
Classical and Statistical Thermodynamics  

Statistical thermodynamics: machinery for interrelating the statistical properties of a 
mechanical system containing a very large number of particles.  

Once this machinery is developed, we can obtain some very general results that do not depend 
on the exact details of the statistical treatment. These results take the form of general 

statements regarding heat and work, and are usually referred to as classical thermodynamics.  
Historically, classical thermodynamics was the first type of thermodynamics to be discovered. 

In fact, for many years, the laws of classical thermodynamics seemed rather mysterious, 
because their statistical justification had yet to be discovered. The strength of classical 

thermodynamics is its great generality, which comes about because it does not depend on any 
detailed assumptions about the statistical properties of the system under investigation. This 
generality is also the principle weakness of classical thermodynamics. Only a relatively few 

statements can be made on such general grounds, so many interesting properties of the 
system remain outside the scope of classical thermodynamics. If we go beyond classical 

thermodynamics, and start to investigate the statistical machinery that underpins it, then we 
get all of the results of classical thermodynamics, plus a large number of other results that 
enable the macroscopic parameters of the system to be calculated from a knowledge of its 

microscopic constituents. This approach is known as statistical thermodynamics, and is 
extremely powerful. The only drawback is that the further we delve inside the statistical 

machinery of thermodynamics, the harder it becomes to perform the necessary calculations.  
Note that both classical and statistical thermodynamics are only valid for systems in 

equilibrium. If the system is not in equilibrium then the problem becomes considerably more 
difficult (irreversible thermodynamics).  



Fundamental concepts

Thermodynamical systems
System: part of the universe within some closed surface called boundary.
State of the system is specified by the values of measurable state properties.

Microscopic system: roughly of atomic dimensions, or smaller. 
Macroscopic system: large enough to be visible in the ordinary sense. 

Isolated system: no interchange of energy with the surroundings.
Closed system: no matter crosses the boundary.
Open system: there is an interchange of matter with the surroundings.

Extensive properties: proportional to the mass of the system (example: energy)
Intensive properties: independent of the mass (examples: temperature, pressure)



Specific properties
The specific value of extensive property: a ratio of the value of the 
property to the mass of the system <=> value per unit mass. 

Specific volume = 1/Density: 

Specific values are of course intensive properties. 

Modal specific value of the property: ratio of the value of the property 
to the number of moles of the system. 

1 kmol (kilomole) = mass in kilograms numerically equal to the 
molecular weight, for example,  32 kg for       .  1 mol (mole)  =            
kmol   
  
1 mol = mass of        molecules.  Avogadro number 

v =
V

m
=

1

⇢

O2

NA NA = 6.022⇥ 1023

10�3



Temperature and thermal equilibrium

BA
Q

T   > TA B

Consider two macroscopic objects that are isolated from the rest of the universe, but 
are in contact with each other. 

We say that block A has a higher temperature than block B if the energy (heat) flows 
from A to B. After the lapse of some time, called the relaxation time, the flow of 
energy from A to B ceases.  At this point the two blocks are in thermal equilibrium 
with each other, and we would say that they have the same temperature.  



Heat

The word heat refers to energy that is transferred, or energy that 
flows, spontaneously due to a difference in temperature. We often 
say heat flows into a system or out of a system, as for instance heat 
flowed from block A to block B above. It is incorrect to say that heat 
resides in a system, or that a system contains a certain amount of 
heat.  
There are three mechanisms of energy transfer: conduction, 
convection, and radiation. Two objects, or two systems, are said to 
be in contact if energy can flow from one to the other. The most 
obvious example is two blocks sitting side by side, literally 
touching. However, another example is the Sun and the Earth, 
exchanging energy by radiation. The Sun has the higher 
temperature, so there is a net flow of energy from the Sun to the 
Earth. The Sun and the Earth are in contact.  



“Zeroth law’’ of thermodynamics

When any two bodies are each separately in thermal equilibrium with a 
third, they are also in thermal equilibrium with each other.

BA
Q = 0

C
Q = 0 Q = 0

T   = T  = TA B C

Adiabatic boundary: no heat flow from the surroundings                  
 Diathermal boundary: no temperature difference with the surroundings

The rate at which the thermal equilibrium is approached depends on the 
nature of the boundary of the system



Kelvin scale of temperature
Temperature scale is defined by two points. 
First point - absolute zero. The temperature at which the pressure of a dilute gas at fixed volume would 
go to zero is called the absolute zero temperature.  
Second point - triple point the temperature at which ice, liquid water, and vapor are in thermal 
equilibrium

By 
convention, 

the zero 
point is 0 K 

and the 
triple point 
is 273.15 K

1 K = 1 C



Thermodynamical equilibrium
Mechanical equilibrium 
If there are variations of pressure, or stress or parts of the system may 
move. Eventually this motion ceases and the system is in mechanical 
equilibrium. 

Chemical equilibrium 
The system may contain different substances undergoing chemical 
reactions. Eventually, all chemical reactions  cease and the system is in 
chemical equilibrium. 

Thermodynamical equilibrium 
A system which is in thermal, mechanical, and chemical equilibrium is 
said to be in thermodynamical equilibrium.



Processes 
Quasistatic process: at any moment the system departs form an 
equilibrium only infinitesimally. A quasistatic process is a succession of 
equilibrium states. 

Isochoric process: volume of the system is constant. 

Isobaric process: pressure in the system is constant. 

Isothermal process: temperature of the system is constant. 

Adiabatic process: no flow of heat thru the boundary. 

Reversible process: whose direction can be reversed by a set of 
infinitesimal changes.  



Example



Equations of State

Example: equation of state of an ideal gas:  

The equation of state can be written in the form that depends only 
on the nature of the substance rather than on how much of the 
substance is present: 

f(P, V, T,m) = 0

f(P, v, T ) = 0

Pv = RT , pV = nRT

In SI units

PV = NkT

N = number of molecules, k = 1.38⇥ 10

�23 J

K

⌘ Boltzmann constant

, Pv = RT R:  universal gas constant

Equation of state

Example:

PV = (number of moles)RT, R = kNA = 8.31
JK

�1

mol

= 8.31⇥ 10

3 JK
�1

kmol
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Equation of state of an ideal gas
n: 

number  
of moles 

R:  
universal 

gas 
constant

 - Boltzmann constant 
 

R = NAkB

kB kB ' 1.3807⇥ 10�23 J

K

Pv = RT , PV = nRT



P-v-T surface for an ideal gas

Pv = RT





Van der Waals equation for real gases

⇣
P +

a

v2

⌘
(v � b) = RT

Term             is due to intermolecular forces and term          is  
proportional to the volume occupied by molecules themselves  

a/v2

Equation of state of a real gas in the virial form

Pv = A+
B

v
+

C

v2
+ ...

Van der Waals equation in the virial form  

�b

Pv = RT +
RTb� a

v
+

RTb

v2
+ . . .
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P-v-T surfaces for real substances



Projections





Projections



Vapor-liquid transition around critical point



Expansivity and compressibility



Slope of chord =

=

V2 � V1

T2 � T1
=

�VP

�TP

lim
�T!0

�T
⇣@V
@T

⌘

P
= �VP

For infinitesimal changes

)

Slope of tangent =

⇣@V
@T

⌘

P

dVP =
⇣@V
@T

⌘

P
dTP



Expansivity

For an ideal gas

Mean expansivity

�̄ =
1

V1

V2 � V1

T2 � T1
=

1

V1

�VP

�TP

� =
1

V

nR

P
=

1

T

� ⌘ 1

V

⇣@V
@T

⌘

P
=

1

v

⇣ @v

@T

⌘

P



Compressibility

Consider an isothermal process

Slope of tangent =

⇣@V
@P

⌘

T

For infinitesimal changes                                           dP

Compressibility

 = � 1

V

⇣@V
@P

⌘

T

dVT =
⇣@V
@P

⌘

T

Mean compressibility ̄ = � 1

V1

�VT

�PT



Compressibility and expansivity are functions of  
temperature and pressure 





Consider an arbitrary process along the P-V-T surface

�V (1 ! 3) =

= �VP (1 ! 2)

+ �VT (2 ! 3)

)

dV =
⇣@V
@T

⌘

P
dT

+
⇣@V
@P

⌘

T
dP



dV =
⇣@V
@T

⌘

P
dT +

⇣@V
@T

⌘

P
dP

In terms of expansivity and compressibility

dV = �V dT � V dP , dV

V
= �dT � dP

We can restore equation of state from  expansivity and compressibility:

Ideal gas : � =

1

T
,  =

1

P
) dV

V
� dT

T
+

dP

P
= 0

) lnV � lnT + lnP = const ) PV

T
= const

Solid or liquid : V ' V0 ) V = V0[1 + �(T � T0)� (P � P0)]

V � V0 =

Z V

V0

dV =

Z T

T0

dT �V �
Z P

P0

dP V
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Critical constants of a Van-der-Waals gas

Critical point



⇣@P
@v

⌘

T
= 0,

⇣@2P

@v2

⌘

T
= 0



For a Van der Waals gas

P =
RT

v � b
� a

v2
)

⇣@P
@v

⌘

T
= � RT

(v � b)2
+

2a

v3
,

⇣@2P

@v2

⌘

T
=

2RT

(v � b)3
� 6a

v4

When T = Tc and v = vc
⇣@P
@v

⌘

T
=

⇣@2P

@v2

⌘

T
= 0

) Pc =
a

27b2
, vc = 3b, Tc =

8a

27Rb

) Pcvc
Tc

=
3

8
= 0.375



Compare  
to real 
gases

Pcvc
Tc

����
VdW gas

= 0.375



Relations between partial derivatives

)

1�

⇣@V
@P

⌘

T

⇣@P
@V

⌘

T

�
dV =

⇣@V
@P

⌘

T

⇣@P
@T

⌘

V
+

⇣@V
@T

⌘

P

�
dT

V = V (P, T ) ) dV =
⇣@V
@T

⌘

P
dT +

⇣@V
@P

⌘

T
dP ,

P = P (V, T ) ) dP =
⇣@P
@T

⌘

V
dT +

⇣@P
@V

⌘

T
dV

) 1�
⇣@V
@P

⌘

T

⇣@P
@V

⌘

T
= 0 ,

⇣@V
@P

⌘

T
=

1

(@P/@V
)T

)
⇣@V
@P

⌘

T

⇣@P
@T

⌘

V
+

⇣@V
@T

⌘

P
= 0

)
⇣@V
@P

⌘

T

⇣@P
@T

⌘

V

⇣ @T

@V

⌘

P
= � 1

Take dT = 0
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Take dP = 0
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⌘
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Mathematically

f(x, y, z) = 0 )

df [x, y, z(x, y)]

dx

=
@f [x, y, z(x, y)]

@x

+
@f [x, y, z(x, y)]

@z

@z(x, y)

@x

= 0

) @z(x, y)

@x

= �
@f [x,y,z]

@x

@f [x,y,z]
@z

Cyclic permutations x -> y -> z -> x
@z(x, y)

@x

@x(y, z)

@y

@y(z, x)

@z

=

= �
@f [x,y,z]

@x

@f [x,y,z]
@z

@f [x,y,z]
@y

@f [x,y,z]
@x

@f [x,y,z]
@z

@f [x,y,z]
@y

= � 1



df [x, y, z(x, y)]

dx

=
@f [x, y, z(x, y)]

@x

+
@f [x, y, z(x, y)]

@z

@z(x, y)

@x

= 0

) @z(x, y)

@x

= �
@f [x,y,z]

@x

@f [x,y,z]
@z

df [x(y, z), y, z]

dz

=
@f [x(y, z), y, z]

@z

+
@f [x(y, z), y, z]

@x

@x(y, z)

@z

= 0

) @x(y, z)

@z

= �
@f [x,y,z]

@z

@f [x,y,z]
@x

) @x(y, z)

@z

@z(x, y)

@x

= 1



Expansivity and compressibility



Exact differentials

Along path 1->2->3 dV1!2!3 =
⇣@V
@T

⌘

P1

dT +
⇣@V
@P

⌘

T2

dP

Along path 1->4->3 dV1!4!3 =
⇣@V
@P

⌘

T1

dP +
⇣@V
@T

⌘

P3

dT

)
⇣@V
@P

⌘

T1

dP +
⇣@V
@T

⌘

P3

dT =
⇣@V
@P

⌘

T2

dP +
⇣@V
@T

⌘

P1

dT

Since  T2 = T1 + dT and P3 = P1 + dP

) @

@P

⇣@V
@T

⌘
=

@

@T

⇣@V
@P

⌘
⌘ @2V

@P@T

)

⇣
@V
@T

⌘

P1

�
⇣

@V
@T

⌘

P1+dP

dP
=

⇣
@V
@P

⌘

T1

�
⇣

@V
@P

⌘

T1+dT

dT



dV = (
@V

@T

⌘

P
dT +

⇣@V
@P

⌘

T
dP is an exact differential

Definition: the differential 

is called an exact differential if 

Indeed,  if g(x, y) dx+ h(x, y) dy = df(x, y)

g(x, y) =
@f(x, y)

@x

, h(x, y) =
@f(x, y)

@y

) @g(x, y)

@y

=
@h(x, y)

@x

=
@

2
f(x, y)

@x@y

Integral of exact differential between two points in the (x,y) plane does 
not depend on the form of the path in the (x,y) plane: 

Z (x2,y2)

(x1,y1)

⇥
g(x, y) dx+ h(x, y) dy

⇤
= f(x2, y2)� f(x1, y1)

@g(x, y)

@y

=
@h(x, y)

@x

.

g(x, y)dx+ h(x, y)dy



First Law of Thermodynamics

Work in a volume change

In thermodynamics 
dW is positive when the 

work is done by the system

dF = P
ext

dA

) dW = dFds

= P
ext

dAds ⌘ P
ext

dV

If the process is reversible 
and P

ext

= P

dW = PdV )

W =

Z Vb

Va

PdV



On a P-V diagram

dW = PdV )

W =

Z Vb

Va

PdV



IsothermalIsobaric

W = P (Vb � Va) W =

Z Vb

Va

PdV = nRT ln
Vb

Va
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Other forms of work

dW = � F
ext

dl = � Fdl



Work vs change in magnetization

B
I

I

d l

E = �N
d�

dt
= �NA

dB

dt

H =
NI

L
! dW = V HdB, V ⌘ AL

Magnetization      = magnetic moment per unit volume

The second term is the work due to the change of magnetization of the rod

B = µ0(H +M) ) dW = �µ0V HdH�µ0V HdM
M

Define M ⌘ µ0VM

) The work of  magnetization is
dWmag = �HdM

P = EI ) dW = Pdt = EIdt



Surface tension             inward force exerted by film surface per unit 
length of boundary

� ⌘

dW = �F

ext

dx = �2�Ldx = ��dA



Work is not a property of the system

W =

Z Vb

Va

dW =

Z Vb

Va

PdV

dW is not an exact di↵erential ) we will denote it �W

(I+II) path = cyclic process

Wcyclic =

I
�W =

I
PdV

work is done by the system
a

I! b
II! a

a
II! b

I! a
work is done on the system



Configuration work and dissipative work

�W = Y1dX1 + Y2dX2 + ... =
X

YidXi

Configuration work:

The extensive properties                   are said to determine the configuration

of the system and the work                    is called the configuration work 

X1, X2, ...

