PROBLEM 3.8 In Example 3.2. we assumed that the conducting sphere

was grounded (V' = 0). But with the addition of a second image
charge, the same basic model will handle the case of a
sphere at any potential V, (relative, of course to infinity).

What charge should you use, and where should you put it?

Find the force of attraction between a point charge g and
a neutral conducting sphere.

Known: g, R, a

Figure 3.12 Figure 3.13
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PROBLEM 3.8

IDENTIFY | Equipotential surfaces
Relevant |- Method of images
concepts |- Potential V(F): I q
Neutral sphere: ey
. q! + q” = O
a
SET UP —— N
Draw diagram: +q o .
-q~—————*q
” a-b
EXECUTE q" = 4ne,V,R
V, is a new, non-zero potential of the
Al sphere, which is an_equipotential surface.

" /

R

qg =—q =—q and b=—

a

R2

a

F

— F + F"

= F=F'-F

13



PROBLEM 3.8 (cont.)
EXECUTE (cont.)

I (4" ¢ qq | 1 1
I = = —
dre, q(az ' (a—b) ] dre, ( a’ (a—b) j
- qq —d¢>+2ab-b’ + ¢’ _ 99 b(2a—b)
- 47, az(a— b)2 4re, az(a— b)2

L]t Gl

dre, 2( R jz B dre, (a2 —R2)2
a

14




PROBLEM 3.9

A uniform line charge A is placed on an infinite straight
wire, a distance d above a grounded conducting plane. (Let’s
say the wire runs parallel to x-axis and directly above it, and the
conducting plane is the xy plane.)

(a) Find the potential in the region above the plane.
[Hint: Refer to problem 2.47 ]

(b) Find the charge density o induced on
the conducting plane.

15




PROBLEM 3.9 (a)

IDENTIFY
Relevant
concepts

SET UP

Conductive plane is replaced by a mirror
line charge —A. (see diagram).
Problem is now equivalent to 2.47 (a).

EXECUTE

- Method of images
- Potential due to two line charges from Problem 2.47
(See lectures, Ch. 2)

Draw diagram:

V(y,z)=4’1 h{yz (“d)zj .




PROBLEM 3.9 (b)

IDENTIFY .. F L0
Relevant Xy — prane a -
concepts oV o

O = &, — _—
(») 0 5, o

EXECUTE
oV |

=— =-¢ Az+d)-

O'(y) 5‘2 » 0 472'80 iyz +(Z . d)2 (Z )
2l d  -d | A

47Ziy2+d2 v +d* | Ay +d?)

ov
0z

z=0

17




PROBLEM 3.9 (b)
Consider a strip of width / jn xy—plane,

EVALUATE perpendicular to y.

0y Y

Induced charge on the strip is:

°'° IAd ¢ 1 IAd ¢ 1 |
Qs = [o() ldy=="5 [——d d(y

LT wd(y)zH d
d
w|d d)| |2 2 )| [




PROBLEM 3.14

A rectangular pipe, running parallel to the z-axis
( from — o fo + OO), has three grounded metal sides, at

y=0, y=a, and x=0. The fourth side, at x=>b, is maintained at
a specified potential V().

(a) Develop a general formula for the potential within
the pipe.

(b) Find the potential explicitly, for the case
V)=V, (aconstant).

19




PROBLEM 3.14a,b oy sy TP<E<

IDENTIFY | - Laplace’s Equation o + 0 =0 U
relevant - Boundary conditions X Y Vo2 V(x y Z)
concepts o

- Separation of variables (Examples 3.3 and 3.4)
- Completeness and Orthogonality

- “Fourier’s trick” /
SET UP Draw diagram |
a

Y

| 3 o
Write Boundary Conditions: é v )
i)  V(x,0)=0 " 0%
(i) V(x,a)=0 g |

i | L X

(iii)  V(0,y)=0 / b
(iv) V(by)=V(y)

20



PROBLEM 3.14a From Egs. 3.25-27:
§V( y) Ae™ + Be k"XCsmky+Dcosky)§

________________________________________________________________________________________

Apply the boundary conditions:

(i) y=0,V=0,sinky=0=D=0
(i) y=a,V=0=sinka=0.. ka=nr|*=",
(iii) x=0,e"=e®™=1,V=0=>A4+B=0..|A=-B

________________________________________________________________________________

____________________________________________

—e "™ = 2smh(n72x/ a)
= V(x, y)=2A4Csinh(nmx/a)sin(nzy/a)

Apply the completeness principle:

V Z C, smh nﬂx/a)sm(nﬂy/a) is complete on

the interval 0 y<ag




' EXECUTE| PROBLEM 3.14a (cont.)

