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Wilson lines as effective degrees of freedom in high-energy processes.

A search for the 2+1 effective theory.

Small-x DIS as an evolution of Wilson lines

Non-linear evolution equation

Effective field theory for the small-x evolution.

DIS from heavy nuclei: saturation

High-energy effective action from scattering of QCD shock waves

Conclusions and outlook
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Wilson lines ≡ effective degrees of freedom
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"A" fields

"B" fields

Particles from clusters with different rapidity
perceive each other as Wilson lines.
In the target frame

ηslow  (   ~     )ηΒ
‘‘Wilson line" - infinite gauge link

η ηΑfast  (   ~     ) U(x  , n   )Α

In the spectator frame
η

η ηΒfast  (   ~     )

ηslow  (   ~     )

U(x  , n   )Β

Α

⇒ U(x⊥, η) (η ≡ slope) is the relevant degree of freedom for high-energy
scattering.

U(x⊥, η) ≡ [−∞n + x⊥,∞n + x⊥]

[x, y] ≡ Peig
R 1

0
du(x−y)µAµ(ux+(1−u)y)
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A search for the 2+1 effective theory

Wanted:

〈eiρA
i Ui(ηA)eiρB

i Ui(ηB)〉QCD
s→∞
→

∫

DU(z⊥, η) eiρA
i Ui(ηA)eiρB

i Ui(ηB) exp

{

i

∫ ηA

ηB

dη

∫

d2z⊥L(U)

}

Ui ≡ U † i
g
∂iU and eiρA

i Ui(ηA) ≡ e
R

d2zρA
i (z⊥)Ui(z⊥,ηA)

ρA
i (z⊥) and ρB

i (z⊥) - sources for the Wilson-line operators (ρi ≡ ρ† i
g
∂iρ,

ρ ∈ SU3).
How to approach this goal?

pQCD

sQCD (s for semiclassical)

symmetries?
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Power counting for sources in the LLA

In pQCD, the parameters of the expansion are g2, g2η, and g2[ρA
i , ρB

j ]η

(η ≡ ln s).
LLA: g2 ≪ 1, g2η ∼ 1 (NLO is ∼ g4η ≪ 1).

3 regimes:

ρi ∼ 1 (γ∗γ∗ scattering)
LLA
→ BFKL pomeron

ρi ∼
1
g
≫ 1 (ρ ∼ A1/3 for the heavy-ion collisions) ⇒ g2ρA

i ρB
j η ≫ 1

⇒ g4ρA
i ρB

j η 6≪ 1 ⇒ beyond the LLA.
Best hope for this region is sQCD.

ρA
i ∼ 1, ρB

i ∼ 1
g

(DIS from the heavy nuclei) ⇒ g2ρA
i ρB

j η ≫ 1 but

g4ρA
i ρB

j η ≪ 1 ⇒ LLA is OK.
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“Phase diagram” for DIS

α ~s 1 α <<s 1
Q

2

ln 1/x

QCD

2

region
DGLAPnot much is known( 

coupling is large)

BFKL

non-perturbative

saturation region
can be understood(

by small coupling methods )

Λ
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Small- x DIS from the nucleus

γ∗

Fast quark moves along the straight line ⇒

quark propagator reduces to the Wilson line collinear to quark’s velocity

U(x⊥, η) ≡ [∞nη + x⊥,−∞nη + x⊥]
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At high energies, the amplitude of γ∗A → γ∗A scattering reduces to the
matrix element of a two-Wilson-line operator (“color dipole”).

A(s) =

∫
d2k⊥

4π2
I(k⊥)〈A|Tr{UηA(k⊥)U †ηA(−k⊥)}|A〉 + ...

Energy dependence of the amplitude A(s) is determined by the dependence of

the Wilson lines on the rapidity ηA defined by the slope of the line.
Wilson lines – p.8



In the spectator frame

Technically, it is more convenient to use the spectator frame

High-speed nucleus shrinks to a “pancake” ⇒

= Feynman diagrams in a shock-wave background.

