1 Rutherford Formula in Classical Mechanics

1.1 Motion in a (x,y) plane in a central potential V' (r)

It is convenient to use polar coordinates
T = 1CO0SQ, y = rsing (1.1)

In general, both r» and ¢ change as particle moves:

center of force

Figure 1. Polar coordinates in z,y plane.

Vp = T = fcos¢—r<]5sin¢

vy = Y = sin ¢ + ré cos ¢ (1.2)
The kinetic energy in polar coordinates takes the form

T = %(v§+v§) = %[(fcos¢—r¢3sin¢)2+(fsingi)—krgf)cosd))Q] = %[7’“2+r2q{52] (1.3)

The total energy is conserved

B = GO+ 4V0) = FErR) 1 V0) = cont (1)

Similarly, the angular momentum L = Lé, is conserved

L. = (Fxp). = apy —yp. = m(zy — yi)

=m [7‘ cos ¢(7 sin ¢ + 7 cos @) — rsin ¢(r cos ¢ — r¢ sin (;S)] = mr?¢ = const

= L =mr’p = const (1.5)
1.2 Effective potential

Due to the conservation of angular momentum the problem of motion of a particle in a
central potential V' (r) can be reduced to 1-dimensional problem with an “effective potential™
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= 57” +V(7’)+2 7"2 = 57’ +V:3ff(7’) (16)



Thus, the energy of the particle in central potential is equal to the energy of the particle
moving in one dimension (at > 0) in the effective potential

L2
Veg(r) = V(r) + Sy (1.7)
Since E — Veg(r) = %7’"2 > 0, the equation
L2
1.
V(r)+ o2 = (1.8)

determines the region of space where the motion can occur.
Also, we can determine the form of the trajectory r(¢) from the following consideration.
From Eq. (1.6) we get

ol i@m (1.9)

where the sign depends on whether 7(¢) is increasing (sign “+”) or decreasing (sign “-”) at
time ¢, In other words, the sign depends on the direction of radial motion (sign “+” for the
motion out and sign “-” for the motion in). We will consider motion “in” and take “-” sign.
From Egs. (1.5) and (1.9) we see that

do L mr?

— = — = dt = —d

dt mr? L ¢
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= VB Val) = dt = - 4 (1.10)

" o VE = Ver(r)

Comparing the two expressions for dt we see that
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= ¢p2—¢1 = /1 d¢’ = _\/%/n drT’QW (1.11)

1.3 Scattering

Consider motion of a particle in central potential V' (r) which we assume to vanish at infinity

r—00
V(r) — 0. The energy of a free motion at t - —oo is F' = %vgo and the angular momentum
is L = musob where b is called an impact factor. The typical picture of the scattering from

a repulsive potential is shown in Fig. 1

One can have in mind Coulomb potential V(1) = f—g as a typical example.

The point at the minimal distance rg is the inversion point for given energy F and
angular momentum L. Since 7(r9) = 0 from Eq. (1.6) we see that r¢ is a solution of the

equation
L2

Ver(ro) = E & V(ro) + =F (1.12)
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If we know r¢, the angle ¢y can be obtained from the formula (1.11). Taking ¢; = 0 at
r=o00 and ¢2 = ¢g at r = rg we get
L

T 1
o = —/ dr’
V2m Jeo r’Q\/E—V(r’)— L2

(1.13)
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(The minus sign is due to the fact that 7 < 0 if the particle is approaching the scattering
center).

After reaching rg the particle moves again to infinity and the change of angle between
ro and infinity is

by = — [ dr (1.14)
2m T0 1"’2\/E—V(7“/)_ L2/2
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Note that ¢y = ¢f, and the trajectory is symmetric with respect to line parallel to vector
7o (see Fig. 2)
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Figure 2. Scattering from a repulsive potential

For future use, it is convenient to represent ¢g in terms of b and vy, as

o :/ dr' i’ (1.15)

0 T’2 \/1 _ V(r')

mv2, /2
The deflection angle (the angle between velocities at plus and minus infinity) is

0 = m—2¢ (1.16)



1.4 Cross section

Consider a uniform beam of particles incident on a central potential
Voo

beam of particles
center of force

Figure 3. A beam of particles incident on a central potential

Flux ® is a number of particles per unit area per unit time
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Figure 4. Transverse view of a beam of particles

Each particle has a definite b abd vy, and will be deflected by angle § = | — 2¢|. Let
us consider now particles in a ring between b and b+ Ab. The number of particles crossing
area of a ring b < r < b+ Ab per unit time is

dn = 27bAb ® (1.17)
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Figure 5. Particles in a ring between b and b + Ab

These particles will be deflected by angle between 6 and 6 + A#f, see Fig. 6. (Due to
azimuthal symmetry, the deflection angle Af does not depend on ¢).
Cross section do is defined as

dn(0) = ®do(6) (1.18)