Apply boundary condition (7V):
(iv) Y., sinh(nzb/a)sin(nay /a)=V,(y)
n=I

Apply “Fourier s trick”
sin(n' 7y /a Z C sinh(nzb/a)sin(nay/a)=V,(y)sin(n' zy/a)

n=1

a

ZC sinh(nzb/a jsm n' zya)sin(nay/a)dy IVO(y)sin(n'ﬂy/a)dy
n=1

0

]

Use the orthogonality property of the complete set of solutions:

P (0 n#n ﬂ
Ism(n my/a)sin(nzy/a)dy =1 q a o n|} (Eq.3.33)
: l )

= |C V. (y)sin(nzy/a)dy

a asinh( nﬂb/a 5‘-

22




PROBLEM 3.14b §Z63SZ
EXECUTE

2 a
C,|= % d
"I asinh(nzb/a) Oa[sm (] a)dy
2 a '
- [ =
asinh(nzb/a) 7z( cosly/ a))‘o
0 n=024,.]
- adl n=135,.. }
| n sinh(nzb/a) )
4V, sinh(nmx/a)sin(nzy/a
| Vay) o sinblom/a)sinnry/a)
T 135 nsinh(nzb/a)




PROBLEM 3.18

The potential at the surface of a sphere (radius R) is given by

V, =kcos30

where £ is a constant. Find the potential inside and outside the

sphere, as well as the surface charge density o(?@) on the sphere.
(Assume there is no charge inside and outside the sphere.)

24




PROBLEM 3.18
Spherical coordinates:

IDENTIFY Express potential in the terms of Legendre’s polynomials:

_________________________________________________________________________________________

relevant ; » B ;
concepts | V(r.0)= Z(A,r’ + -ﬁ)ﬁ(cos@) (Eq.3.65)

(Example 3.6) )
— V(r,ﬁ):ZA,r'P,(cosé’), r< R
1=0

Outside the sphere 7 —> o, V >0 = A =0
(Example 3.7) v R

. /
— V(F,@)—Z—HB(COSH), r> R
=0 I’
Properties of Legendre’s polynomials *Trigonometric relations

any polynomial of 3 order

----------------------------------------------------------------------------------------------------------------------




PROBLEM 3.18 (cont.)

IDENTIFY |

relevant K

concepts :IP (cos@) (cos@)smé’d@ =
(continued) | '

Properties of Legendre’s polynomials:
*Orthogonality (E£q. 3.63)

l 0 =0




PROBLEM 3.18 (cont.)

Draw diagram:

Make trigonometric transformations:
V,(0)=kcos(30) =k cos(20 +6)= k[cos(20)cos8 — sin(26 )sin 6]
= k[(2 cos’ 0 — 1)003«9 - 2(1 —cos” H)COSH]
= k[4cos3 0 — 3cos¢9]

EXECUTE :
Express potential in terms of Legendre’s polynomials
(only odd-power terms are non-zero):
v, (0)= k[4 cos’ 0 — 30059]: KaP,(cos@)— yP(cos0)]
4cos’ @ —3cosl = a[%(S cos’ 0 — 3005«9)}r ¥ cosf =
5 3-38_
A=t Sa (305 j 25 7
. =" cos’O—| ——y |cosb "
az; 2 2 7:"5
8 24 3
= lg=—=, ¥=—-3=-=
5 10 5

= | V,(0)= [8P(cosé’) 3P(cos«9)]




PROBLEM 3.18 (cont.)
EXECUTE (cont.)

rsR V(r,0)= iA,r'P,(cosé’),

_______________________________________________________________________________________________________

Apply orthogonality of Legendre’s polynomials:

k(2l+1 2 2 k1
A = 5.-3——06 85, — 38
"5 2R 21+1 Sy | “} SR’{ 530,




PROBLEM 3.18 (cont.)

EXECUTE (cont.) | V(r,0)= —g’—;re(cose)Jr 52‘3 r’P(cos@)
rsR ) 3 |
_k S(L) P,(cosd)- 3(1}91@036’1
5| \R R |

_ ’5‘18(% )3 %(5 cos’ 0 3cos0)- 3(% )cos 9:}
v (r,60)= %(%)cos 9%4(; )2(5 cos’—3)- 3:}

72 R | From continuity of / at R (r=R):

( 4
8k3R7:8kR . 1:31
B, = A,R*"" =1 = 8 L (B, =0 otherwise)
_£R3—_3kR2 if =1 29
[ 5SR 5 )




PROBLEM 3.18 (cont.) RN r 6’) _ Z (0086’
EXECUTE (cont.) o
) 4
V(r,0)=— bk 12 P(cos@)+ SAR 1 P,(cos0)

r

r

V(r,0)= { E P(cos®)- (r j P( cosé’

N\

Vo

V(r,e):g(fff cos@i4(rj2(5005 0-3)- 3:

y,

Charge density o (6)) S 2l—|-1 AR/ IP(COSQ)
&g 1=0
o,(0)= 50[3A1131(cosé?)+ TAR P3(cosﬁ)]

30



PROBLEM 3.18 (cont.)