Quarks (and gluons) do not have time to deviate in the transverse direction ⇒
∫

d4xd4z e−ipA·x〈T{jA(x + z)j ′A(z)}〉A

=

∫
d2k⊥

4π2
IA(k⊥)Tr{UηA(k⊥)U †ηA(−k⊥)} + ... ⇒

A(s) =

∫
d2k⊥

4π2
I(k⊥)〈A|Tr{UηA(k⊥)U †ηA(−k⊥)}|A〉 + ...
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Evolution equation

To get the evolution equation, consider the dipole with the slope ‖ η1 and
integrate over the gluons with rapidities η1 > η > η2. This integral gives the
kernel of the evolution equation (multiplied by the dipole(s) with the slope
corresponding to η2).

p
B

p’
Bp

B
p’

B

2
1

2

η  > η >η 

η  > η >η 

2

B

α  (η  − η  ) Κ s 1

2
η  > η >η 

B

In the frame ‖ η1 the gluons with η < η2 are seen as a pancake ⇒ Wilson lines – p.10



One-loop evolution

x
z

y

x

z

y

y

x

z

y

z

x

The structure is

[ x → z: free propagation]
×
[Uab(z⊥) - instantaneous
interaction with the η < η2

shock wave]
×
[z → y: free propagation]

Uab
z = Tr{taUzt

bU †
z} ⇒ (UxU

†
y )η1 = (UxU

†
y )η1+αs(η1−η2)(UxU

†
zUzU

†
y)

η2

⇒ non-linear evolution Wilson lines – p.11



Non-linear evolution equation

∂

∂η
U(x⊥, y⊥) =

−
ᾱ

4π

∫

dz⊥
(~x − ~y)2

⊥

(~x⊥ − ~z⊥)2(~z⊥ − ~y⊥)2

×
{

U(x⊥, z⊥) + U(z⊥, y⊥) − U(x⊥, y⊥) − U(x⊥, z⊥)U(z⊥, y⊥)
}

U(x⊥, y⊥) ≡
1

Nc

(Tr{U(x⊥)U †(y⊥)} − Nc)

LLA for DIS in pQCD ⇒ BFKL
LLA for DIS in sQCD ⇒ NL eqn
(s for semiclassical)
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Non-linear evolution equation

∂

∂η
U(x⊥, y⊥) =

−
ᾱ

4π

∫

dz⊥
(~x − ~y)2

⊥

(~x⊥ − ~z⊥)2(~z⊥ − ~y⊥)2

×
{

U(x⊥, z⊥) + U(z⊥, y⊥) − U(x⊥, y⊥) − U(x⊥, z⊥)U(z⊥, y⊥)
︸ ︷︷ ︸

}

U(x⊥, y⊥) ≡
1

Nc

(Tr{U(x⊥)U †(y⊥)} − Nc)

LLA for DIS in pQCD ⇒ BFKL
LLA for DIS in sQCD ⇒ NL eqn
(s for semiclassical)

Example - LLA for the structure functions of large nuclei: αs ln 1
x

∼ 1,

α2
sA

1/3 ∼ 1
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Non-linear equation sums up the
“fan” diagrams
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Example of the diagrams left behind
by the NL eqn: pomeron loops
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Timeline

Gribov, Levin, Ryskin (1983) - GLR eqn suggested

Mueller, Qui (1986) - DLA limit of GLR eqn proved

I.B. (1996) - the above eqn derived

Kovchegov (1999) - the above eqn rederived (in the dipole model) and
used for the large nuclei

Braun (M.A.) (2000) - NL = GLR + 3-pomeron vertex from Bartels et. al.

