulomb�t� � �e
�

�

Z
d�x���x� t�r����x� t�

�

Z
d�xd�y���x� t�

�

��j�x� �yj���y� t�

��x� � e�y�x���x�

�Recall that ���x� t� � e
R
d�x� ��	x

��t	
��j	x�	x�

�
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Quantization� Ai��x� t�� �Ai��x�� ���x� t�� ����x��

�i��x� t�� ��i��x�� ���x� t�� ����x��
Canonical �anti� commutaton relations � same

as in a free theory�

QED Hamiltonian

�H � �HD
 �Hint
 �HCoulomb

�Hint � e
Z
d�x �Ak��x�

�����x��k ����x�

�HCoulomb � �e
�

�

Z
d�xd�y����x�

�

��j�x� �yj����y�

�HD leads to the Feynman propagator S�x�y��
�HF leads to the propagator of the transverse

photons Dtr
ij

Dtr
�� �

Z
d�k

�����i

e�ik�x�y	

�k� � i
�
�g�� � k�k� 
 k��k��� 
 �	 ��

�k�
� k�

����
�k�

�

� � ���
�
�
�
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� First �red� term is a Feynman propagator
for the photon�

� Second �black� term does not contribute

to physical matrix elements due to Ward

identity

Ward identity� Multiplication of the ampli�

tude of the emission of the photon with

momentum k by k� vanishes provided all

the electrons and positrons are on the mass

shell�� p�i � m��

� Third �blue� term � i����
��x��y�	
��j	x�	yj

is the in�

stantaneous interaction which cancels the

contribution coming from �HCoulomb

�
One can omit �HCoulomb from the Hamiltonian

and use the rel��inv� Feynman propagator

DF
�� �

Z
d�k

�����i
e�ik�x�y	

g��

�k� � i
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h�jTf���x��			����xn�A��y��			A��y��gj�i �
h
jTf��I�x��			���I�xn�AI

��y��			A
I
��yn�e

i�x �LIdxgj
i
h
jTfei�x �LIdxgj
i

where j
i � j
F ij
Di�
Expanding in powers of �LI � e �AI

�
���I�

� ��I one

obtains a set of the correlation functions of the

type

h
jTf��I�x��			���I�xn�AI
��y��			A

I
��yn�gj
i �X

contractions

��I�x��			
���I�xn�A

I
��y��			A

I
��yn�

where

��I�x�
���I�x

�� � S�x�x�� and AI
��y�A

I
��y

�� � DF
���y�y��

� h�jTf���x��			����xn�A��y��			A��y��gj�i �
sum of Feynman diagrams with the photon

propagator DF
���x� y�� Dirac propagator S�x�

y�� and the vertex ���

Fourier transformation �
Foundations of QCD �
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Set of Feynman rules for QED Green functions

in the momentum representation�

� m
�p
m��p��i�

for each Dirac propagator

� g��
k�
i�

for each photon propagator

� e for each electron�electron�photon vertex

� R d�p
����i

for each loop momentum�

The matrix elements of the S�matrix are ob�

tained using the LSZ theorem�

Example� Compton scattering

Foundations of QCD �
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G���p�� k�" p�� k�� �

e�

k��k
�
�

m
 
 p�
�m� � p����

��
m
 
 p�
 
 k�

m� � �p�
 k���
�� 
 ��

m
 
 p�� 
 k�
m� � �p� � k���

��

�

m
 
 p�
�m� � p���

LSZ theorem�

T�p�� k�"��� s� � p�� k�"��� s�� �

lim
k�i ��

lim
p�i�m�

k��e
��
� k��e

��
�

�u�p�� s���m
 
 p��G���p�� k�" p�� k���m
 
 p��u�p�� s��
� e��u�p�� s��

�

 e�� m
 
 p�
 
 k�

m� � �p�
 k���

 e��


 
 e�� m
 
 p�� 
 k�
m� � �p� � k���


 e��
�
u�p�� s��

Cross section is � jT j��
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A try on CCR in QED