Each product is taken with proper algebraic sign

Xi = extensive variables (V,M,A)
Yi = intensive variables (P,H,�)
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Dissipative work

It is possible that the configuration

of the system can change without 


performance of the work

An example of dissipative work:

stirring a a cup of coffee. The work is


 done on the system of fluid and stirrer

One more example: the work needed to 

maintain a current I in a resistor R. The


work is done on the resistor.
Unlike configuration work, the dissipative 


work cannot be expressed in terms 

of change of some property of the 

system on which the work is done.

Any process in which dissipative work is done is necessarily irreversible



The first law of thermodynamics

Second process:

a->d: reversible adiabatic expansion,


d->b: adiabatic free expansion

First process:

a->c: adiabatic free expansion,


c->b: reversible adiabatic expansion


Third process:

a->e: reversible adiabatic expansion,

e->b: dissipative work on the system

Experimentally:

the work done by the system in

d->e is equal to the work done


on the system in e->b
1st law: he total work is the same in all adiabatic processes between two


equilibrium states having the same kinetic and potential energy 




Internal energy
In general, the differential         is not exact but the differential           is


exact in the sense that that the work is the same along all adiabatic paths

between given pair of states with the same kinetic and potential energies

Internal energy U: property of the system such that the difference between 
its values at a and b is equal to the work done by the system along any 

adiabatic path from a to b

Statistical thermodynamics: internal energy of the system is a sum 

of energies of the particles from which the system is composed.



Heat flow
=  work in a non-adiabatic process between a give pair of equilibrium 

states
= work in an adiabatic process between this pair of states

Heat flow:
Q>0: heat flows into the system, Q<0: heat flows out of the system

The increase in internal energy of the system, in any process in which 
there is no change in the kinetic and potential energies of the system, 

equals to the net heat flow into the system minus the total work done by 
the system

Differential form of 1st law:

For a reversible process, the only work is a configuration work

Example: for a P-V-T system 



Heat flow depends on the path

Heat, like work, is a path function, not a point function

The net heat flow into a system in any process between states a and b is

1st law:

For a cyclic process                                            and
the heat flow into the system is equal to the work done by the system 

�Q = dU + �W

�Q = dU + �W ) Q =

Z b

a
(dU + �W ) = Ub � Ua +

Z b

a
�W = Ub � Ua +W



The mechanical equivalent of heat

a->b: dissipative work in the adiabatic process on system in constant 
configuration

a->b: dissipative work = configuration work =0,  but there is heat flow 

Ub � Ua = |Wd|

Ub � Ua = Q

``Work is converted to heat’’:  change in U  due to work is the same as 
change due to heat flow 

Unit: 1 calorie = amount of heat to warm 1 gram of water by 1C 
 

SI unit: 1 calorie = 4.19 J

Compare



Heat capacity

Mean heat capacity C̄ =
Q

�T

``True’’ heat capacity C = lim
�T!0

Q

�T
=

�Q

dT

Heat capacity depends on the process

Heat capacity at constant pressure:

Heat capacity at constant volume:

Later: if we know         and the equation of state,  
we  can find the heat capacity for any other process

CP

Specific heat capacity: heat capacity per unit mass or per kmole

SI : 1

J

Kkg

or 1

J

Kkmol

CP =
⇣�Q
dT

⌘

P

CV =
⇣�Q
dT

⌘

V



Dulong-Petit  
value           

Later: on theoretical 
grounds  
is expected at high T

' 3R

cv ' 3R



Heat reservoir: a system with very large heat capacity 
(no change of temperature due to heat flow in or out).



Heat of transformation and enthalpy
 Heat of transformation = ratio of the heat absorbed  

to mass undergoing the phase transition l =
�Q

m
Units : 1

J

kg

or

1J

kmol

 Change of phase is always associated with change of volume

) W = P (V2 � V1) , w = P (v2 � v1)

 From the 1st law u2 � u1 = l � P (v2 � v1)

, l = h2 � h1, h ⌘ u+ Pv “enthalpy00

 Enthalpy is a function of state.  Later: the heat flow in any reversible 
isobaric process is equal to change in enthalpy. 

l12 ⌘ heat of fusion (solid ! liquid)

l23 ⌘ heat of vaporization (liquid ! vapor)

l13 ⌘ heat of sublimation (solid ! vapor)







Consider a cyclic process around the triple point so the only 
changes in enthalpy occur during phase transitions 

1. Solid -> vapor: heat flow into the system �h1 = l13

2. Vapor -> liquid: heat flow out of the system �h2 = � l23

3. Liquid -> solid: heat flow out of  the system �h3 = � l12

Enthalpy is a function of state        does not change in a cyclic process)
) l13 = l12 + l23



General form of the first law
If there is a change of the kinetic energy of the system

�U +�Ek = Q�W
If conservative forces act on the system, the system has a potential energy and 

the work of conservative forces equals to (+) change of the potential energy

If W ⇤ ⌘ W �Wc,

then �U +�Ek = Q�W ⇤ �Wc , �U +�Ek +�Ep = Q�W ⇤

Total energy of the system E ⌘ U + Ek + Ep

If      and      represent the final and initial values of total energy a process    EaEb

For infinitesimal changes dE = �Q� �W ⇤

�E = Eb � Ea = Q�W ⇤

- general form of the 1st law of thermodynamics



Example: energy equation of steady flow

W = Wsh + P2V2 � P1V1 +mg(z2 � z1)



Total work - (work of conservative forces) = W ⇤ = Wsh + P2V2 � P1V1

Per unit mass : V2 = mv2, V1 = mv1, Q = mq, Wsh = mwsh

�E = Q�W ⇤ )

m(u2 � u1) +
m

2

�
V2
2 � V2

1

�
+mg(z2 � z1) = Q�Wsh � P2V2 + P1V1

�E = m(u2 � u1) : increase in internal energy of mass m

�Ek =

m

2

�
V2
2 � V2

1

�
: increase in kinetic energy of mass m

�E⌫ = mg(z2 � z1) = Wc : increase in poyential energy of mass m

u+ Pv ⌘ h : specific enthalpy

) Energy equation for steady flow:

�
u2 + Pv2 +

1

2
V2
2 + gz2

�
�

�
u1 + Pv1 +

1

2
V1 + gz1

�
= q � wsh
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�
h2 +

1

2
V2
2 + gz2

�
�

�
h1 +

1

2
V1 + gz1

�
= q � wsh
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Examples
1.  The turbine:   
q ' 0, z2 ' z1 ) �wsh = (h2 � h1) +

1

2
(V2

2 � V2
1 )

2.  Flow through a nozzle:   

3.  Bernoulli’s equation for pipe of variable cross section and elevation:   

wsh ' 0, q ' 0 )
V2
2 = V2

1 + 2(h2 � h1)

wsh ' 0, q ' 0 ) h2 +
1

2

V2
2 + gz2 = h1 +

1

2

V2
1 + gz1

) u+ Pv +
1

2

V2
+ gz = const

Pv +
1

2

V2
+ gz = const , P +

⇢

2

V2
+ ⇢gz = const

If change of u  =  heat flow - config. work - dissipative work  =  0, then



Energy equation u = u(P,v,T)

Since  equation of state is f(P,v,T)=0,  
we can consider u(T,v) or u(T,P), or u(P,v)

1. u = u(T,v)

From the 2nd law : equation of state )
⇣@u
@v

⌘

T

du =
⇣ @u

@T

⌘

v
dT +

⇣@u
@v

⌘

T
dv

1st law ) �q = du+ Pdv
⇣@u
@v

⌘

T
= ?

) �q =
⇣ @u

@T

⌘

v
dT +

h⇣@u
@v

⌘

T
+ P

i
dv

Constant volume : dv = 0, �q = cvdT

) cvdTv =

⇣ @u

@T

⌘

v
dTv ) cv =

⇣ @u

@T

⌘

v



) For any reversible process �q = cvdT +

h⇣@u
@v

⌘

T
+ P

i
dv

At constant pressure : �q = cP dT

) cP dTP = cvdTP +

h⇣@u
@v

⌘

T
+ P

i
dvP

) cP � cv =
h⇣@u

@v

⌘

T
+ P

i⇣ dv

dT

⌘

P

For a reversible adiabatic process : �q = 0

) cv
⇣@T
@v

⌘

s
= �

h⇣@u
@v

⌘

T
+ P

i

At constant temperature : dT = 0 )

�qT =

h⇣@u
@v

⌘

T
+ P

i
dvT =

⇣@u
@v

⌘

T
dvT + PdvT



2. u = u(T,P)

Equation of state : )
⇣ @h

@P

⌘

T

h = u+ Pv ) dh = du+ Pdv + vdP

Constant pressure : dP = 0, �q = cP dT )
⇣ @h

@T

⌘

P
= cP

Constant volume : �q = cvdT ) cP � cv = �
h⇣ @h

@P

⌘

T
� v

i⇣@P
@T

⌘

v

) For any reversible process �q = cP dT +

h⇣ @h

@P

⌘

T
� v

i
dP

Constant temperature : �q =

h⇣ @h

@P

⌘

T
� v

i
dPT

Adiabatic process : �q = 0 ) cP
⇣@T
@P

⌘

s
= �

h⇣ @h

@P

⌘

T
� v

i

⇣ @h

@T

⌘

P
= ?

�q = du+ Pdv , �q = dh� vdP ) �q =
⇣ @h

@T

⌘

P
dT +

h⇣ @h

@P

⌘

T
� v

i
dP

dh =
⇣ @h

@T

⌘

P
dT +

⇣ @h

@P

⌘

T
dP



3. u = u(P,v)

No new  properties: du =
⇣ @u

@T

⌘

v
dT +

⇣@u
@v

⌘

T
dv

)

8
>><

>>:

⇣
@u
@P

⌘

v
=

⇣
@u
@T

⌘

v

⇣
@T
@P

⌘

v

⇣
@u
@v

⌘

P
=

⇣
@u
@T

⌘

v

⇣
@T
@v

⌘

P
+

⇣
@u
@v

⌘

T

dT =
⇣@T
@P

⌘

v
dP +

⇣@T
@v

⌘

P
dv

) du =
h⇣ @u

@T

⌘

v

⇣@T
@P

⌘

v

i
dP +

h⇣ @u

@T

⌘

v

⇣@T
@v

⌘

P
+
⇣@u
@v

⌘

T

i
dv

du =
⇣ @u

@P

⌘

v
dP +

⇣@u
@v

⌘

P
dv



Mathematical digression

Consider w = w(x, y, z) where f(x, y, z) = 0

Proof:  let z=z(x,y), then

w

�
x+ dx, y, z(x+ dx, y)

�
� w(x, y, z)

= @w(x,y,z)
@x

���
z=z(x,y)

dx+ @w(x,y,z)
@z

���
z=z(x,y)

dz

= @w(x,y,z)
@x

���
z=z(x,y)

dx+ @w(x,y,z)
@z

���
z=z(x,y)

@z(x,y)
@x

dx

)
⇣

@w

@x

⌘

y

= @w(x,y,z)
@x

+ @w(x,y,z)
@z

@z(x,y)
@x
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Formula:
⇣
@w

@x

⌘

y
=

@w(x, y, z)

@x

+
@w(x, y, z)

@z

@z(x, y)

@x
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⇣
@w

@x

⌘

y

⇣
@x

@z

⌘

y
=

⇣
@w

@z

⌘

y
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Proof:

⇣
@w

@x

⌘

y

⇣
@x

@z

⌘

y

=
h
@w(x,y,z)

@x

+ @w(x,y,z)
@z

@z(x,y)
@x

i
@x(y,z)

@z

= @w(x,y,z)
@x

@x(y,z)
@z

+ @w(x,y,z)
@z

⇣
@z

@x

⌘

y

⇣
@x

@z

⌘

y

= @w(x,y,z)
@z

+ @w(x,y,z)
@x

@x(y,z)
@z

=
⇣

@w

@z

⌘

y
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If w = w(x, y, z) and f(x, y, z) = 0
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⇣
@w