JIMWLK(2000) - obtained from the RG eqn for Color Glass Condensate

Wilson lines – p.14



Initial conditions for the small-x evolution

BFKL evolution in terms of Wilson lines:

x
s

s0

z
 

12 ln2

*
s
s

0

α
π

s

p

q

〈N |Tr{U(z⊥, η0)U
†(0, η0)}|N〉 - color dipole with the energy s0 = sω0

Initial point of the evolution s0:

small from the high-energy viewpoint: αs ln s0

m2 ≪ 1

large from the viewpoint of the low-energy physics: s0

m2 ≫ 1

For small dipoles (size ≪ 1fm)

〈N |Tr{U(z⊥, η0)U
†(0, η0)}|N〉 ≃ z2

⊥ω0G(ω0, µ
2 =

1

z2
⊥

)
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Nuclear structure functions

Large nuclei: initial conditions ⇐ Mueller-Glauber formula.

z

x  +z

L

x.
b

R

Nη(x⊥, b⊥) ≡

1

Nc
〈A|TrU(x⊥ + z)U †(z)|A〉

Nη(x⊥, b⊥) =
[

1 − e−g2cF G(x2
⊥

)Lb

]

G(x2
⊥) ≡

πx2
⊥

4(N 2
c − 1)

ρσ0G(σ0, µ
2 =

1

x2
⊥

).

Saturation scale: Q2
s = 1/x2

s⊥ such that Sη(xs⊥, b⊥) = 1 − N(xs⊥, b⊥) ∼ 1
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Saturation

Theoretical estimates yield Qs(η) ∼ Q0e
λαsη

xB decreases ⇒ αs(Qs) → 0.

Numerical results (E.Levin, from THERA book)

25 50 75100125150175200
0.6
0.8

1
1.2
1.4

Qs

A

Ne

Ca

Zn
Mo

Nd
Au

x = 10 -3

-6-5.5-5-4.5-4-3.5-3-2.5
0
2
4
6
8

10
12

Q2
s

lg x

Au Mo Ca     Ne

Both numerical and theoretical estimates show that even if we start from small
target fields (e.g. γ∗) with Sη(x⊥) ≪ 1

xB → 0
BFKL
⇒ Sη(x⊥) increases

NL
⇒ saturation ⇒ CGC?
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High-energy scattering as a collision of shock waves

A typical hadron-hadron collision viewed from the c.m. frame has the form of
scattering of two shock waves. Regge limit: E ≫ everything else

B

E>>m

shock waves

p

p

A
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High-energy scattering as a collision of shock waves

A typical hadron-hadron collision viewed from the c.m. frame has the form of
scattering of two shock waves.

B

E>>m

shock waves

p

p

A

Big Q: Produced particles/fields ⇔ Seff?
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High-energy scattering as a collision of shock waves

A typical hadron-hadron collision viewed from the c.m. frame has the form of
scattering of two shock waves.

B

E>>m

shock waves

p

p

A

Q # 0: What is a scattering of two QCD shock
waves?

Big Q: Produced particles/fields ⇔ Seff?
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Rapidity factorization

η∼η
c.m.

η∼η
Β

η∼η
Α

p
Β

p
Α At first, we integrate over “red” glu-

ons moving with rapidities in the
central region η ∼ ηc.m..
They interact with the “external”
fileds (to be integrated over later)
with rapidities η ∼ ηA and η ∼ ηB
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Rapidity factorization

Consider the propagation of the red
gluon in the background of blue glu-
ons with greater rapidity
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Fast-moving hadron ⇒ QCD shock wave

�����
�����
�����
�����

�����
�����
�����
�����

x

z

y

Fast-moving (blue) fileds shrink into a pancake A+ ∼ δ(x−) .