� �Ai��x�� �Aj��y�� � ���i��x�� ��j��y�� � 


���i��x�� �Aj��y�� � � �Ei��x�� �Aj��y�� � i
ij

���x� �y�

A problem� we want to have Gauss law �r� ��E �

 as in classical physics� but

��r � ��E��x�� �Aj��y�� � i�k

���x� �y� 
� 


The trick that works for both QED and QCD

�and for other gauge theories as well��

We impose the Gauss law on physical states

instead of imposing it on the operators�

���i��x�� �Aj��y�� � i
ij

���x� �y�

but

�r � ��Ej!physicali � 

This still appears to contadict to CCR since

h!physj�r � ��E��x�� �Aj��y��j!physi � i�k

���x� �y� 
� 


h!physjr � ��E��x� �Aj��y�� �Aj��y�r � ��E��x�j!physi � 

but actually there is no contradiction since the

l�h�s is ill�de�ned �see the QM examle below��
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Baby version of a gauge theory

Consider a mechanical model with the Lagrangian

�x�� � x� � x��

L�A�t�� x��t�� x��t�� �

�x��
�


�x��
�

A�
 ��x�
 �x��A�

�

�
x���

The Euler�Lagrange equations of motion are

d

dt

�L

� �x�
�

�L

�x�
� ��

x� 
 �A� �x��

d

dt

�L

� �x�
�

�L

�x�
� ��

x� 
 �A� ��x��
d

dt

�L

� �A
�

�L

�A
� 
 � �x�
 �x�
�A

This Lagrangian is invariant under the follow�

ing �gauge transformation�

x��t� � x��t� 
 ��t�

x��t� � x��t� 
 ��t�

A�t� � A�t�� ���t�

Foundations of QCD �
�� ���� June ����
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We can use this freedom to get rid of the vari�

able A by choosing ��t� �
R
dtA�t��

�
� ��
x�� �x���

��
x�� ��x��

�x�
 �x� � 


First two equations describe two particles with

m � � connected by a spring and the last one

means that the sum of their momenta is 
�

This problem may be described by the La�

grangian

L�x��t�� x��t�� �
�x��
�


�x��
�
� �

�
x���

PLUS

the additional requirement that the total mo�

mentum of the two particles vanishes�

p��t� 
 p��t� � 
�

This is an example of the constrained canonical

system�

Foundations of QCD �
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At �rst� let us forget about the constraint p��t�


p��t� � 
�

New canonical coordinates�

X � �x�
 x���� � coordinate of the c�m�

x � x�� � separation

L�X�t�� x�t�� � �X�

�x�

�
� �

�
x�

New canonical momenta�

P � � �X � p�
 p�� p �
�x
� �

�
��p� � p��

� H �
P�

�

 p� � �

�
x�

Quantization�

�H �
�P�

�

 �p� � �

�
�x�

Solutions of the Schrodinger eqn are

!�X� x� � eiPX�n�x�

�n�x� � wavefunction of the n�th level of har�

monic oscillator �Hermit polynomial��

Foundations of QCD �
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Q� How to generalize the classical constraint

that the observable P � p� 
 p� vanishes to

quantum mechanics�

Wrong A� Require that the operator correspond�

ing to this observable �P � �p� 
 �p� vanishes �

contradicts to CCR �pi� xj� � �i
ij�
Right A� Require that we consider only the

�physical� states !phys �
P
an�n�x� with total

momentum P � 
 � F� �P �!phys � 
 �we will
observe P � 
 in all experiments�

Apparent �contradiction�

h!physj� �P � �X�j!physi � 
 or i�

In explicit form �j!physi �!vac for simplicity��

Z
dx�dx�e

��
�x

�
��

�
�

�x�



�

�x�
� x�
 x�

�
e�

�
�x

�
�� �

Z
dx�dx�e

��
�x

�
��

�
�

�x�



�

�x�

�
�x�
 x��e

��
�x

�
��

which is 
 or � depending on your taste �the

integral is divergent along the coordinate X �

x�
 x���

Foundations of QCD �
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Path integral for the constrained system

h!f
physje�i

�Htj!i
physi � �

If we know how to solve the constraint�

h!f
physje�i

�Htj!i
physi �Z

dxfdxi!
f
phys�xf�!