@x

⌘

y

= @w(x,y,z)
@x

+ @w(x,y,z)
@z

@z(x,y)
@x⇣

@w

@z

⌘

y

= @w(x,y,z)
@y

+ @w(x,y,z)
@x

@x(y,z)
@z

9
=

; )
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Using these formulas, one can prove
⇣ @u

@P

⌘

v
= cv

⇣@T
@P

⌘

v
,

⇣@h
@v

⌘

P
= cP

⇣@T
@v

⌘

P
,

cv
⇣@P
@v

⌘

s
= cP

⇣@P
@v

⌘

T
,

�qT = cP
⇣@T
@v

⌘

P
dvT + cv

⇣@T
@P

⌘

v
dPT



Take T and v independent:  P = P(T,v)  and u = u(T,v)

In the adiabatic process

Proof of cv
⇣dP
dv

⌘

s
= cP

⇣dP
dv

⌘

T

0 = dQ = du+ Pdv = u(v + dv, T + dT )� u(P, v) + Pdv

=
⇣

@u
@T

⌘

v
dT +

h⇣
@u
@v

⌘

T
+ P

i
dv ) dTs = � 1

cv

h⇣
@u
@v

⌘

T
+ P

i
dvs
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dPs = P (v + dv, T + dT )� P (v, T ) =
⇣

@P
@v

⌘

T
dvs +

⇣
@P
@T

⌘

v
dTs

)
⇣

@P
@v

⌘

s
⌘ dPs

dvs
=

⇣
@P
@v

⌘

T
� 1

cv

h⇣
@u
@v

⌘

T
+ P

i
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Using this formula we get

) l.h.s = cv
⇣@P
@v

⌘

s
= cv

⇣@P
@v

⌘

T
�
h⇣@u

@v

⌘

T
+ P

i⇣@P
@T

⌘

v
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Consider now r.h.s. 

r.h.s. = cP
⇣@P

@v

⌘

T
=

n

cv +
h⇣@u

@v

⌘

T
+ P

i⇣ @v

@T

⌘

P

o⇣@P

@v

⌘

T
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From cyclic formula on p. 34 and inversion formula on p.35

⇣ @v

@T

⌘

P
=

�1⇣
@P
@v

⌘

T

⇣
@T
@P

⌘

v

= �

⇣
@P
@T

⌘

v⇣
@P
@v

⌘

T
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) r.h.s. =
⇣

@P
@v

⌘

T

n

cv �
h⇣

@u
@v

⌘

T
+ P

i

�

@P
@T

�

v
�

@P
@v

�

T

o

= cv
⇣

@P
@v

⌘

T
�

h⇣

@u
@v

⌘

T
+ P

i⇣

@P
@T

⌘

v
= l.h.s.
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Later : eqn. of state + 2nd law )
⇣du
dv

⌘

T
and

⇣ dh

dP

⌘

T

How to measure
⇣du
dv

⌘

T
and

⇣ dh

dP

⌘

T
experimentally?

Gay-Lussac and Joule measured
⇣@T
@v

⌘

u

Energy equation u = u(P, v, T ) ) P = p(u, v, T )
Equation of state f(P, v, T ) = 0 ) f(p(u, v, T ), v, T ) = F (u, v, T ) = 0
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)
⇣@u
@v

⌘

T

⇣ @v

@T

⌘

u

⇣@T
@u

⌘

v
= � 1 )

⇣@u
@v

⌘

T
= � cv

⇣@T
@v

⌘

u
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Similarly h = h(P, v, T ) ) G(h, v, T ) = 0
<latexit sha1_base64="nuPCZmrYwMKaBkepiKpCjNtD1B8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoUEqigrooFF3osmprC20pk+mkGTqThJlJJYT2P9z4K25cqLgSXPg3Th8LbT1w4XDOvdx7jxMyKpVlfRuphcWl5ZX0amZtfWNzy9zeuZdBJDCp4oAFou4gSRj1SVVRxUg9FARxh5Ga07sc+bU+EZIGfkXFIWlx1PWpSzFSWmqbx0lTcHhHOWVIsHgw9Iperpzv5yuHw2HzlnY9hYQIHu DwKueN5aLVNrNWwRoDzhN7SrJginLb/Gx2Ahxx4ivMkJQN2wpVK0FCUczIINOMJAkR7qEuaWjqI05kKxk/N4AHWulANxC6fAXH6u+JBHEpY+7oTo6UJ2e9kfif14iUe9ZKqB9Givh4ssiNGFQBHCUFO1QQrFisCcKC6lsh9pBAWOk8MzoEe/bleVI9KpwX7JuTbOlimkYa7IF9kAM2OAUlcA3KoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH1A3UOoII=</latexit><latexit sha1_base64="nuPCZmrYwMKaBkepiKpCjNtD1B8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoUEqigrooFF3osmprC20pk+mkGTqThJlJJYT2P9z4K25cqLgSXPg3Th8LbT1w4XDOvdx7jxMyKpVlfRuphcWl5ZX0amZtfWNzy9zeuZdBJDCp4oAFou4gSRj1SVVRxUg9FARxh5Ga07sc+bU+EZIGfkXFIWlx1PWpSzFSWmqbx0lTcHhHOWVIsHgw9Iperpzv5yuHw2HzlnY9hYQIHu DwKueN5aLVNrNWwRoDzhN7SrJginLb/Gx2Ahxx4ivMkJQN2wpVK0FCUczIINOMJAkR7qEuaWjqI05kKxk/N4AHWulANxC6fAXH6u+JBHEpY+7oTo6UJ2e9kfif14iUe9ZKqB9Givh4ssiNGFQBHCUFO1QQrFisCcKC6lsh9pBAWOk8MzoEe/bleVI9KpwX7JuTbOlimkYa7IF9kAM2OAUlcA3KoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH1A3UOoII=</latexit><latexit sha1_base64="nuPCZmrYwMKaBkepiKpCjNtD1B8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoUEqigrooFF3osmprC20pk+mkGTqThJlJJYT2P9z4K25cqLgSXPg3Th8LbT1w4XDOvdx7jxMyKpVlfRuphcWl5ZX0amZtfWNzy9zeuZdBJDCp4oAFou4gSRj1SVVRxUg9FARxh5Ga07sc+bU+EZIGfkXFIWlx1PWpSzFSWmqbx0lTcHhHOWVIsHgw9Iperpzv5yuHw2HzlnY9hYQIHu DwKueN5aLVNrNWwRoDzhN7SrJginLb/Gx2Ahxx4ivMkJQN2wpVK0FCUczIINOMJAkR7qEuaWjqI05kKxk/N4AHWulANxC6fAXH6u+JBHEpY+7oTo6UJ2e9kfif14iUe9ZKqB9Givh4ssiNGFQBHCUFO1QQrFisCcKC6lsh9pBAWOk8MzoEe/bleVI9KpwX7JuTbOlimkYa7IF9kAM2OAUlcA3KoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH1A3UOoII=</latexit><latexit sha1_base64="nuPCZmrYwMKaBkepiKpCjNtD1B8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoUEqigrooFF3osmprC20pk+mkGTqThJlJJYT2P9z4K25cqLgSXPg3Th8LbT1w4XDOvdx7jxMyKpVlfRuphcWl5ZX0amZtfWNzy9zeuZdBJDCp4oAFou4gSRj1SVVRxUg9FARxh5Ga07sc+bU+EZIGfkXFIWlx1PWpSzFSWmqbx0lTcHhHOWVIsHgw9Iperpzv5yuHw2HzlnY9hYQIHu DwKueN5aLVNrNWwRoDzhN7SrJginLb/Gx2Ahxx4ivMkJQN2wpVK0FCUczIINOMJAkR7qEuaWjqI05kKxk/N4AHWulANxC6fAXH6u+JBHEpY+7oTo6UJ2e9kfif14iUe9ZKqB9Givh4ssiNGFQBHCUFO1QQrFisCcKC6lsh9pBAWOk8MzoEe/bleVI9KpwX7JuTbOlimkYa7IF9kAM2OAUlcA3KoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH1A3UOoII=</latexit>

)
⇣ @h

@P

⌘

T

⇣@P
@T

⌘

h

⇣@T
@h

⌘

P
= � 1 )

⇣ @h

@P

⌘

T
= � cP

⇣@T
@P

⌘

h
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Gay-Lussac-Joule experiment

In general : ⌘ ⌘
⇣@T
@v

⌘

u
6= 0 “Joule coe�cient

00

Ideal gas :
⇣@T
@v

⌘

u
= 0



For an ideal gas :

⇣@T
@v

⌘

u
= 0 )

⇣@u
@v

⌘

T
= 0

Specific internal energy of an ideal gas is independent  
of the volume and is a function of the temperature only

cv =
du

dT
, du = cvdT )

u� u0 =

Z u

u0

du =

Z T

T0

cv dT ) u = u0 + cv(T � T0)





Joule-Thomson experiment

Steady flow,

No change in 
elevation,

Velocities are small

Q = Wsh = 0,

) h1 = h2

Keep P1, T1 but vary pumping rate so P2 changes



a->b or b->c:  drop in temperature,  
d->e: rise in temperature 

Joule� Thomson coe�cient µ ⌘
⇣@T
@P

⌘

h



Experimentally, for an ideal gas  

Later:        can be calculated from the equation of state  

µ = 0 )
⇣ @h

@P

⌘

T
= 0

µ

For an ideal gas :

⇣ @h

@P

⌘

T
= 0

⇣@u
@v

⌘

T
=

⇣ @h

@P

⌘

T
= 0 ) cP � cv = P

⇣ @v

@T

⌘

P
= v

⇣@P
@T

⌘

v

Pv = RT ) P
⇣ @v

@T

⌘

P
= v

⇣@P
@T

⌘

v
) cP � cv = R

Suppose h0 is the specific enthalpy of an ideal gas in a reference

state in which the internal energy is u0 and the temperature T0.

If cP is constant, the enthalpy equation of an ideal gas is
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Reversible adiabatic processes
⇣@P
@v

⌘

s
=

cP
cv

⇣@P
@v

⌘

T

The specific work in a reversible adiabatic expansion of an ideal gas 

Obviously, also w = u2 � u1 � cv(T2 � T1)

For monoatomic gases cv =

3

2

R ) � =

cv +R

cv
=

5

3

,

for diatomic gases cv =

5

2

R ) � =

cv +R

cv
=

7

5

For an ideal gas

⇣@P
@v

⌘

T
= � P

v
) dP

P
+ �

dv

v
= 0, � ⌘ cP

cv
) lnP + � ln v = const , Pv� = const
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Pv� = K )
w =

R v2
v1

dv P = K
R v2
v1

dv v�� = K
1��

�
v1��
2 � v1��

1

�
= P2v2�P1v1

1��
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Carnot cycle:



Carnot cycle:

a->b: reversible  
isothermal process

c->d: reversible  
isothermal process

b->c: reversible  
adiabatic process

d->a: reversible  
adiabatic process

Q2 = W2 = nRT2 ln
Vb

Va
,

Q1 = W1 = nRT1 ln
Vc

Vd

T2V
��1
b = T1V

��1
c

T2V
��1
a = T1V

��1
d

) Vb

Va
=

Vc

Vd
and

Q2

Q1
=

T2

T1



Heat engine
System in Carnot cycle is an example of cyclic heat engines

 = net work per cycle

Q = Q2 �Q1

) W = Q = Q2 �Q1

Thermal e�ciency of a heat engine

⌘ ⌘ W

Q2
=

Q2 �Q1

Q2

For an ideal gas

Q2

Q1
=

T2

T1

) ⌘ = 1� T1

T2



Refrigerator
Inverse Carnot cycle is an example of cyclic heat pump or refrigerator

a -> d -> c -> b

Coe�cient of performance

c ⌘ Q1

W
=

Q1

Q2 �Q1

For an ideal gas

c =

T1

T2 � T1



Entropy and 2nd Law of thermodynamics

The 2nd law of thermodynamics

3 examples:



Thermodynamic temperature

2nd law :

For any two ✓2 and ✓1,

the ratio

|Q2|
|Q1|

in a Carnot cycle has

the same value

for all systems,

whatever their nature

W = |Q2|� |Q1|

) |Q2|
|Q1|

= f(✓2, ✓1)



|Q2|
|Qi|

= f(✓2, ✓i)

|Qi|
|Q1|

= f(✓i, ✓1)

) f(✓2, ✓1) =
|Q2|
|Q1|

=
|Q2|
|Qi|

|Qi|
|Q1|

= f(✓2, ✓i)f(✓i, ✓1)

) f(✓2, ✓i) =
�(✓2)

�(✓1)



for whatever system is carried through the Carnot cycle between 

Kelvin : T = A�(✓) ) |Q2|
|Q1|

=
T2

T1

T2 and T1

Empirical and thermodynamic temperatures 

✓gas = 273.16K ⇥ lim
P3!0

⇣Pgas

P3

⌘

V
Empirical temperature 

Strictly : for an ideal gas Pv = R✓ and

⇣@u
@v

⌘

✓
= 0

From our analysis of Carnot cycle for an ideal gas

✓2
✓1

=
|Q2|
|Q1|

=
T2

T1
) ✓ ⌘ T



Entropy

�Q
top

T
top

+
�Q

bottom

T
bottom

= 0

)
X �Qi

Ti
= 0

)
I

�Q

T
= 0

For a Carnot cycle

T2

T1
= � Q2

Q1

) Q1

T1
+

Q2

T2
= 0



S  =  Entropy

Later: it is possible to define an absolute scale of entropy  

s ⌘ S

n
specific entropy

I
�Q

T
= 0 ) �Q

T
is an exact di↵erential : dS ⌘ �Q

T
I

dS = 0 ) Sb � Sa =

Z b

a
dS independent on path

In quantum mechanics  

Z =

X

n

e�kEn ,
X

n

⌘ sum over quant. mech. states, � =

1

kT

S = k
⇣
lnZ � �

@

@�
lnZ

⌘
, k ⌘ Boltzmann constant
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Entropy changes in reversible processes