Wilson lines – p.20



Fast-moving hadron ⇒ QCD shock wave
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Fast-moving (blue) fileds shrink into a pancake A+ ∼ δ(x−) .
Interaction with the shock wave is instantaneous
⇒ no time to deviate in transverse plane
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Fast-moving hadron ⇒ QCD shock wave
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x

z

y

Fast-moving (blue) fileds shrink into a pancake A+ ∼ δ(x−) .
Interaction with the shock wave is instantaneous
⇒ no time to deviate in transverse plane
⇒ the interaction is described by the Wilson line

Vz = [∞p2 + z⊥,−∞p2 + z⊥], [x, y] ≡ Peig
R 1

0
du(x−y)µAµ(ux+(1−u)y)
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Fast-moving hadron ⇒ QCD shock wave
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G(x, y) =
∫

dz 1
(x−z)2V (z⊥)δ(z−) 1

(z−y)

x

z

y

Fast-moving (blue) fileds shrink into a pancake A+ ∼ δ(x−) .
Interaction with the shock wave is instantaneous
⇒ no time to deviate in transverse plane
⇒ the interaction is described by the Wilson line

Vz = [∞p2 + z⊥,−∞p2 + z⊥], [x, y] ≡ Peig
R 1

0
du(x−y)µAµ(ux+(1−u)y)

Propagator in the shock-wave background = (free propagator)

×(instantaneous interaction with the shock wave ∼ V)×(free propagator)
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Covariant vs axial gauge

Covariant gauges: the shock wave is a pancake: A+ ∼ δ(x−), A− = Ai = 0.
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Covariant vs axial gauge

Covariant gauges: the shock wave is a pancake: A+ ∼ δ(x−), A− = Ai = 0.
Axial (temporal) gauges: the shock wave is a piece-wise pure gauge

Ai = V i
1(z⊥)θ(z+) + V i

2(z⊥)θ(−z+), A+ = A− = 0, Vi ≡ V † i

g
∂iV
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G(x, y) =
∫

dzV
†
1 (x⊥) 1

(x−z)2V1(z⊥)δ(z−)V
†
2 (z⊥) 1

(z−y)2V2(y⊥)

z

y x
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Covariant vs axial gauge

Covariant gauges: the shock wave is a pancake: A+ ∼ δ(x−), A− = Ai = 0.
Axial (temporal) gauges: the shock wave is a piece-wise pure gauge

Ai = V i
1(z⊥)θ(z+) + V i

2(z⊥)θ(−z+), A+ = A− = 0, Vi ≡ V † i

g
∂iV
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G(x, y) =
∫

dzV
†
1 (x⊥) 1

(x−z)2V1(z⊥)δ(z−)V
†
2 (z⊥) 1

(z−y)2V2(y⊥)

z

y x

The source for such a field is

exp{i

∫

d2z⊥{V
i
1(z⊥) − V i

2(z⊥)}(0, F−i, 0)z}

(0, F−i, 0)z ≡
∫

du[z⊥, up1 + z⊥]F−i(up1 + z⊥)[up1 + z⊥, z⊥]
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Second shock wave

Consider now the propagation of
the red gluon in the background of
green gluons with greater rapidity
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Second shock wave

Covariant gauges:
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Second shock wave

Axial gauges: Ui ≡ U † i
g
∂iU
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The source is

exp{i

∫

d2z⊥(U i
1 − U i

2)(z⊥)(0, F+i, 0)z}

[0, F+i, 0] ≡
∫
du[z⊥, up2 + z⊥]F+i(up2 + z⊥)[up2 + z⊥, z⊥]

= [0,∞p2]zi
∂

∂zi
[∞p2, 0]z + [0,−∞p2]zi

∂
∂zi

[−∞p2, 0]z
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Scattering of two shock waves

Gluons in the central region of rapidity move in the “external” fields of two
shock waves

In the axial gauges
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Scattering of two shock waves

Gluons in the central region of rapidity move in the “external” fields of two
shock waves

In the axial gauges
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Integration over A fields gives the effective action

eiSeff (Ui,Vi,∆η) =

∫

DA eiSQCD(A)+i
R

d2z⊥{(Vi
1−Vi

2)z(0,F−i,0)z+(Ui
1−Ui

2)z [0,F+i,0]z}
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Rapidity ⇔ slope of the Wilson line ∆η = η1 − η2