EXECUTE (cont.)

Charge density

o (6)= go[g(_;’_@g(wse)w(Sz:

gk[
5R
gk[
5R

9P (cos@)+ S6P  (cos 6)|

)Rza(cosé’)l}

9cos€+28(500s 0 — BCOSH)]

&k

5,(0)= 52 cos0(140 cos® 6 - 93)

SR

31




PROBLEM 3.26

A sphere of radius R, centered at the origin, carries
charge density

p(r,0)= kﬁz(R —2r)sin@

r

where k is a constant, and », @ are the usual spherical
coordinates. Find the approximate potential for points

on the z axis far from the sphere.

32




PROBLEM 3.26

Lol Multipole expansion:
relevant
concepts
Vir — Nt + ..
( ) 47z50 »‘.'0
monopole i Volume element:
1 1 dt = r* sin OdrdOd
.+ . Jr cos@p(7')dr’ +... ?
dre, r
digle
1 1 (3 | .
. )| =cos @' —— ¥ )dt" +... Eq.3.96
4ﬂgor3j()2 2 () (q )

-
quadrupole
33




PROBLEM 3.26 (cont.)
SET UP and EXECUTE | Monopole term:

I/monopole(l_; ) o JIO _” dT Q ’

dme -

472'80

—

A
monopole

= [p(#)de = kR | [:—2(13 — 2r)sin9|_|f2 sin OdrdOdg

0= /d’ezjafqﬁﬂjsin2 GdHRj(R —2rYir = 4akR(Rr — r*)| = 4mkR(R’ - R?)=0
0

Vmonopole (F ) - O

Dipole term:
I B SN
Vdipole(r): 472'50 7’2 jl" COS@p(V )dTJ T 472'801"2 ] )

-
dipole



PROBLEM 3.26 (cont.)
EXECUTE (cont.)| Dipole term:

|
[ = |rcos@opdr = kR[ jd¢ jsm Hcos@d&IJr R 2r a’r|J
0

[sin® 0 cos g0 = 7 ol :%(o—o):o = 1=0,[V,.=0
0 0
Quadrupole term:
1 I 1\2 3 2 1 —y | 1
Vs = ——— [/ F] 2cos?0' — = (7" )dr' =—— 1
e dre, 1’ -[(’ )(ZCOS 2)0(’ ) ’ dre, v’ 7
3 1) o
= J‘rz(zcoszﬁ—g)a(r)dr
j [[r(3eoso -1 : (R 2r)sin 6| sin OdrdOdg
quad |j
U RRE A LK 17kR T
Tyaa = | [dd|] [(3eos?0~1)sin? 6a6)| [r*(R—2r)dr LR 1
2 o 152"
J\o AN ~/ 35
I H I




PROBLEM 3.26 (cont.)

EXECUTE (cont.) | Quadrupole term:
R i 3R r4R R RY R
:6‘.1‘ (R—Zr}l’r: 3 - 2; = — > =—?

/a

(3003 0 — lsm 0do = j 2 —3sin’ 9)sm ado = Z_fsm 0do -3 J-sm 0do

0

From Tables of Integrals:
sin? 0do = ¢ 5120
. 2
. + 3 « 3 .
sin' gdo = Sn 0 cosd +§ sin® 040 — 30 | sin 0 cos@  3sin 20
A 4 4 4 16
0 sin20 Y 39 sin’ @ cos@  3sin26
= i,= 2 —— —3 _
A AT 16 )

AP

= jd¢:2;z 3
0




PROBLEM 3.26 (cont.)
EXECUTE (cont.) |

kR kR T R*
]Cluad - _2_I¢101r - 7(272-{_ _8—I— _6—j

1 1 kn’R°
quad( )_

£= 3
drg, r” 48

V(r)=0+0+

krn’R’
48

1 1k7z2R5+ 1 1 kxR

3
4drg, z

r - z V(r) —>

48

ee — 3
dre, z

48

1 1 kxR’

T dme, 20 48

(a) r=2R
(b) r=z
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