For any adiabatic reversible process  �S =

Z
dS =

Z
�Q

T
= 0

For a reversible isothermal process  

For a phase transition at constant P and T  s2 � s1 =
l

T

For a general process  Sb � Sa =

Z b

a

�Q

T

At constant volume (sb � sa)v =

Z T2

T1

cv
dT

T
= cv ln

T2

T1

At constant pressure (sb � sa)P =

Z T2

T1

cP
dT

T
= cP ln

T2

T1

Sb � Sa =

Z b

a

�Q

T
=

1

T

Z b

a
�Q =

Qa!b

T
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Temperature-entropy diagrams
T

a b

cd

Q

T

S S

T
1

1 2

2
I

TdS =

Z b

a
�Q�

Z c

d
�Q = Q

(Q ⌘ net heat flow)

In a cyclic reversible process heat flow = area enclosed by T-S diagram 



Entropy changes in irreversible processes

Entropy is a function of state   
=> change of entropy is the same  
whether the process is reversible 

or irreversible

In a reversible process  
at constant pressure

�S
body

= CP ln
T
2

T
1

Change of reservoir entropy is the same as in isothermal process

Heat flow into the body : Q = CP (T2 � T1)

�S
reservoir

= � Q

T
2

= � CP
T
2

� T
1

T
2



(= for reversible 
processes)

Law of increasing  
entropy:

�S � 0

�S = �S
body

+�S
reservoir

= CP

⇣
ln

T
2

T
1

� T
2

� T
1

T
2

⌘



Heat flow Q  => entropy of the reservoir increases by Q/T 

Temperature of resistor constant => no change of properties 
of the resistor => no change of entropy of the resistor  =>

Entropy increase of the  
resistor as a result of  

dissipative work  
balances the entropy  

decrease due to the heat  
flow out of the resistor 

�S
reservoir

+�S
resistor

= �S > 0



Clausius form of the 2nd law

There exists no thermodynamic transformation 
whose sole effect is to extract a quantity of heat from a  
colder  reservoir and to deliver  it to a hotter  reservoir.  

A@T1
Q! B@T2 )

�SA = � Q

T1
, �SB =

Q

T2

T2 > T1 & Q > 0 ) �S < 0



Kelvin-Planck form of the 2nd law

There exists no thermodynamic transformation 
whose sole effect is to extract a quantity of heat from a  
given heat reservoir and to convert it entirely into work.  

These two formulations of the 2nd law  are equivalent.  
To prove this, we will demonstrate that 

if Kelvin Statement (``K'') is false then the 
Clausius  Statement (``C'') is false, and vice versa. 



Proof Clausius form  <=>  Kelvin-Planck form 
Proof that (K false) => (C false) 

If we can take heat from a reservoir at lower temperature  T1  
and convert it into work, we can then convert this work into heat  

(work can be always converted into heat!) at  higher  
temperature T2 > T1. Hence, C will be  false. 

 
Proof that (C false) => (K false) 

Suppose that the system undergoes a cyclic transformation ( and it  
works in the following way):  

If C is false, we can take Q2 from reservoir T1 and deliver it to reservoir T2 > T1. 
Let the system operate one cycle, so that the heat extracted from T2 is exactly Q2. 

The result is that the total heat extracted from T1 (which is Q2 − Q1) 

is entirely converted into work ⇒ K is false. 

1. Absorbs heat Q2 from reservoir T2;

2. Rejects heat Q1 > 0 into reservoir T1;

3. Performs work W > 0.



The sole result is the transfer from low- to high-temperature reservoir  
(represented by width of the left part of the pipeline) => contradicts 

Clausius statement.  
=> No engine operating between two reservoirs at given temperatures 

can have a higher efficiency than the Carnot  
engine operating between same reservoirs



Combined first and second laws

�Q = du+ �W
�Q = TdS
�W = PdV

9
=

; ) TdS = dU + PdV

NB: the two last equations at the left are true only for reversible 
processes, but the right equation is not restricted to a process at all,  

it is correct for any two equilibrium states  

However, if the process is irreversible, TdS 6= �Q and �W 6= PdV

Example: stirring  work done on adiabatic system kept at constant 
volume. 

TdS > 0, but �Q = 0 and PdV = 0



Goal:

Derive three TdS equations

and

Put all partial derivatives in the standard form

, express them in terms of cP , �, and 

(in addition to P, V, and T )
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T and v as independent variables

Since S is a function of state

ds = 1
T (du+ Pdv)

du =
⇣

@u
@T

⌘

v
dT +

⇣
@u
@v

⌘

T
dv

)
)

) ds =
1

T

⇣ @u

@T

⌘

v
dT +

1

T

h⇣@u
@v

⌘

T
+ P

i
dv

h @

@v

⇣ @s

@T

⌘

v

i

T
=

h @

@T

⇣@s
@v

⌘

T

i

v
=

@2s

@v@T

) 1

T

@2u

@v@T
=

1

T

h @2u

@v@T
+

⇣@P
@T

⌘

v

i
� 1

T 2

h⇣@u
@v

⌘

T
+ P

i

)
⇣ @s

@T

⌘

v
=

1

T

⇣ @u

@T

⌘

v
=

cv
T
,

⇣@s
@v

⌘

T
=

1

T

h⇣@u
@v

⌘

T
+ P

i
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ds =
⇣ @s

@T

⌘

v
dT +

⇣@s
@v

⌘

T
dv
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T and P as independent variables

h = u+ Pv ) ds =
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P and v as independent variables

We will prove
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TdS  equations

Increase of temperature of solid or liquid under adiabatic compression

If the increase of pressure (rather than of volume) is specified

Examples:



If   b  is positive, T increases when the pressure is applied => if it is 
desired to keep T=const, there  must be a heat flow out of the system.                                               



Properties of a pure substance

First integral:  along a->b

Second integral:  along b->d

If cP is available at pressure

P di↵erent from P0,
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Properties of an ideal gas

If cP = const ) s = s0 + cP ln
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Internal energy : du = cvdT +
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It is convenient to choose T and v as independent variables

``a’’ is responsible for interaction between molecules => appears in energy 
``b’’ is proportional to volume of molecules => appears in entropy
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For carbon dioxide at room temperature and P=1 bar the correction is 1%

Properties of a van der Waals gas
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VDW gas in a reversible adiabatic process

s = s0 + cv ln
T
T0

+R ln

v�b
v0�b ) if cv = const

s = const ) cv lnT +R ln(v � b) = const , T (v � b)R/cv
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VDW gas in a reversible isothermal process

The heat absorbed in an isothermal process �Q = TdS = RT dv
v�b
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Joule and Joule-Thomson experiments
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) Inversion curve for VDW gas :
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Properties of a liquid or solid under hydrostatic pressure

Change of specific volume

For solid or liquid the change of specific volume is small =>

) Eqn of state : v = v0
⇥
1 + �(T � T0)� (P � P0)

⇤
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dT +

⇣
@v
@P

⌘

T
dP = �vdT � vdP

) v = v0 +
R T
T0
dT �v �

R P
P0
dP v
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s =

Z T

T0

dT
cP
T

�
Z P

P0

dP
⇣ @v

@T

⌘

P
+ s0
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The entropy

From the equation of state

⇣
@v
@T

⌘

P
= �v0,

⇣
@2v
@T 2

⌘

P
= 0

) cP0 = cP + T
R P
P0

⇣
@2v
@T 2

⌘

P
dP ) cP = const

9
=

; )

) s = cP ln

T

T0
� �v0(P � P0) + s0
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Empirical and thermodynamics temperature
T = A�(✓)

⇣@U
@V

⌘

T
= T

⇣@P
@T

⌘

V
� P

Suppose P and U are known experimentally as functions of V and ✓
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T is a function of ✓ only ) if T = const then ✓ = const and

⇣
@✓
@T

⌘

V
=

d✓
dT

)
⇣

@U
@V

⌘

✓
= T

⇣
@P
@✓

⌘

V

d✓
dT � P , dT

T = g(✓)d✓, g(✓) ⌘

⇣
@P
@✓

⌘

V

P+

⇣
@U
@V

⌘

✓
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�(✓) can be determined for a gas near the triple point
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Example : “Boyle

0
s gas” PV = f(✓) ) we define ✓ ⌘ ✓3

PV
(PV )3

) P =

(PV )3
✓3

✓
V )

⇣
@P
@✓

⌘

V
=

(PV )3
✓3V

From Joule

0
s exp.

⇣
@U
@V

⌘

✓
= 0 ) g(✓) =

(PV )3
✓3PV =

1
✓ ) T = A✓
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dT

T
= g(✓)d✓ ) lnT =

Z
d✓ g(✓) + const ) T = Ae

R
d✓ g(✓)

�(✓) = e
R
d✓ g(✓)
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Multivariable systems

�Q = dU + �W = dU + Y dX

Example : �W = PdV �HdM

X1 and X2 � extensive variables (like V and M),
Y1 and Y2 � intensive variables (like P and H),

�
)

�W = Y1dX1 + Y2dX2 ) �Qr = dU + �W = dU + Y1dX1 + Y2dX2

�Q

T
= dS =

1

T
dU +

Y

T
dX ) T (U,X) = integrating denominator

X - any extensive variable, Y - corresponding intensive variable

2nd law ) Q2

Q1
=

T2
T1

for Carnot cycle of whatever substance

) T is universal

) �Qr

T = dS =

1
T

�
dU + Y1dX1 + Y2dX2) � exact di↵erential

, T (U,X1, X2) = integrating denominator

Multivariable systems : extensive X1, X2 and intensive Y1, Y2
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Caratheodory principle
S = S(T,X1, X2)

S = const is a surface

in the (T,X1, X2) space

Adiabatically accessible states 
lie either on isentropic surface 

or in the side of greater entropy

States on the other side are 
adiabatically inaccessible

Caratheodory’s 2nd law: 
In the immediate vicinity of every 
equilibrium state there are states 
that cannot be reached from the 
given state by adiabatic process



Thermodynamic potentials
Helmholtz function

Let us calculate maximal amount of work that can be obtained when a 
system undergoes a process between two equilibrium states at a 
temperature T in the case when the only heat flow is from a single 

reservoir at the same temperature T 

For any process between two equilibrium states W = (U1 � U2) +Q

From the 2nd law (S2 � S1) +�SR � 0

�SR = � Q
T

�
) T (S1 � S2) � Q

) from the 1st law WT  (U1 � U2)� T (S1 � S2) ⌘ F1 � F2



Decrease in F sets an upper limit to the work in any process between 
two equilibrium states at the same temperature. The process can be 

change of state, change of phase, chemical reaction etc. 

=> The decrease in Helmholtz function sets an upper limit  
for  ``non-PdV’’ work in a process at constant V and T.

If the process at constant volume is such that A=0 and T=const, 
Helmholtz function can only decrease or remain the same.  

Conversely, such process is possible only if                                                             



Gibbs function
Let us define Gibbs function by the equation

=> For two states with same T and P

=> The decrease in Gibbs function sets an upper limit  
for  ``non-PdV’’ work in a process at constant V and P.

If the extensive variable X is constant in a process, the only work is 
``PdV’’ work, then A=0 and 

 In such process Gibbs function either remains constant or decreases



this can be rewritten as
g = RT [lnP + �(T )]
RT�(T ) = cP (T � T0)� cPT ln T

T0
�RT lnP0 � s0(T � T0) + g0
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g for an ideal gas

g = h� Ts =

R T
T0
cP dT � T

R T
T0
cP

dT
T +RT ln

P
P0

+ h0 � s0T
cP = const

)
)

g = h� Ts = cP (T � T0)� cPT ln

T

T0
+RT ln

P

P0
� s0(T � T0) + g0
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f for an ideal gas

f = u� Ts =

R T
T0
cvdT � T

R T
T0
cv

dT
T +RT ln

v
v0

+ u0 � s0T
cv = const

)
)

f = u� Ts = cv(T � T0)� cvT ln

T

T0
�RT ln

v

v0
� s0(T � T0) + f0
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For the VdW gas

f = cv(T � T0)� cvT ln
T

T0
� a

�1
v
� 1

v0

�
�RT ln

v � b

v0 � b
� s0(T � T0) + f0
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Thermodynamic potentials
For a closed PVT system

similarly)

⇣
@U
@S

⌘

V
= T,

⇣
@U
@V

⌘

S
= � P

⇣
@F
@T

⌘

V
= � S

⇣
@F
@V

⌘

T
= � P

⇣
@G
@T

⌘

P
= � S,

⇣
@G
@P

⌘

T
= V

⇣
@H
@S

⌘

P
= T,

⇣
@H
@P

⌘

S
= V
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For example, if U = U(S, V ) ) dU =

⇣
@U
@S

⌘

V
dS +

⇣
@U
@V

⌘

S
dV

)
⇣

@U
@S

⌘

V
= T,

⇣
@U
@V

⌘

S
= � P

<latexit sha1_base64="75e6wnBLLfeRggTvdTagwnRqupg="></latexit><latexit sha1_base64="75e6wnBLLfeRggTvdTagwnRqupg="></latexit><latexit sha1_base64="75e6wnBLLfeRggTvdTagwnRqupg="></latexit>

dF = dU � TdS � SdT
dG = dU � TdS � SdT + PdV + V dP

�
)

8
>><

>>:

dU = TdS � PdV
dF = � SdT � PdV
dG = � SdT + V dP
dH = TdS + V dP
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⌘

T
= � P

)
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P = �
⇣

@F
@V

⌘

T
 Equation of state,

S = �
⇣

@F
@T

⌘

V
,

U = F + TS = F � T
⇣

@F
@V

⌘

T
 Energy equation,
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Suppose that F is known as a function of T and V
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Similarly, if G is known as a function of T and P
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⌘

P
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Gibbs-Helmholtz equations



Gibbs-Helmholtz equations for

multivariable closed systems

Consider system characterised by T plus extensive X1, X2 and intensive Y1, Y2
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System has two equations of state ) we can choose any of (T,X1, X2),
(T, Y1, Y2), or (T,X1, Y2) to describe the equlibrium state of system.