1

n 2
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n

eiSeff (Ui,Vi,∆η) =

∫

DA eiSQCD(A)+i
R

d2z⊥{(Vi
1−Vi

2)z(0,F−i,0)z+(Ui
1−Ui

2)z [0,F+i,0]z}

(0, F−i, 0)z = (0,∞n1)zi∂i(∞n1, 0)z + (0,−∞n1)zi∂i(−∞n1, 0)z ,
[0, F−i, 0]z = [0,∞n2]zi∂i[∞n2, 0]z + [0,−∞n2]zi∂i[−∞n2, 0]z

Seff gives the small-x evolution of the Wilson-line operators Wilson lines – p.24



Classical YM equation

BASIC IDEA: αs = αs(Qs) ≪ 1 ⇒ SEMICLASSICS IS RELEVANT

McLerran & Venugopalan
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∂Aµ

(sources)
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Classical YM equation

BASIC IDEA: αs = αs(Qs) ≪ 1 ⇒ SEMICLASSICS IS RELEVANT
McLerran & Venugopalan

DµFµν =
∂

∂Aµ

(sources)

Two methods of the solution on the market:

Numerical simulations. Venugopalan & Krasnitz

Perturbative expansion in strength of one of the shock waves
McLerran et al, Kovchegov & Mueller
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Classical YM equation

BASIC IDEA: αs = αs(Qs) ≪ 1 ⇒ SEMICLASSICS IS RELEVANT
McLerran & Venugopalan

DµFµν =
∂

∂Aµ

(sources)

Two methods of the solution on the market:

Numerical simulations. Venugopalan & Krasnitz

Perturbative expansion in strength of one of the shock waves
McLerran et al, Kovchegov & Mueller

⇔ expansion in powers of commutators [U, V ] (calculated up to [U, V ]2)
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The expansion in commutators

If [U, V ] = 0

Ā+ = Ā− = 0, Āi = U i
1θ(x+) + U i

2θ(−x+) + V i
1θ(x−) + V i

2θ(−x−)

= piece-wise pure gauge .
QED-like: no interaction ⇒ no particle production

Wilson lines – p.26



The expansion in commutators

If [U, V ] = 0

Ā+ = Ā− = 0, Āi = U i
1θ(x+) + U i

2θ(−x+) + V i
1θ(x−) + V i

2θ(−x−)

= piece-wise pure gauge .
QED-like: no interaction ⇒ no particle production

If [U, V ] 6= 0 one can take this ansatz

Ā
(0)
+ = Ā

(0)
− = 0, Āi(0) = U i

1θ(x+) + U i
2θ(−x+) + V i

1θ(x−) + V i
2θ(−x−)

as a trial configuration for the classical solution and improve it order by order in

[U, V ] by calculating Feynman diagrams in the background of the trial configu-

ration.
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The expansion in commutators

Linear term (source) for the trial configuration

Tµ = −D
(0)
k ([U1

µ⊥,Vk
1 ] − µ ↔ k)θ(z+)θ(z−) + 3 similar terms

Āµ = U⊥
1µθ(x+) + U⊥

2µθ(−x+) + V⊥
1µθ(x−) + V⊥

2µθ(−x−) + Qµ
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The expansion in commutators

Linear term (source) for the trial configuration

Tµ = −D
(0)
k ([U1

µ⊥,Vk
1 ] − µ ↔ k)θ(z+)θ(z−) + 3 similar terms

Āµ = U⊥
1µθ(x+) + U⊥

2µθ(−x+) + V⊥
1µθ(x−) + V⊥

2µθ(−x−) + Qµ

Solve the YM eqn for Qµ(x) by iterations ⇔ calculate Feynman dia-

grams in the external field Ā(0)

Ti

x−

Ti

Ti

x+

Ti
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1/2-order approximation: a piece-wise pure gauge field

Ti

x− x+

Ā+ = Ā− = 0

Āi = W i
F θ(x+)θ(x−) + W i

Lθ(−x+)θ(x−)

+ W i
Rθ(x+)θ(−x−) + W i

Bθ(−x+)θ(−x−)

W i
F (x⊥) = U i

1 + V i
1 + Ei

F = pure gauge

W i
L(x⊥) = U i

2 + V i
1 + Ei

L = ...