i
phys�xi�

Z x�tf	�xf

x�ti	�xi
Dx�t�e

�
R tf
ti

�
�x�

� �
��

� x
�
�

Suppose we cannot solve the constraint �like in

QCD�� Still� our goal is the path integral with

intermediate integrations over the dynamical

coordinates only �we want to aviod the inte�

grals divergent along the non�dynamical vari�

able X�� A way to achieve this is to repeat

the derivation of the path integral� inserting at

each tk the projector on physical states

�phys �
X j!physih!physj

instead of the total set of states�

Foundations of QCD �
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�phys �
R
dp�dp�
�p�
 p��jp�ijp�ihp�jhp�jR

dx�dx�
�x�
 x� � a�jx�ijx�ihx�jhx�j where a is
an arbitrary number� Check�

hy�jhy�j�physj!physi �Z
dp�dp�
�p�
 p��e

�ip�y��ip�y�
Z
dx�dx�

eip�x�
ip�x�
�x�
 x� � a�i!phys�x��� � !phys�y���

�phys �

Z
(dpi(dxie

�ip�x��ip�x�jp�ijp�ihx�jhx�j

(dpi � dp�dp�
�p�
p��� (dxi � dx�dx�
�x�
x��a�
Insert �phys n times�

h!f
physje�i

�Ht!�
physi �

h!f
physje�i

�H
t�physe
�i �H
t�phys			e

�i �H
tj!i
physi

e�i
�H
t!�

phys �Z
(dxki (dp

k
i e

�ipk�x
k
��ip

k
�x

k
�e�iH

k
tjp�ijp�ihx�jhx�j

Hk � pk�
� 


pk�
� � ��

� x
�
k

Foundations of QCD �
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e�i
�H
t!�

physe
�i �H
t!�

phys �Z
(dxk
�
i
(dpk
�
i jpk
�

� ijpk
�
� ie�i�pk��

� xk��
� 
pk��

� xk��
� 
Hk��
t	

Z
(dxki (dp

k
i e
i�pk��x

k��
� �xk�	
pk��x

k��
� �xk�	�H

k
t	hxk�jhxk�j
In the end of the day

h!f
physje�i

�Htfij!i
physi �Z

(dxf!
f
phys�x

f
���
(dxi!

f
phys�x

i
���

�(dxki (dp
k
i e

�i
�
pk��
� �xk��

� �xk�	
pk��
� �xk��

� �xk�	
Hk��
t
�

In the continuum limit this gives

h!Z

duetothemorecomplicatedstructureofWardidentityinQCD
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The meaning of the 
�Xk � ak� is to restrict
the integral over non�dynamical variables Xk�Z
�dXk
�Xk�ak� � ��

Z
�dXkdxk
�Xk�ak�!�xk� �

If the explicit form of this variables is unknown�
one can use the arbitrary functions fk�X� x�
�X � X�� 			Xn� x� x�� 			xn� becauseZ

�dXk
�fk�X� x� det

�����dfi�X� x�dXj

������ �
provided the equation fk�X� x� � 
 has no
multiple roots�

dfi�X� x�

dXj
� fPi� fkg � Poisson brackets

De�nition�

fFi� Gjg�
X
k

�Fi
�Pk

�Gj

�Xk



�Fi
�pk

�Gj

�xk
� �F 	 G�

Poisson brackets are invariant with respect to
change of canonical coordinates �

dfi�X� x�

dXj
� f�p�
 p��i� fk�x�� x��g

Foundations of QCD ���� ���� June ����
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In the continuum limit fk�x�� x��� f�x��t�� x��t��

and fp�
 p��i� fk�x�� x��g �
functional Poisson bracket

f�p� 
 p���t�� f�x��t
��� x��t

��g which is a varia�
tional derivative�

fF�t�� G�t��g �
Z
dt


F


p��t�


G


x��t��




F


p��t�


G


x��t��
��F 	

The �nal form of the path integral for the con�

strained system�

h!f
physje�i

�Htfij!i
physi �Z

(dxf!
f
phys�x

f
���
(dxi!

f
phys�x

i
���Z

Dpi�t�
�p��t� 
 p��t��
Z
Dxi�t�

detfp��t� 
 p��t�� f�x��t�� x��t�g
�f�x��t�� x��t��
exp fi �p��t� �x��t� 
 p��t� �x��t��H�t��g

�p�
 p�� � Gauss law


�f�x��t�� x��t�� � �choice of gauge�
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QCD