Let us choose (T,X1, X2), then
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F = U � TS, dF = dU � TdS � SdT
dU = TdS � Y1dX1 � Y2dX2

�
) dF = � SdT � Y1dX1 � Y2dX2

)
⇣@F
@T

⌘

X1,X2

= � S,
⇣ @F

@X1

⌘

T,X2

= � Y1,
⇣ @F

@X2

⌘

T,X1

= � Y2.
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Gibbs function G
def
= U � TS + Y1X1 + Y2X2

dU = TdS � Y1dX1 � Y2dX2

)
) dG = � SdT +X1dY1 +X2dY2

)
⇣@G
@T

⌘

Y1,Y2

= � S,
⇣ @G

@Y1

⌘

T,Y2

= X1,
⇣ @G

@Y2

⌘

T,X1

= X2.
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Let us now choose (T, Y1, Y2), then
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Let Y2 be the intensity of a conservative force field,
then the corresponding potential energy Ep = Y2X2

and the total energy is E = U + Ep = U + Y2X2
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The function F ⇤ can be considered a generalized Helmholtz function,
corresponding to F = U � TS for a system whose total energy equals its internal energy only
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Proof
If T,X1 and X2 are independent variables,
dU = TdS � Y1dX1 � Y2dX2 ) @

@X2

⇥
U(T,X1, X2)� TS(T,X1, X2)

⇤
= � Y2

<latexit sha1_base64="IS73y8aX83HONsTGSgs7NbHdQps="></latexit><latexit sha1_base64="IS73y8aX83HONsTGSgs7NbHdQps="></latexit><latexit sha1_base64="IS73y8aX83HONsTGSgs7NbHdQps="></latexit>

If T,X1 and Y2 are independent variables, X2 = X2(T,X1, Y2) )
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Define F ⇤ def
= E � TS = U � TS + Y2X2
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⇣
@F⇤

@Y2

⌘

T,X1

⌘ d
dY2

⇣
U
⇥
T,X1, X2(T,X1, Y2)

⇤
� TS

⇥
T,X1, X2(T,X1, Y2)

⇤
+ Y2X2(T,X1, Y2)

⌘

chain rule
= @

@X2

⇣
U
⇥
T,X1, X2

⇤
� TS

⇥
T,X1, X2

⇤⌘@X2(T,X1,Y2)
@Y2

+ X2(T,X1, Y2) + Y2
@X2(T,X1,Y2)

@Y2

= � Y2
@X2(T,X1,Y2)

@Y2
+X2(T,X1, Y2) + Y2

@X2(T,X1,Y2)
@Y2

= X2
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dF ⇤ = dU � TdS � SdT + Y2dX2 )
⇣@F ⇤

@Y2

⌘

T,X1

= X2
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dU = TdS � Y1dX1 � Y2dX2 ) @U(T,X1, X2)

@T
= T

@S(T,X1, X2)

@T
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If T,X1, and Y2 are independent variables
⇣@F ⇤

@T

⌘

X1,Y2

= � S
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Proof

Similarly,
⇣@F ⇤

@X1

⌘

T,Y2

= � Y1
<latexit sha1_base64="a0NG+ktdLE/JcsoniNVoa74VW1A="></latexit><latexit sha1_base64="a0NG+ktdLE/JcsoniNVoa74VW1A="></latexit><latexit sha1_base64="a0NG+ktdLE/JcsoniNVoa74VW1A="></latexit>

dU = TdS � Y1dX1 � Y2dX2 ) @U(T,X1,X2)
@T = T @S(T,X1,X2)

@T⇣
@F⇤

@T

⌘

X1,Y2

⌘ @
@T

⇣
U
⇥
T,X1, X2(T,X1, Y2)

⇤
� TS

⇥
T,X1, X2(T,X1, Y2)

⇤

+Y2X2(T,X1, Y2)
⌘

= @U [T,X1,X2]
@T � S[T,X1, X2]�T @S[T,X1,X2]
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@X2

⇣
U
⇥
T,X1, X2

⇤
� TS

⇥
T,X1, X2

⇤⌘@X2(T,X1,Y2)
@T + Y2

@X2(T,X1,Y2)
@T
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@X2(T,X1,Y2)

@Y2
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@X2(T,X1,Y2)
@Y2
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Generalized Gibbs-Helmholtz equation

dF = � SdT � Y1dX1 � Y2dX2 )
⇣

@F
@T

⌘

X1,X2

= � S

) U = F + TS = F � T
⇣
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@T

⌘

X1,X2
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The enthalpy is defined as H = U + Y1X1 + Y2X2
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Maxwell relations

dz = M(x, y)dx+N(x, y)dy )
⇣
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@x

⌘

y

=
⇣
@M

@y

⌘

x

=
@

2
z(x, y)

@x@y
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Stable and unstable equilibrium
``c’’: above PVT surface 

supercooled vapor 
(metastable state) 

Use: Wilson chamber

``d’’: below PVT surface 
superheated liquid 
(metastable state) 

Use: bubble chamber



For the isolated system the final state of stable equilibrium is that in 
which entropy S is higher 

We can define entropy S, Helmholtz function F and Gibbs function  
H for the metastable state  pretending that it is stable

For the system at constant volume and in contact with heat reservoir the 
final state of stable equilibrium is that in which Helmholtz F is smaller

For the system at constant pressure and in contact with heat reservoir 
the final state of stable equilibrium is that in which Gibbs G is smaller

From the definition of a state of stable equilibrium it is evident that no 
spontaneous process can take place from an initial state of stable 

equilibrium. However, such processes can occur if some of the 
constraints imposed on a system are changed



Phase transitions

G1 = n00
1g

00
+ n000

1 g000,
G2 = n00

2g
00
+ n000

2 g000,
n00
1 + n000

1 = n00
2 + n000

2 ,
both states are stable at const P
) G1 = G2

9
>>>>=

>>>>;

)
g00 = g000

The specific Gibbs function

has the same value in both phases
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a ! b ! c and d ! e ! f :

processes at constant pressure
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c - metastable 
f - stable 

d - metastable 
a - stable

b ! e : first� order phase transition ( g is continuous but

⇣ @g

@T

⌘

P
is not
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⇣
@g00

@T

⌘

P
= � s00

⇣
@g000

@T

⌘

P
= � s000

s000 � s00 = l23
T

9
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>>;

)
⇣@g00

@T

⌘

P
�

⇣@g000

@T

⌘

P
=

l23
T

> 0
<latexit sha1_base64="a2K17KCUnShbklP0/GlhFeSsIsM="></latexit><latexit sha1_base64="a2K17KCUnShbklP0/GlhFeSsIsM="></latexit><latexit sha1_base64="a2K17KCUnShbklP0/GlhFeSsIsM="></latexit>



Example:  transition of a superconductor from superconducting to 
normal state at zero magnetic field

Second� order phase transition :

g and

⇣
@g
@T

⌘

P
are continuous but

⇣
@2g
@T 2

⌘

P
is not
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⇣ @2g

@T 2

⌘

P
= �

⇣ @s

@T

⌘

P
= �cP

T
)

the value of cP must be di↵erent in two phases
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Liq. I - ordinary liquid 
Liq. II -superfluid liquid 

�� transition in liquid helium

<latexit sha1_base64="CmaVBjaJ0vLkCtM5GZ5F9jbUiiU="></latexit><latexit sha1_base64="CmaVBjaJ0vLkCtM5GZ5F9jbUiiU="></latexit><latexit sha1_base64="CmaVBjaJ0vLkCtM5GZ5F9jbUiiU="></latexit><latexit sha1_base64="CmaVBjaJ0vLkCtM5GZ5F9jbUiiU="></latexit>

cP versus T
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Clausius-Clapeyron equation
If liquid and vapor are at equilibrium at pressure P and temperature T   g’’=g’’’. 
At a temperature T+dT and pressure P+dP   g’’+dg’’ = g’’’+dg’’’  =>  dg’’=dg’’’ 

for solid� vapor transition

⇣
@P
@T

⌘

1!3
=

l13
T (v000�v0)

for solid� liquid transition

⇣
@P
@T

⌘

1!2
=

l13
T (v00�v0)
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dg = � sdT + vdP )
�s00dT + v00dP = � s000dT + v000dP
) (s000 � s00)dT = (v000 � v00)dP,
s000 � s00 =

l23
T

9
>>=

>>;
)

⇣
@P
@T

⌘

2!3
=

l23
T (v000�v00)

Clausius� Clapeyron equation for liquid� vapor equilibrium
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The third law of thermodynamics
In a spontaneous process (like chemical reaction) at a constant pressure 

and in contact with reservoir at temperature T the G-H equation gives

G2 �G1 = H2 �H1 + T
⇣@[G2 �G1]

@T

⌘

P
, �G = �H + T

⇣@�G

@T

⌘

P
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From experiments

limT!0

⇣
@�G
@T

⌘

P
= 0,

limT!0

⇣
@�H
@T

⌘

P
= 0
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⇣
@[G2�G1]

@T

⌘

P
= 0

= limT!0

h⇣
@G2
@T

⌘

P
�

⇣
@G1
@T

⌘

P

i
,

⇣
@G
@T

⌘

P
= � S

) lim
T!0

(S1 � S2) = 0
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Nernst heat theorem: 
 In the neighborhood of absolute zero, all reactions a liquid or solid in 

internal equilibrium take place with no change in entropy.

Planck : the entropy of every solid and liquid substance in internal

equilibrium at absolute zero is itself zero : lim

T!0
S = 0
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S(V, T ) =

R T
0 CV

dT
T , S(V, T ) =

R T
0 CP

dT
T

entropy is finite

�
) lim

T!0
CV = lim

T!0
CP = 0
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It is impossible to reduce the temperature of a system to  
absolute zero in any finite number of operations
Proof: consider reversible adiabatic process which changes  

temperature T and some other property X of the system 

S1(Xa, Ta) =

R Ta

0 dT CX
T , S1(Xb, Tb) =

R Tb

0 dT CX
T

adiabatic process ) S1 = S2 )
R Ta

0 dT CX
T =

R Tb

0 dT CX
T

9
=

; )

take Tb ! 0 )
Z Ta

0
dT

CX

T
= 0  contradiction
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Applications of Thermodynamics  

Chemical potential

n  , P, T2

n  , P, T1 p  ,p  ,T1 2

p  + p  = P1 2

Experiment:

n  +n1 2

Diffusion of two ideal gases at same T and P:

Gibbs function for an ideal gas : g = RT [lnP + �(T )],
�(T ) =

cP�s0
R

�
1� T0

T

�
� cP

R ln

T
T0

� lnP0 +
g0
RT
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Initial Gibbs function : Gi = n1g1i + n2g2i
g1i = RT (lnP + �1), g2i = RT (lnP + �2),
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Final Gibbs function Gi = n1g1i + n2g2i
g1i = RT (ln p1 + �1), g2i = RT (ln p2 + �2),
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Mole fractions : x1 =

n1
n1+n2

, x2 =

n2
n1+n2

, n ⌘ n1 + n2

n1 =

p1V
RT , n2 =

p2V
RT , n =

PV
RT ) x1 =

p1

P , x2 =

p2

P
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ln p1 = lnP + lnx1, ln p2 = lnP + lnx2 )

g1f = RT (lnP + �1 + lnx1), g2f = RT (lnP + �2 + lnx2)
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The chemical potential of each gas in the mixture is defined as

The change of Gibbs function in the mixing process is
Gf �Gi = n1(µ1 � g1) + n2(µ2 � g2) = RT (n1 lnx1 + n2 lnx2)
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µ ⌘ RT (lnP + �+ lnx) = RT (ln p+ �) = g +RT lnx
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Chemical potential for open systems

Closed system : dU = TdS � PdV,

U = U(S, V ) ) dU =

�
@U
@S

�
V
dS +

�
@U
@V

�
S
dV

9
=

; )
�@U
@S

�
V
= T,

�@U
@V

�
S
= �P
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Open system: we can add or remove material

dU =
�
@U
@S

�
V,n

dS +
�
@U
@V

�
S,n

dV +
�
@U
@n

�
V,S

dn,

dn = 0 ) dU = TdS � PdV,

9
=

; )
⇣@U
@S

⌘

V,n
= T,

⇣@U
@V

⌘

S,n
= �P
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Definition : µ ⌘
�@U
@n

�
V,S

� chemical potential
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) for open system dU = TdS � PdV + µdn
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In general : dU = TdS � Y dX + µdn
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S = S(U,X, n) ) dS = 1
T dU + Y

T dX � µ
T dn ) µ = �T

�
@S
@n

�
U,X

F = F (U,X, n) ) dF = dU � TdS � SdT = � SdT � Y dX + µdn ) µ =
�
@F
@n

�
T,X

G(U, Y, n) = F + Y X ) dG = � SdT +XdY + µdn ) µ =
�
@G
@n

�
T,Y
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Phase equilibrium and phase rule
Consider a phase composed of k constituents

Similarly, for fixed T and P
dG = dU � TdS + PdV )

dU = TdS � PdV + µ1dn1 + ...+ µkdnk

9
=

; )
(

dG = µ1dn1 + ...+ µkdnk

) µi =
⇣

@G
@ni

⌘

P,T,n0
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Chemical potentials do not depend on the overall size of the phase.