W i
R(x⊥) = U i

1 + V i
2 + Ei

R = ...

W i
B(x⊥) = U i

2 + V i
2 + Ei

B = ...

In the first order

Ea
i (x⊥) = ig

∫

d2z(UxU
†
z + VxV

†
z − 1)ab (x − z)k

⊥

2π2(x − z)2
⊥

([Ui,Vk]z − i ↔ k)b

bF gauge DµQµ = 0 → (i∂i + g[Ui + Vi, )E
i = 0
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Qµ in the first order

TF

x
x+ x−
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Qµ in the first order

TR

x
x+ x−
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Qµ in the first order

x−
x

TB

x+
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Qµ in the first order

TL

x
x+ x−
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Qµ in the first order

QWF

(1)µ(k) ≡ WF QWF

(1)µW
†
F =

1

k2

{

2
p1µ

k−

[V1i − V2i, E
i
R − Ei

B] + 2
p2µ

k+

[U1i − U2i, E
i
L − Ei

B] + 2E⊥
µ

}

Ei ≡ Ei
F − Ei

L − Ei
R + Ei

B = W i
F −W i

L −W i
R + W i

B

Check: bF gauge condition (i∂µ + g[Wµ
F , )Qµ = 0
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Qµ in the first order

QWF

(1)µ(k) ≡ WF QWF

(1)µW
†
F =

1

k2

{

2
p1µ

k−

[V1i − V2i, E
i
R − Ei

B] + 2
p2µ

k+

[U1i − U2i, E
i
L − Ei

B] + 2E⊥
µ

}

Ei ≡ Ei
F − Ei

L − Ei
R + Ei

B = W i
F −W i

L −W i
R + W i

B

Check: bF gauge condition (i∂µ + g[Wµ
F , )Qµ = 0

Lipatov vertex (effective vertex of gluon emission):

L(1)
µ (k) = k2QWF

(1)µ(k)
∣
∣
∣
k2=0

=

2Eµ
⊥ + 2

pµ
1

k−

[V1i − V2i, E
i
R − Ei

2] + 2
pµ

2

k+

[U1i − U2i, E
i
L − Ei

2]

Effective action = product of two Lipatov vertices.
In the [U, V ]2 order

La
µL

aµ = 4Ei
aE

ai
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Shortcut to the effective action

WRi

x− x+

WFi

WBi

WLi

The trial configuration:

A− = A+ = 0 and

Ai = θ(x+)θ(x−)WFi + θ(x+)θ(−x+)WRi

+ θ(−x+)θ(x−)WLi + θ(−x+)θ(−x−)WB

In each of the four quadrants of the space the
field is a pure gauge

WFi = U1i + V1i + EFi

WLi = U2i + V1i + ELi

WRi = U1i + V2i + ERi

WBi = U2i + V2i + EFi

Wilson lines – p.30



Shortcut to the effective action

WRi

x− x+

WFi

WBi

WLi

The trial configuration:

A− = A+ = 0 and

Ai = θ(x+)θ(x−)WFi + θ(x+)θ(−x+)WRi

+ θ(−x+)θ(x−)WLi + θ(−x+)θ(−x−)WB

In each of the four quadrants of the space the
field is a pure gauge

WFi = U1i + V1i + EFi

WLi = U2i + V1i + ELi

WRi = U1i + V2i + ERi

WBi = U2i + V2i + EFi

Ti = 2δ(x+)δ(x−)Ei ⇒

Seff =

∫

dzdz′T a
i (z)T ai(z′) ≃ αs∆η

∫

d2z⊥Ea
i (z⊥)Eai(z⊥)
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Gauge-invariant form of the effective action