Note that do has the dimension of an area since dn has a dimension of = (from Eq. (1.17)
dn = number of particleS)
- time :



center of force

Figure 6. Scattering of particles with impact parameter between b and b+ Ab

Since 0 = | — 2¢o(b)| one may think of b as a function of # and get from Eqs. (1.17)
and (1.18)

$do(0) = P27bddb = do(f) = 27Tb’db;:)‘d0 (1.19)

The reason for modulus ‘dzg)} in the r.h.s. of this equation is that do(6) is a positive

__number of particles
o flux

greater the impact parameter b, the smaller is the deflection angle ), see Fig. 6.

definite quantity (

) while b(6) is generally decreasing function of 6 (the

It is convenient to write down the derivative of the cross section with respect to solid
angle (so-called "differential cross section” j—g). Recall that dQ = sin 0dfd¢ =

b db(0) do b db(0)
w0 = Gaglag 1 7 4a = suel dp | (1.20)
The total cross section is defined as
do

so it is a number of particles scattered in a unit time in all directions divided by flux.
Example: scattering from a rigid ball of radius a. The potential is

Vir) =0 ifr>a and V(r) = oo ifr<a (1.22)

From Fig. 7 we see that sin¢g = % (for b < a, at b > a the particle will not be deflected)
S1)

0 = W—Qarcsina - - = sin 5~ = 85 = o = —%sinf (1.23)
and therefore
do b db(0) acos & a . 0 a2
= = — ] = —— 2 _ x —sin- = — 1.24
d) Sine‘ do ‘ QSingcosg % 2 St 2 4 ( )



Figure 7. Scattering from the rigid ball

Not that the obtained cross section

do a?

is isotropic (does not depend on 6. In other words, regardless of where the detector is
placed, it will detect the same number of particles per unit time per unit solid angle (for a
given flux ).

The total cross section is

2 2
Otot = /dQ;lg = /dQ az = 47T><az = ma? (1.26)

(which means that we defined the cross section (1.19) in accordance with our everyday
intuition).

1.5 Rutherford formula

Consider two particle with masses m and M > m and charges ze and Ze. The effective
potential is

Zz€? L? mM
V. = — = ~ 1.27
et (1) r 2ur?’ a m+ M " (1.27)
(see Fig. 8)
The inversion point rg can be found from the equation
Zz€? L?
E =V = 1.28
eff (T0) o + 22 (1.28)
or, in terms of v, and b
b b .o 7262
20— —)" =1 = —— 1.29
aro + (7“0) ’ “ mu2 b (1.29)
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Figure 8. Effective potential for a scattering from a Coulomb center

This is a quadratic equation with a (positive) solution

b
= 1.30
o Vi+ao?2—a ( )

Quick check: for a head-on collision b — 0 so o — oo and

b 27 2€>
70 b;O ~ 20[b == ¢

avl+a?-1 muZ,

(1.31)

Now we can find the angle ¢y. Since we are considering repulsive force (Zz > 0) the
trajectory looks like Fig. 9

) / N T Voo

Figure 9. Scattering of particles from a Coulomb center

and therefore 6 = m — 2¢y where ¢q is given by Eq. (1.15)
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z=u'b o dx _ . Tt e o .
= /0' \/ﬁ = arcsin \/ﬁ ) = 5 — arcsin m




because (% +a)? = 1+ a?, see Eq. (1.30). The deflection angle takes the form

0
0 = 17— 20y = 2arcsin———— = sin. = ——0 (1.33)

1+ a? 2 V1+a?

and therefore

1 1 mu2 \2
ety 52(700) 1.34
sin2 g + a? + 7 ze2 ( )

To find differential cross section from Eq. (1.20) we need to rewrite the impact parameter
b as a function of deviation angle 6 which is easily done inverting the above equation:

Z
- ’ 2 ‘ (1.35)
The differential cross section (1.20) takes the form
do 27 e? 1
w9 - S 1.36
dQ) Sln9 ‘ ‘2mv2 ‘ sm4% ( )

This is the famous Rutherford’s formula.
Properties:

° 3—6 is independent of the sign of charges ze and Ze (= cross section is the same for

attractive and repulsive Coulomb potential).

° é‘l% ~ 0%1 for small angles (large impact parameters) =

e The integral for the total cross section (1.21) oyt = [ de—g diverges at small 6

The last property means that the total cross section oo is poorly defined for Coulomb
potential since all particles are deflected regardless of how large is b. This behavior (diver-
gence of oyt) is a characteristic of potentials falling as % at large separations.

Remarkable fact about the Rutherford formula is that for Coulomb scattering Classical
Mechanics, Quantum Mechanics, and Quantum Field Theory all lead to the same result!
(Otherwise, physicists in the beginning of 20th century would be extremely confused...)
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