Proof: gedanken experiment on phase consisting of two equal parts

for each half µi =

�G

�ni
vs for two halves µi =

2�G

2�ni
=

�G

�ni
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U = U(S, V, n1, n2, ..., nk) )

dU =
�
@U
@S

�
V,n

+
�
@U
@V

�
S,n

+
�

@U
@n1

�
V,S,n0 +

�
@U
@n2

�
V,S,n0 + ...+

�
@U
@nk

�
V,S,n0

) dU = TdS � PdV + µ1dn1 + ...+ µkdnk where µi ⌘
�
@U
@ni

�
V,S,n0
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We get for k constituents at temperature T and pressure P

G = µ1n1 + µ2n2 + ...+ µknk +G0

U = TS � PV + µ1n1 + µ2n2 + ...+ µknk +G0

H = TS + µ1n1 + µ2n2 + ...+ µknk +G0

F = � PV + µ1n1 + µ2n2 + ...+ µknk +G0
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We had a rule that g is the same for each phase in equilibrium. 
For several constituents, this rule should be modified.

Consider k constituents in r phases at temperature T and pressure P. 
(In real life, gas is only one, but liquids and solids can be few)

G =
rX

j=1

kX

i=1

µ(j)
i n(j)

i
G=Gmin) (dG)T,P =

rX

j=1

kX

i=1

µ(j)
i dn(j)

i = 0
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We get a system of equations

with constraints

dn(1)
1 + dn(2)

1 + ...+ dn(r)
1 = 0

dn(1)
2 + dn(2)

2 + ...+ dn(r)
2 = 0

.

.

dn(1)
k + dn(2)

k + ...+ dn(r)
k = 0
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0 = µ(1)
1 dn(1)

1 + µ(2)
1 dn(2)

1 + ...+ µ(r)
1 dn(r)

1

+ µ(1)
2 dn(1)

2 + µ(2)
2 dn(2)

2 + ...+ µ(r)
2 dn(r)

2

.

.

+ µ(1)
k dn(1)

k + µ(2)
k dn(2)

k + ...+ µ(r)
k dn(r)

k
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=>   we get a system

Now n(j�2)
i are independent and can be varied arbitrarily )

µ(2)
1 = µ(1)

1 , µ(3
1 = µ(1)

1 , ..., µ(r)
1 = µ(1)

1 ) µ(1)
1 = µ(2)

1 = ... = µ(r)
1

Similarly, µ(1)
2 = µ(2)

2 = ... = µ(r)
2 , ..., µ(1)

k = µ(2)
k = ... = µ(r)

k
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To solve this system, consider n(j�2)
i as independent variables

and express dn(1)
i as dn(1)

i = �dn(2)
i � ...� dn(r)

i
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0 = (µ(2)
1 � µ(1)

1 )dn(2)
1 + (µ(3)

1 � µ(1)
1 )dn(3)

1 + ...+ (µ(r)
1 � µ(1)

1 )dn(r)
1

+ (µ(2)
2 � µ(1)

2 )dn(2)
2 + (µ(3)

2 � µ(1)
2 )dn(3)

2 + ...+ (µ(r)
2 � µ(1)

2 )dn(r)
2

.

.

+ (µ(2)
k � µ(1)

k )dn(2)
k + (µ(3)

k � µ(1)
k )dn(3)

k + ...+ (µ(r)
k � µ(1)

k )dn(r)
k
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Gibbs phase rule

Example: water in equilibrium with vapor



Another example: triple point of ice, water, and vapor

Variance in systems with chemical reactions
Example: four constituents A, B, C, and D.

k = 1 and r = 3 ) f = k � r + 2 = 0 ) T and P are fixed
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Example: dependence of vapor pressure on total pressure



When the total pressure P is increased, the vapor pressure p increases 
also  => as more of the indifferent gas is pumped in, more of the liquid 

evaporates



Blackbody radiation

Radiation

T

Blackbody absorbs 100% radiation 
incident on it at any frequency

u ⌘ U

V
� radiant energy density
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Experiment : the rate of radiation is a function of T only

Rate of radiation is proportional to u

�
) u = u(T )
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From experiment : Planck

0
s law du =

c1⌫
3

e
c2⌫
T �1

⌫ ⌘ frequency

) u =

R
du =

R1
0 d⌫ c1⌫

3

e
c2⌫
T �1

⇠ T 4
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The dependence of u on T can be explained by thermodynamics



From electrodynamics :

the pressure exerted on walls by radiation P =

u
3
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⇣
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dV

⌘

T
= T

⇣
dP
dT

⌘

V
� P ) T

⇣
dP
dT

⌘

V
= u+ P

P = u
3 )

⇣
dP
dT

⌘

V
= 1

3

⇣
du
dT

⌘

V
= 1

3
du
dT

9
=

; )

)
⇢

u = T
3

du
dT � 1

3u
) u ⇠ T 4
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u = �T 4, � = 7.561⇥ 10�16 J

m3K4
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⌘
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4

3
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Surface tension



Two ``phases’’: surface film and bulk liquid



By analogy � ⇠ � P and A ⇠ V we can write⇣
@U
@A

⌘

T
= � � T

⇣
@�
@T

⌘

A

�=�(T )
= � � T d�

dT
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By analogy with heat capacity in PVT system, one can define

Helmholtz function and entropy



Vapor pressure of a liquid drop
For the mechanical equilibrium

For thermodynamical equilibrium

The equilibrium is not stable:



Thermodynamics of magnetism

TdS equations :

8
<

:
TdS = cMdT � T

⇣
@H
@T

⌘

M
dM,

TdS = cHdT + T
⇣

@M
@T

⌘

H
dH
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Energy equation:



Adiabatic demagnetization

b ! c : adiabatic decrease of H
0 = TdS = cHdT + T

⇣
@M
@T

⌘

H
dH

) dTS = � T
CH

⇣
@M
@T

⌘

H
dHs
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It is possible to prove that if the  
entropy is not 0  at T=0 for H=0,  
the absolute zero of temperature 

could be reached in a finite number  
of processes in violation of the 

unattainability statement of 3rd law



Kinetic theory of ideal gases  

Basic assumptions



Uniform distribution of directions of velocities
⌦ � solid angle

�A = r2 sin ✓�✓�� )
�⌦ ⌘ �A

r2 = sin ✓�✓��

The number of velocities

pointing in �⌦ is

�N =

N
4⇡�⌦
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) the number density of

molecules with velocities

pointing in �⌦ is

�n⌦ =

n
4⇡�⌦
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�Nv ⌘ the number of

molecules with speeds
between v and v +�v
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Molecular flux

If the surface is inside: two fluxes - flux in and flux out. 
If the surface is on the boundary, incoming flux and reflected flux.  

� ⌘ �N

�A�t
= total number of molecules arriving at the surface
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The number of

✓�v molecules

that arrive at the

surface during �t
= the number of

molecules in

the cylinder
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 the cylinder

with axis in

✓,� direction

and length v�t
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The number density of ✓�v molecules is

�nv
4⇡ sin ✓d✓d�

the volume of slant cylinder is �V = (�A cos ✓)(v�t)

�
)

)

8
>><

>>:

the number of ✓�v molecules in the cylinder is

�N✓�v =

v
4⇡�nv sin ✓ cos ✓�✓���A�t )

) the flux of ✓�v molecules is

��✓�v =

v
4⇡�nv sin ✓ cos ✓�✓��
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For all azimuthal angles ��✓v = 2⇡��✓�v =

v
2�nv sin ✓ cos ✓�✓
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) for all angles ✓ and � ��v =

Z ⇡/2

0
��✓�v =

v

4

�nv
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) the total flux is � =

1

4

X
v�nv
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The greatest number of  
molecules arrives from  
the cone centered at 

the normal 



Equation of state of an ideal gas

Change of momentum :

�p = 2mv cos ✓
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Flux of ✓v molecules

��✓v =

�nv
2 sin ✓ cos ✓�✓
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Pressure due to ✓v molecules

�P✓� = ��✓v2mv cos ✓
= mv2�nv sin ✓ cos2 ✓�✓
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Pressure due to all

molecules with speed v

��✓v =

mv2

3 �nv
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) P =
1

3
m

X
v2�nv
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This formula is also correct for any surface inside the gas



Mean square speed : v2 ⌘ 1

N

X
v2 =

1

N

X
v2�Nv =

1

n

X
v2�nv
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X
v2�nv = nv2 ) P =

1

3
nmv2
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Comparing to equation of an ideal gas PV = NkT we get v2 =

3kT

m
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1

2

mv2 =

3

2

kT  mean kinetic energy of a molecule is proportional to T
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Collisions with a moving wall

u ⌧ v )
the loss of kinetic energy of molecule

m (v cos ✓)2

2

�m (v cos ✓�2u)2

2

= 2mvu cos ✓
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) Loss of molecular kinetic energy per

unit area per unit time due to ✓v collisions

= muv2�nv sin ✓ cos ✓�✓
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) Total loss of molecular kinetic

energy per unit area per unit time

=

1
3muv2 = Pu
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Rate at which mechanical

work is done on the piston

= Fu = PAu
= rate of decrease of

molecular kinetic energy
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Equipartition of energy
Consider mixture of ideal gases

Experimental fact (Dalton’s law):  
total pressure is the sum of partial pressures.

p1V = N1kT, p2V = N2kT, ... pi ⌘ partial pressure
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Total energy of N molecules with f degrees of freedom =

N

2

NkT =

f

2

nRT
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Classical theory of specific heat capacity



Heat capacities of monoatomic and diatomic gases near room T
Monoatomic :

cv
R =

3
2 ,

cP
R =

5
2 ,

� =

cP
cv

' 1.67

Diatomic :

cv
R =

7
2 ,

cP
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9
2 ,

� =

cP
cv

' 1.29
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The pressure depends

on the translational

kinetic energy

Utr =

3
2NkT

) P =

2
3
Utr
V

=

2
3utr =

1
vRT
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 the rhombus

with axis in

✓ direction

and length v�t
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Problem 9-10: ideal gas in two dimensions

The number of

✓v molecules

arriving at �l
during �t =

= the number of

molecules in

the rhombus
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The number density of ✓v molecules is

�nv
2⇡ d✓

the area of rhombus is �A = (�l cos ✓)(v�t)

�
)

)

8
>><

>>:

the number of ✓v molecules in the rhombus is

�N✓v =

v
2⇡�nv cos ✓�✓�l�t )

) the “flux

00
of ✓v molecules is

�

˜

�✓v =

v
2⇡�nv cos ✓�✓
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Change of momentum :

�p = 2mv cos ✓
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<-  Typical 

intermolecular forces

Intermolecular forces. Transport phenomena 



Van der Waals equation of state
If we take into account ``available’’ 

 volume for molecules

Unavailable volume

=

N
2 ⇥ 4

3⇡d
3

) b =

2
3NA⇡d3

= 4(volume of molecules)
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P (V � nb) = nRT

) P (v � b) = RT
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Van der Waals correction
Assume rapidly decreasing attractive force between the  
molecules and assume the nearest-neighbor interaction

The force of attraction is proportional to number of molecules per  
unit volume in outer layer and to the density in the next-to-outer layer

The pressure

RT
V�b will be reduced by ↵

⇣
N
V

⌘2
= ↵n2

=

↵N2
A

v2 =

a
v2

where a = N2
A↵ is some constant

) P =

RT
V�b �

a
v2 ,

⇣
P +

a
v2

⌘
(v � b) = RT

<latexit sha1_base64="gbXKFJgsbMa/XzFs4KWQRcUfe/0=">AAADUnicdVJbaxNBFJ5NvNRYbaqPvgwGIUUSNsFbH4RaX3yQEkPSFrJJmJ2cZIfOzi4zswlh2fmNIvjgH/HFB529tEbRAwPn9 </latexit><latexit sha1_base64="gbXKFJgsbMa/XzFs4KWQRcUfe/0=">AAADUnicdVJbaxNBFJ5NvNRYbaqPvgwGIUUSNsFbH4RaX3yQEkPSFrJJmJ2cZIfOzi4zswlh2fmNIvjgH/HFB529tEbRAwPn9 </latexit><latexit sha1_base64="gbXKFJgsbMa/XzFs4KWQRcUfe/0=">AAADUnicdVJbaxNBFJ5NvNRYbaqPvgwGIUUSNsFbH4RaX3yQEkPSFrJJmJ2cZIfOzi4zswlh2fmNIvjgH/HFB529tEbRAwPn9 </latexit>



Collision cross section  &  mean free path



target area of

a single molecule

� = ⇡d2

� : microscopic collision

cross section

of one molecule
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Total area is L

2

) �N
N = n��x
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�Nbullet
Nbullet

= target area

total area
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Total target area

�

tot

= n�L

2

�x

(n ⌘ density)

n� : macroscopic collision

cross section
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Each of �N collisions scatters molecule out of the beam