WRi

x− x+

WFi

WBi

WLi

Seff(V1, V2, U1, U2; ∆η) =

(V1 − V2)
ai(U1 − U2)

a
i +

αs∆η

4
La

i L
ai

La
i = 2(WF −WL −WR + WB)a

i

= 2(EF − EL − ER + EB)a
i
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Gauge-invariant form of the effective action

WRi

x− x+

WFi

WBi

WLi

Seff(V1, V2, U1, U2; ∆η) =

(V1 − V2)
ai(U1 − U2)

a
i +

αs∆η

4
La

i L
ai

La
i = 2(WF −WL −WR + WB)a

i

= 2(EF − EL − ER + EB)a
i

Gauge invariant representation (SMITH):

1

4
LaiLa

i = tr[∞p1, F−i,−∞p1]∞p2
[∞p2, F+i,−∞p2]∞p1

× [∞p1,−∞p1]−∞p2
[−∞p2,∞p2]−∞p1

+ cyclic perm.

[∞p1, F−i,−∞p1] ≡
∫ ∞

−∞
du[∞p1, up1]F−i(up1)[up1,−∞p1] Wilson lines – p.31



Gauge-invariant form of the effective action

x+x−

Seff(V1, V2, U1, U2; ∆η) =

(V1 − V2)
ai(U1 − U2)

a
i +

αs∆η

4
La

i L
ai

La
i = 2(WF −WL −WR + WB)a

i

= 2(EF − EL − ER + EB)a
i

Gauge invariant representation (SMITH):

1

4
LaiLa

i = tr[∞p1, F−i,−∞p1]∞p2
[∞p2, F+i,−∞p2]∞p1

× [∞p1,−∞p1]−∞p2
[−∞p2,∞p2]−∞p1

+ cyclic perm.

[∞p1, F−i,−∞p1] ≡
∫ ∞

−∞
du[∞p1, up1]F−i(up1)[up1,−∞p1] Wilson lines – p.31



Functional integral over the Wilson-line variables

η  >η>η
3

0
η  >η>η’

η  >η>η
0

1

η  >η>η
2 1

...

2

n

η  >η>η n-1n e(Vηn
1 −Vηn

2 )a
i (Uηn

1 −Uηn
2 )ai

=
1

N

∫

DŨηn

1 DŨηn

2 DṼ ηn

1 DṼ ηn

2

exp
{

(Vηn

1 − Vηn

2 )a
i (Ũ

ηn

1 − Ũηn

2 )ai

− (Ũηn

1 − Ũηn

2 )ai(Ṽηn

1 − Ṽηn

2 )ai

+ (Ṽηn

1 − Ṽηn

2 )ai(Uηn

1 − Uηn

2 )ai
}

∫ ηn

ηn−1

DAeiS+i(Ṽηn
1 −Ṽηn

2 )a
i (Uηn

1 −Uηn
2 )ai+i(V

ηn−1
1 −V

ηn−1
2 )a

n(Ũn−1
1 −Ũn−1

2 )ai

= ei(Ṽηn
1 −Ṽηn

2 )a
i (Ũn−1

1 −Ũn−1
2 )ai+ αs

4
Li(Ṽ

ηn ,Ũn−1)Li(Ṽ
ηn ,Ũn−1)
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Functional integral over the Wilson-line variables

eiSeff (U1,U2,V1,V2;η1−η2) =
∫

Uη2
=U

DUη
1xDUη

2xDV η
1xDV η

2x e
i
R

d2x⊥[(V1−V2)a
i (U

η1
1 −U

η1
2 )ai+

R η1
η2

dηL(U1,U2,V1,V2,η)]

L(Uk, Vk, η) = −(Vη
1 − Vη

2 )a
i

∂

∂η
(Uη

1 − Uη
2 )ai − i

αs

4
La

i (U, V )Lai(U, V )]
}

Li is local in terms of W ’s but unfortunately non-local in terms of U and V .

