Problem 3.15
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(a) ZTZ + 27‘2/ = 0, with boundary conditions 1 /
a 74|
(i) V(z,0)=0, g Vo(y)
(i) V(z,a)=0, vZo .
(i) V(0,y) =0, 7 "
RC I

As in Ex. 3.4, separation of variables yields
V(z,y) = (Ae" + Be **) (C'sinky + D cosky) .
Here (i)= D =0, (iii))= B = —A, (ii)= ka is an integer multiple of 7:

V(z,y) = AC (e"”/“ - e_"”/“) sin(nmy/a) = (2AC) sinh(nwz/a) sin(nry/a).

But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i),

(if), (iii) is

V(z,y) = Z Cp sinh(nmz/a) sin(nmy/a).

n=1

It remains to determine the coefficients C,, so as to fit boundary condition (iv):
Z C,, sinh(nmb/a) sin(nmy/a) = Vy(y). Fourier’s trick = C,, sinh(nnb/a) = 2 / Vo(y) sin(nmy/a) dy.
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Therefore
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2 r . 2V 0, if n is even
b) Ch = ——F—7+ dy = ——————+~ o e ’
(b) € asinh(nmb/a) Vo/sm(mry/a) Y asinh(nmb/a) x { 24 if n is odd. }
0
AL sinh(nmz/a) sin(nmy/a)
Viey) = ™ n:§5 nsinh(nmb/a) ’

Problem 3.16

Same format as Ex. 3.5, only the boundary conditions are:

(i) V=0 when z=0,
(i) V=0 when z=a,
(i) V=0 when y =0,
(iv) V=0 when y=a,
(v) V=0 when z2=0,

(vi) V=V, when z = a.
This time we want sinusoidal fuctions in z and y, exponential in z:
X (z) = Asin(kz) + Bcos(kz), Y(y) = Csin(ly) + Dcos(ly), Z(z)= EeVF iz | Ge=VRIHEz
()= B =0; (ii)= k = nn/a; (ili))= D = 0; (iv)= | = mn/a; (v)= E + G = 0. Therefore
Z(2) = 2E sinh(m\/n2 + m2z/a).

Putting this all together, and combining the constants, we have:

oo o0

V(z,y,2) = Z Z Ch,m sin(nmz/a) sin(mmy/a) sinh(rv/n? + m2z/a).

n=1m=1

It remains to evaluate the constants C,, ,,, by imposing boundary condition (vi):

Vo = Z Z [C’n,m sinh(mv/n? + mz)] sin(nmz/a) sin(mny/a).