) �N can be interpreted as decrease in the number N

�N = � n��x ) �N
N = � n��x
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For very large N �N

�x

! dN

dx
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Mean free path does not depend on speed of molecules

Mean free path

) survival equation : dN

dx

= �n�N ) N = N0e�n�x
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Mean free path (l) ⌘ the average distance traveled by a group

of N0 molecules before they make their first collision
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<latexit sha1_base64="zehLjDYcypUwY6OGeoTIp6z9+V4=">AAACfnicbVHLbtQwFHXCqwyvAZZs3I4QSNCpg3i0C6QKWLBCBTG00ngaOR5nxqofkX0DGUXJZ/Bh7PgXFjgzkYDSK1k+Oueee6+vs0JJD4T8jOJLl69cvbZ1fXDj5q3bd4Z3733xtnRcTLhV1p1kzAsljZiABCVOCieYzpQ4zs7edvrxV+G8tOYzrAox02xhZC45g0Clw++qfd3W1JcaV/SdUMDwh7SiNngCIE1QDfVyoRndpt JASk7DlcOKbuNKnNa7vYqrpp1XXa1kY+75ZtC29JNcLIE5Z7+1odd66DrMIQywRl3gaQbpcETGL0hy8DLBZEzW8QckPRihPo7S4Q86t7zUoSZXzPtpQgqY1cyB5Eo0A1p6UTB+FrpOAzRMCz+r16M0+GFg5ji3LhwDeM3+7aiZ9n6ls5CpGSz9ea0jL9KmJeT7s1qaogRh+KZRXioMFnefgefSCQ5qFQDjToZZMV8yxziEL+uWkJx/8v9g8mx8MCYfn48O3/Tb2EIP0A56jBL0Ch2i9+gITRBHv6Kd6En0NI7iR/FuvLdJjaPecx/9E/H+b6UuxKI=</latexit><latexit sha1_base64="zehLjDYcypUwY6OGeoTIp6z9+V4=">AAACfnicbVHLbtQwFHXCqwyvAZZs3I4QSNCpg3i0C6QKWLBCBTG00ngaOR5nxqofkX0DGUXJZ/Bh7PgXFjgzkYDSK1k+Oueee6+vs0JJD4T8jOJLl69cvbZ1fXDj5q3bd4Z3733xtnRcTLhV1p1kzAsljZiABCVOCieYzpQ4zs7edvrxV+G8tOYzrAox02xhZC45g0Clw++qfd3W1JcaV/SdUMDwh7SiNngCIE1QDfVyoRndpt JASk7DlcOKbuNKnNa7vYqrpp1XXa1kY+75ZtC29JNcLIE5Z7+1odd66DrMIQywRl3gaQbpcETGL0hy8DLBZEzW8QckPRihPo7S4Q86t7zUoSZXzPtpQgqY1cyB5Eo0A1p6UTB+FrpOAzRMCz+r16M0+GFg5ji3LhwDeM3+7aiZ9n6ls5CpGSz9ea0jL9KmJeT7s1qaogRh+KZRXioMFnefgefSCQ5qFQDjToZZMV8yxziEL+uWkJx/8v9g8mx8MCYfn48O3/Tb2EIP0A56jBL0Ch2i9+gITRBHv6Kd6En0NI7iR/FuvLdJjaPecx/9E/H+b6UuxKI=</latexit><latexit sha1_base64="zehLjDYcypUwY6OGeoTIp6z9+V4=">AAACfnicbVHLbtQwFHXCqwyvAZZs3I4QSNCpg3i0C6QKWLBCBTG00ngaOR5nxqofkX0DGUXJZ/Bh7PgXFjgzkYDSK1k+Oueee6+vs0JJD4T8jOJLl69cvbZ1fXDj5q3bd4Z3733xtnRcTLhV1p1kzAsljZiABCVOCieYzpQ4zs7edvrxV+G8tOYzrAox02xhZC45g0Clw++qfd3W1JcaV/SdUMDwh7SiNngCIE1QDfVyoRndpt JASk7DlcOKbuNKnNa7vYqrpp1XXa1kY+75ZtC29JNcLIE5Z7+1odd66DrMIQywRl3gaQbpcETGL0hy8DLBZEzW8QckPRihPo7S4Q86t7zUoSZXzPtpQgqY1cyB5Eo0A1p6UTB+FrpOAzRMCz+r16M0+GFg5ji3LhwDeM3+7aiZ9n6ls5CpGSz9ea0jL9KmJeT7s1qaogRh+KZRXioMFnefgefSCQ5qFQDjToZZMV8yxziEL+uWkJx/8v9g8mx8MCYfn48O3/Tb2EIP0A56jBL0Ch2i9+gITRBHv6Kd6En0NI7iR/FuvLdJjaPecx/9E/H+b6UuxKI=</latexit>



If one takes into account motion of ``target’’ molecules:

All molecules have the same speed ) l =

3

4

1

n�
(Clausius)
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Maxwell velocity distribution ) l =

1p
2

1

n�
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Collision frequency z

Mean free time ⌧ ⌘ 1

z
=

1

n�v̄
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Example :

for oxygen at room temperature

z ' 5.5⇥ 10

9

collisions

s

⌧ =

1

z ' 1.8⇥ 10

�10

s
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In time �t the molecule travels v̄�t along the zigzag path

) average number of collisions =

v̄�t
l ) frequency z =

v̄
l
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Average intermolecular separation ' 3⇥ 10

�9
m ⌧ mean free path
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Example : d ' 2⇥ 10

�10
m

2, n ' 3⇥ 10

25
m

�3

) n� = n⇡d2 ' 4⇥ 10

6
m

�1

) mean free path l =

1
n� ' 2.5⇥ 10

�7
m
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Motion of electrons in a conductor
Electrons are much smaller than ions

) center� to� center distance is

d
2 rather than d

) electronic mean free path is le =

4
n�

where n = density and � = cross section of ions
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The survival equation in  
terms of mean free path 

N = N0e
�n�x

= N0e
�x/l
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Ohm’s law

E

V=0 V=EL

L

ions

electron

The acceleration a =

F
m =

eE
m

) average drift velocity between collisions u =

a⌧
2 =

1
2
eE
m

le
v̄
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Drift velocity is much smaller than average thermal speed



The current density J ⌘ the current per unit of cross sectional area
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The current density J (current per unit of cross sectional area

is a product of of the number density ne of electrons,
their charge e and drift velocity u

J = neeu =

nee
2le

2mv E
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Since I = JA and V = EL we get Ohm0s law

I = nee
2le

2mvL V A , I = V
R , R = 2mvL

nee2leA
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Gas viscosity

The molecules in the layer of the gas have a forward velocity  
component u which increases uniformly with the distance y 

above the lower plate



To find the net

momentum

¯G #
in the direction of the flow

carried across the surface

(per unit time and per

unit area) we need to find

the average height ȳ at

which a molecule made its

last collision before crossing
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��✓v =

v
2�nv sin ✓ cos ✓�✓ )
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��✓ =

1
2

P
v�nv sin ✓ cos ✓�✓ =

v̄
2n sin ✓ cos ✓�✓
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� =

1
4 v̄n ) ��✓

� = 2 sin ✓ cos ✓�✓ )
ȳ =

P
l cos ✓��✓

� ! 2l
R ⇡/2
0 d✓ sin ✓ cos2 ✓ =

2
3 l ) ȳ =

2
3 l
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The momentum in the direction of the flow carried

across the surface per unit time and per unit area

¯G # = m
⇣
u0 +

2
3 l

du
dy

⌘
⇥ (total flux �) =

1
4nmv̄

⇣
u0 +

2
3 l

du
dy

⌘

Similarly,
¯G " =

1
4nmv̄

⇣
u0 � 2

3 l
du
dy

⌘

) the net rate of transport of momentum per unit area is

¯G =

¯G # � ¯G " =

1
3nmv̄l dudy
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By Newton

0
s 2nd law

¯G is a viscous force per unit area so

⌘ =

F
A/du

dy =

1
3nmv̄l =

mv̄
3�
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Thermal conductivity

Similarly, the energy transposted upward is H " =

nv̄

4

c⇤v
�
T0 �

2

3

l
dT

dy

�
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) the net rate of transport per unit area is H = H " �H # = � 1

3

nv̄c⇤vl
dT

dy
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) the thermal conductivity is � =

1
3nv̄c

⇤
vl =

v̄c⇤v
3�
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T2

T1

T0
2
3 l



The ratio of thermal conductivity to viscosity is

�

⌘
=

c⇤v
m

=
cv

mNA
=

cv
M

, �M

⌘cv
= 1
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(M = atomic weight)

For real gases



Diffusion

For simplicity, consider self-diffusion: 
two gases are the same, but one of them 

somehow tagged (e.g. radioactive isotope)

n⇤
(y) ⌘ number density

of tagged molecules

.
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The flux of tagged molecules is

� = �D dn⇤

dy

D ⌘ coe�cient of self � di↵usion
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Again, we assume that each molecule makes its last collision before 
crossing at a perpendicular distance (2/3)l from the surface. 

) the coe�cient of di↵usion is D =

1

3

v̄l =

v̄

3n�
where n is a total number of molecules per unit volume
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Above the surface n⇤
= n⇤

0 +
2
3l

dn⇤

dy

) the downward flux is �# =

v̄
4

�
n⇤
0 +

2
3 l

dn⇤

dy

�
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Similarly, the upward flux is �" =

v̄
4n

⇤
(y) =

v̄
4

�
n⇤
0 � 2

3 l
dn⇤

dy

�
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*

*

*



Summary

⌘ =

1
3nmv̄l =

v̄m
3�  coe�cient of viscosity

� = � 1
3nc

⇤
v v̄l =

v̄c⇤v
3�  coe�cient of thermal conductivity

D = � 1
3nv̄l =

v̄
3n�  coe�cient of self � di↵usion
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¯G =

�
1
3nv̄l

�d(mu)
dy , mu ⌘ flow momentum of a molecule

H = �
�
1
3nv̄l

�dc⇤vT
dy , c⇤vT ⌘ kinetic energy of a molecule

� = �
�
1
3nv̄l

�dn⇤
n

dy , n⇤

n ⌘ concentration of tagged molecules
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From quantum mechanics  

i~@ (t,~r)
@t

= � ~2
2m

r2 (t,~r) + V(t,~r) (t,~r)
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V(t,~r) = potential energy

r2 ⌘ @

2

@x

2 +

@

2

@y

2 +

@

2

@z

2 , r2
 (t,~r) = @

2 (t,~r)
@x

2 +

@

2 (t,~r)
@y

2 +

@

2 (t,~r)
@z

2
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In non� relativistic quantum mechanics a particle is described by

complex wave function  (t,~r) satisfying Schrodinger equation
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Stationary state with energy E :  (t,~r) = e�
i
~Et
 (~r)
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) � ~2
2m

r2
 (~r) + V(x) (~r) = E (~r) stationary Schrodinger equation
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| (t,~r|2�V = probability

to find the particle in the volume �V = �x�y�z
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Particle in a box in one dimension

x

V

L0

=>  Energy is quantized

Mathematically, it is the equation describing standing waves

Solution :  
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2  energy levels n = integer number
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1� dim Schrodinger equation :

� ~2

2m
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2 (x)
@x

2 + V(x) (x) = E (x)
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For a particle in the box

V(x) = 0 if 0 < x < L,

V = 1 otherwise

�
)

)
(
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2 (x)
@x

2 = E (x)

 (0) =  (L) = 0
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Classical analog: standing waves

n = 1 : sin
⇡x

L
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A standing wave is a superposition of left-moving and right-moving waves
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Particle in a box in three dimensions

Energy levels are degenerate, e.g. E1,2,3 = E1,3,2 etc.
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V(~r) = 0 if L > x, y, z > 0, V = 1 otherwise
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P
Nj = N

P
✏jNj = E
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gj ⌘
degeneracy

Nj ⌘
occupation

number
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E =
⇡2~2
2mL2

�
5 + 4⇥ 22 + 3⇥ 32 + 2⇥ 42

�
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Macrostates and microstates
Macrostate of this assembly: (5,4,3,2)

Microstate of

the assembly for

indistinguishable

particles :

5 particles in state (1)1;

two particles in state(1)2

and one particle in each

of (2)2 and (3)2;

one particle in each of

states (1)3, (3)3, and (4)3;

one particle in each of

states (3)4 and (5)4
<latexit sha1_base64="effBJ5oV/kezTBN0hqGzQyTo6cU="></latexit><latexit sha1_base64="effBJ5oV/kezTBN0hqGzQyTo6cU="></latexit><latexit sha1_base64="effBJ5oV/kezTBN0hqGzQyTo6cU="></latexit>

For distinguishable particles, to describe the microstate one  
has to specify particle of which sort is in each state.