This formula contains both “upside down” and “bottom up” small-x “fan”
evolutions ⇒ pomeron loops

+ = +

A>>1

B>>1

A>>1, B>>1 pomeron loops
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Seff ⇒ non-linear evolution eqn: proof

At small V

Li = −2(U †
1

pip
k

p2
⊥

U1 − U †
2

pip
k

p2
⊥

U2)
ab(V1 − V2)

b
k

⇒ the integral over V is gaussian.

Rewrite

eiSeff(U1,U2,V1,V2;η1−η2) =
∫

Uη2
=U

DUη
1xDUη

2xDV η
1xDV η

2xDλa,η
i ei

R

d2x⊥(V1−V2)a
i (U

η1
1 −U

η1
2 )ai

e
[i(V1−V2)a

i (U
η1
1 −U

η1
2 )ai+

R η1
η2

dη
R

d2x⊥{−i(Vη
1−Vη

2 )a
i

∂
∂η

(Uη
1 −Uη

2 )ai−αsλai
η λa,η

i +αsλai
η La

i (U,V )}]

λai
η = “white noise” : 2αs〈λ

ai
η (x⊥)λai

η′(y⊥)〉 = δ2(x − y)⊥δ(η − η′)
Integral over V ⇒

δ(∂i[U̇
i
1 − U̇ i

2 −
ig

2π
(U †

1

∂i∂k

∂2
⊥

U1 − U †
2

∂i∂k

∂2
⊥

U2)λ
k])
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Seff ⇒ non-linear evolution eqn: proof

U̇ai
1η − U̇ai

2η =
ig

2π
(U †

1η

∂i∂k

∂2
⊥

U1η − U †
2η

∂i∂k

∂2
⊥

U2η)
abλkb

η

Solution: Uη
i = e

2αsta
R η

ηB
dη′ ∂i

∂2
⊥

(Uab
iη′

λib
η′

)
Ui

For the dipole

tr(U1xU
†
2xU2yU

†
1y)

η =

∫

Dλa,η
i e

−αs

R η
ηB

dη
R

d2x⊥λai
η λa,η

i

× tr{e
2αsta

R η
ηB

dη′ ∂i

∂2
⊥

(Uab
1xη′

λib
η′

)
U1xU

†
2xe

−2αsta
R η

ηB
dη′ ∂i

∂2
⊥

(Uab
2xη′

λib
η′

)

× e
2αsta

R η
ηB

dη′ ∂i

∂2
⊥

(Uab
2yη′

λib
η′

)
U2yU

†
1ye

−2αsta
R η

ηB
dη′ ∂i

∂2
⊥

(Uab
1yη′

λib
η′

)
} ⇒

∂

∂η
tr(U1xU

†
2xU2yU

†
1y) =

∫

dz⊥
(x − y)2

(x − z)2(z − y)2

[

− Nctr(U1xU
†
2xU2yU

†
1y)

+ tr(U1xU
†
2xU2zU

†
1z)tr(U1zU

†
2zU2yU

†
1y)

]
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Conclusions

High-energy hadron-hadron scattering ⇔ collision of two QCD shock
waves (Color Glass Condensates?)

For two nuclei, A and B, the expansion in commutators of Wilson lines is a
symmetic expansion in both B

A
or A

B
parameters.

L(U, V ) ∋ pomeron loops (⇒ unitarity?)
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Conclusions

High-energy hadron-hadron scattering ⇔ collision of two QCD shock
waves (Color Glass Condensates?)

For two nuclei, A and B, the expansion in commutators of Wilson lines is a
symmetic expansion in both B

A
or A

B
parameters.

L(U, V ) ∋ pomeron loops (⇒ unitarity?)

Outlook

The [U, V ]2 term in L

Big Q: What is the field produced by the collision (in all orders in [U, V ])?

⇔ Big Q: Seff in (in all orders in [U, V ]) ?
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Addendum

An example of Feynman diagram not taken into account by the diamond action

Wilson lines – p.36
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