QCD is a theory of interacting quark and gluon

�elds and

L � ��
�
TrG��G

�� 

X

�avors

���i 
 D �m��q

G�� � ��A����A��g�A�� A�� � D� � ��� igA�

g � coupling constant�

Gauge invariance�

��x�� S�x���x�
���x�� Sy�x� ���x�

A��x�� A��x�� i
gS

y�x���S�x�

���	
��
� L�x�� L�x�

S�x� �an arbitrary SU��� matrix �S � ei
at
a
�

ta� Gell�Mann matrices��

Classical theory� non�linear equations

D�G�� � j�� �i 
D �m���x� � 


Quantum theory� perturbation theory �pQCD�

 lattice simulations�
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Perturbation theory � like QED�

L� LF 
 LD
 Lint

LF � ��
�
F a
��F

a��

LD
X
���i 
 � �m��q

Lint � �gTrF���A�� A�� 

X
��q 
A�q

Free Lagrangian � � issues of electrodynamics
labeled by a � �� �
�
Feynman rules are the same� except now we

have the self�interaction of gluons�

This is almost true � Ward identity in QCD is

di%erent � ghosts�
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Functional integral for QCD

Coulomb gauge� �kA
a
k � 
�

Gauss law�

C � �r �E
 g� �A� �E�

�C is a generator of gauge transformations�

e
R
d�xS�	x	 �C�	x	 ����x�e�

R
d�xS�	x	 �C�	x	 � S��x� ����x�

�for A��x� � similarly�

� �C should annihilate physical states�

�C��x�j!physi � 

The functional integral �in

pure QCD � gluodynamics� looks like in QM�
xi�t� � Aa

i ��x� t�
pi�t� � Ea

i ��x� t�

�p�
 p���t� � 
�Ca�x� t�� � Gauss law


�f�x��t�� x��t�� � 
��kA
ak�x� t�� � choice of gauge
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Z �

Z
DEa

i �x�DA
a
i �x�
��kA

ak�x��
�Ca�x��

detfCa�x�� �kA
bk�y�ge

�i
R
d�x

�
	Ea�x	� �	A

i
�x	
�

��
	Ea�
 	Ha�	

�

The Poisson bracket is

fCa�x�� �kA
bk�y�g �M
��x� y�

M � r�
ab � gfabc�kA
c�x�

The chromoelectric �eld Ea
i �x� is an indepen�

dent integration variable � we do not have the

condition Ea
i �x� � Ga

i��x� yet�

The constrained 
�function can be written as

a �functional� phase integral

�
�Ca�x�� �
Z
DAa

�e
i
R
d�xAa

�C
a�x	

� the Gaussian integration over Ea
i �x� can be

performed by shift Ea
i �x�� Ea

i �x� 
Gi� �
Foundations of QCD ��
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Z �Z
DAa

��x�
��kA
ak�x�� detfM
�x� y�g

e�
i
�

R
d�x

�
Ga
���x	G

a���x	
�

This is a functional integral for pure QCD

�gluodynamics� in th Coulomb gauge� In the

theory of functional integrals over the fermionic

variables �Grassman functional integrals� it is

proved that

detM �

Z
D�c�x�Dc�x�ei

R
d�x�ca�x	Mabcb�x	

� ghosts�

In Lorentz gauge

��A
a��x� � 


� 
��kA
ak�x�� must be replaced by 
���Aa��x��

and the operator M by

ML � ��
ab � gfabc��A
c��x�
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Functional integral for pure QCD in the

Lorentz gauge

Z�R
DAa

��x�
���A
a��x�� detfML
�x� y�g

e�
i
�

R
d�x

�
Ga
���x	G

a���x	
�

detML �
Z
D�c�x�Dc�x�ei

R
d�x�ca�x	Mabcb�x	

�
Z �Z
DAa

��x�
Z
D�c�x�Dc�x�
���A

a��x��

e
i
R
d�x

�
��
�G

a
���x	G

a���x	
�ca�x	��ca�x	�g���ca�x	gfabcAc��x	cb�x	
�

� ghosts propagate like scalar particles and

interact with gluons� Ghosts live in loops only�

Physical meaning� ghosts cancel the contribu�

tions of non�physical gluons which remain in

loops�
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