Statistical Thermodynamics  



Thermodynamic probability
Postulate of statistical thermodynamics: 

All possible microstates of an isolated assembly are equally probable

Two ways to interpret:
1. Take t ! 1 and call �t the time which system is in one of

its microstates, then �t is the same for all microstates.
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2. Take N ! 1 replicas of a given assembly. At any time, let

�N be the number of replicas in which the system is in a

given microstate, then �N is the same for all microstates.
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The number of equally probable microstates that correspond to a given

macrostate k is called the thermodynamic probability Wk of a macrostate k
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Thermodynamic probability of the assembly ⌦ ⌘
X

k

Wk
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The goal of statistical theory is to find the

occupation number

¯Nj of level j ⌘
⌘ average number of particles at the level j
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Let Njk be the occupation number of level j in the macrostate k
then the group average value of the occupation number of level j is
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N̄g
j = 1

N
P

k NjkWk�N =
P

k NjkWk�NP
k Wk�N = 1

⌦

P
k NjkWk
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Next, let us find

¯N t
g ⌘ the time average of the occupation number of level j
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<latexit sha1_base64="x+svGd71pvNAyGd1RZD4HJ24c/8="></latexit><latexit sha1_base64="x+svGd71pvNAyGd1RZD4HJ24c/8="></latexit><latexit sha1_base64="x+svGd71pvNAyGd1RZD4HJ24c/8="></latexit>

) N̄g
j = N̄ t

j ⌘ N̄j
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The formula for

¯Nj depends on the type of statistics

(Bose� Einstein, Fermi�Dirac, or Maxwell� Boltzmann)
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N = total number of replicas, �N ⌘ number of replicas in a macrostate
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t ! 1, �t ⌘ the time which system spends in a macrostate
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Bose-Einstein statistics

!(gj , Nj) ⌘ the number

of di↵erent distributions

of Nj indistinguishable

particles between gj
degeneratete states
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For gj = 3 and Nj = 2

!(gj , Nj) = !(3, 2) = 6
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(1) (2) (3)

Solution of this recursive relation

!(g,N) =

(g+N�1)!
(g�1)!N !
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convention : 0! = 1
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For g = 3 and N = 4

!(3, 4) = 1+!(2, 1)+ !(2, 2)
+ !(2, 3)+!(2, 4)
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In general
!(g,N) = 1+
!(g � 1, 1)+!(g � 1, 2)
+ !(g � 1, 3)+!(g � 1, 4)
+...+ !(g � 1, N)
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The number of microstates of Nj particles at level j is

!(gj , Nj) =

(gj+Nj�1)!
(gj�1)!Nj !

<latexit sha1_base64="yuiE0tQXf66Wx/3iwl7n8r7Fm38="></latexit><latexit sha1_base64="yuiE0tQXf66Wx/3iwl7n8r7Fm38="></latexit><latexit sha1_base64="yuiE0tQXf66Wx/3iwl7n8r7Fm38="></latexit>

In general, the number of

microstates in a macrostate

k = (N1, N2, ..Nj ...) is

Wk =

Q
j !j

=

Q
j

(gj+Nj�1)!
(gj�1)!Nj !

<latexit sha1_base64="262wxKMq+Xi++0rYMZhs/tbiO90="></latexit><latexit sha1_base64="262wxKMq+Xi++0rYMZhs/tbiO90="></latexit><latexit sha1_base64="262wxKMq+Xi++0rYMZhs/tbiO90="></latexit>

For example, the number of

microstates in a macrostate

(5, 4, 3, 2) is
!(1, 5)!(3, 4)!(4, 3)!(5, 2)

<latexit sha1_base64="xQ5XiskTpXZB0muwAlP/rmLsALo="></latexit><latexit sha1_base64="4oqb9aHvMOnWUrAl78GQD0LOtF0="></latexit><latexit sha1_base64="4oqb9aHvMOnWUrAl78GQD0LOtF0="></latexit>



180 =
5!

2!3!

4!

2!2!

3!

2!
etc, 0.83 =

135 + 270 + 3⇥ 100 + 2⇥ 216 + 135

1532
etc

<latexit sha1_base64="rnXAhJj96wvUSItBmk9WVBGh1b8="></latexit><latexit sha1_base64="rnXAhJj96wvUSItBmk9WVBGh1b8="></latexit><latexit sha1_base64="rnXAhJj96wvUSItBmk9WVBGh1b8="></latexit>

⌦ =
X

k

Wk

<latexit sha1_base64="65wFp9lxItEnNBwj8eUtZVAh4+g=">AAAB/3icdVDLSsNAFJ3UV62vqAsXbgaL4Kok4qsLoejGnRWMLTQhTKaTdshMEmYmQgnZ+CtuXKi49Tfc+TdO2whV9MCFwzn3cu89QcqoVJb1aVTm5hcWl6rLtZXVtfUNc3PrTiaZwMTBCUtEN0CSMBoTR1HFSDcVBPGAkU4QXY79zj0RkibxrRqlxONoENOQYqS05Js77jUnA3Tuyoz7Ue5ixGCn8CPfrFsNawI4Q44tu3liQ7tU6qBE2zc/3H6CM05ihRmSsmdbqfJyJBTFjBQ1N5MkRThCA9LTNEacSC+fPFDAfa30YZgIXbGCE3V2IkdcyhEPdCdHaih/e2PxL6+XqfDMy2mcZorEeLoozBhUCRynAftUEKzYSBOEBdW3QjxEAmGlM6vpEL4/hf8T57DRbFg3R/XWRZlGFeyCPXAAbHAKWuAKtIEDMCjAI3gGL8aD8WS8Gm/T1opRzmyDHzDevwACC5Y8</latexit><latexit sha1_base64="65wFp9lxItEnNBwj8eUtZVAh4+g=">AAAB/3icdVDLSsNAFJ3UV62vqAsXbgaL4Kok4qsLoejGnRWMLTQhTKaTdshMEmYmQgnZ+CtuXKi49Tfc+TdO2whV9MCFwzn3cu89QcqoVJb1aVTm5hcWl6rLtZXVtfUNc3PrTiaZwMTBCUtEN0CSMBoTR1HFSDcVBPGAkU4QXY79zj0RkibxrRqlxONoENOQYqS05Js77jUnA3Tuyoz7Ue5ixGCn8CPfrFsNawI4Q44tu3liQ7tU6qBE2zc/3H6CM05ihRmSsmdbqfJyJBTFjBQ1N5MkRThCA9LTNEacSC+fPFDAfa30YZgIXbGCE3V2IkdcyhEPdCdHaih/e2PxL6+XqfDMy2mcZorEeLoozBhUCRynAftUEKzYSBOEBdW3QjxEAmGlM6vpEL4/hf8T57DRbFg3R/XWRZlGFeyCPXAAbHAKWuAKtIEDMCjAI3gGL8aD8WS8Gm/T1opRzmyDHzDevwACC5Y8</latexit><latexit sha1_base64="65wFp9lxItEnNBwj8eUtZVAh4+g=">AAAB/3icdVDLSsNAFJ3UV62vqAsXbgaL4Kok4qsLoejGnRWMLTQhTKaTdshMEmYmQgnZ+CtuXKi49Tfc+TdO2whV9MCFwzn3cu89QcqoVJb1aVTm5hcWl6rLtZXVtfUNc3PrTiaZwMTBCUtEN0CSMBoTR1HFSDcVBPGAkU4QXY79zj0RkibxrRqlxONoENOQYqS05Js77jUnA3Tuyoz7Ue5ixGCn8CPfrFsNawI4Q44tu3liQ7tU6qBE2zc/3H6CM05ihRmSsmdbqfJyJBTFjBQ1N5MkRThCA9LTNEacSC+fPFDAfa30YZgIXbGCE3V2IkdcyhEPdCdHaih/e2PxL6+XqfDMy2mcZorEeLoozBhUCRynAftUEKzYSBOEBdW3QjxEAmGlM6vpEL4/hf8T57DRbFg3R/XWRZlGFeyCPXAAbHAKWuAKtIEDMCjAI3gGL8aD8WS8Gm/T1opRzmyDHzDevwACC5Y8</latexit>

N̄j =P
k NjkWk

⌦
<latexit sha1_base64="we5fHIm3P3Pjs1ZmpcepzqRJhFk="></latexit>



Fermi-Dirac statistics

For gj = 3 and Nj = 2

!(gj , Nj) = !(3, 2) = 3

<latexit sha1_base64="HlMcMu6wBAiD2D4EAqC1JWJEvlQ="></latexit><latexit sha1_base64="HlMcMu6wBAiD2D4EAqC1JWJEvlQ="></latexit><latexit sha1_base64="HlMcMu6wBAiD2D4EAqC1JWJEvlQ="></latexit>



(1) (2) (3) (4) (5)
For g = 5 and N = 3

!(5, 3) = !(4, 2) + !(3, 2) + 1

= 6 + 3 + 1 = 10

<latexit sha1_base64="80joGT/YpJvXL3K3GquS1WlMeBU="></latexit><latexit sha1_base64="80joGT/YpJvXL3K3GquS1WlMeBU="></latexit><latexit sha1_base64="80joGT/YpJvXL3K3GquS1WlMeBU="></latexit>

Solution of this recursive relation

!(g,N) =

g!
(g�N)!N !

<latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="bc7eh2/3vltQbBGUTaMbC6iE2Xw=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjeD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HZIrV</latexit><latexit sha1_base64="RmLfBXr6VyuMizc5iCUPpEe5sSM="></latexit><latexit sha1_base64="9TcQ6YXMFEOCiHwgq5pjR5fSXug="></latexit><latexit sha1_base64="IDEGK8cCVKXAfcuq922x7/fCG5I="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit><latexit sha1_base64="amGKF8F7HzqcnvuxomDfSraeUxQ="></latexit>

The number of microstates of Nj particles at level j � Nj

is !(gj , Nj) =

(gj)!
(gj�Nj)!Nj !

<latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit><latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit><latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit>

In general
!(g,N)
= !(g � 1, N � 1)
+ !(g � 2, N � 1)
+ !(g � 3, N � 1)
+ ...+ !(N � 2, N � 1) + 1

<latexit sha1_base64="Ph0CcgNVehS4VRgoEDnwm7xKUqk="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit><latexit sha1_base64="bc7eh2/3vltQbBGUTaMbC6iE2Xw=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjeD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HZIrV</latexit><latexit sha1_base64="wX6GJzH9SMniw9ir3aYz3eOplmk="></latexit><latexit sha1_base64="4XiDqhp7THq06A+9kiynMJmjcUk="></latexit><latexit sha1_base64="+rPclnjmaD6oOzqQq0JD01nbGQM="></latexit><latexit sha1_base64="+rPclnjmaD6oOzqQq0JD01nbGQM="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit><latexit sha1_base64="g1oEVgtHXPdSyCbBGdPMe6Jx1GY="></latexit>



The number of microstates of Nj particles at level j � Nj

is !(gj , Nj) =

(gj)!
(gj�Nj)!Nj !

<latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit><latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit><latexit sha1_base64="n0NxKZSjrTBIIq/PfpIgqdcnDcc="></latexit>

For example, the number of microstates in a macrostate

(1, 2, 3, 2) is !(1, 1)!(3, 2)!(4, 3)!(5, 2)
<latexit sha1_base64="4HNAf34aMGiD4/Rj8TC/HOX6LME="></latexit><latexit sha1_base64="4HNAf34aMGiD4/Rj8TC/HOX6LME="></latexit><latexit sha1_base64="4HNAf34aMGiD4/Rj8TC/HOX6LME="></latexit>

In general, the number of microstates in a macrostate is

Wk =

Q
j !j =

Q
j

gj !
(gj�Nj)!Nj !

<latexit sha1_base64="6sf+0Qhj9986OmKhB1y5u0Je4AI="></latexit><latexit sha1_base64="6sf+0Qhj9986OmKhB1y5u0Je4AI="></latexit><latexit sha1_base64="6sf+0Qhj9986OmKhB1y5u0Je4AI="></latexit>



9 =
3!

3!

3!

2!

3!

2!
<latexit sha1_base64="OzclHRciiWM2uPYBCsmRtPeS/GA=">AAACEHicdVDLTgIxFO34RHyNunRTJCasyAz4YmFCdOMSE0dIYEI6pQMNnc6k7ZiQCXyCG3/FjQs1bl26828sMBowepImJ+ecm9t7vIhRqSzr01hYXFpeWc2sZdc3Nre2zZ3dWxnGAhMHhywUDQ9JwignjqKKkUYkCAo8Rupe/3Ls1++IkDTkN2oQETdAXU59ipHSUtssVEbno6Sca4U6Bcu54Q8vzfO2mbeK1gRwhhxbduXEhnaq5EGKWtv8aHVCHAeEK8yQlE3bipSbIKEoZmSYbcWSRAj3UZc0NeUoINJNJhcN4aFWOtAPhX5cwYk6O5GgQMpB4OlkgFRP/vbG4l9eM1b+mZtQHsWKcDxd5McMqhCO64EdKghWbKAJwoLqv0LcQwJhpUvM6hK+L4X/E6dUrBSt66N89SJtIwP2wQEoABucgiq4AjXgAAzuwSN4Bi/Gg/FkvBpv0+iCkc7sgTkY71960psc</latexit><latexit sha1_base64="OzclHRciiWM2uPYBCsmRtPeS/GA=">AAACEHicdVDLTgIxFO34RHyNunRTJCasyAz4YmFCdOMSE0dIYEI6pQMNnc6k7ZiQCXyCG3/FjQs1bl26828sMBowepImJ+ecm9t7vIhRqSzr01hYXFpeWc2sZdc3Nre2zZ3dWxnGAhMHhywUDQ9JwignjqKKkUYkCAo8Rupe/3Ls1++IkDTkN2oQETdAXU59ipHSUtssVEbno6Sca4U6Bcu54Q8vzfO2mbeK1gRwhhxbduXEhnaq5EGKWtv8aHVCHAeEK8yQlE3bipSbIKEoZmSYbcWSRAj3UZc0NeUoINJNJhcN4aFWOtAPhX5cwYk6O5GgQMpB4OlkgFRP/vbG4l9eM1b+mZtQHsWKcDxd5McMqhCO64EdKghWbKAJwoLqv0LcQwJhpUvM6hK+L4X/E6dUrBSt66N89SJtIwP2wQEoABucgiq4AjXgAAzuwSN4Bi/Gg/FkvBpv0+iCkc7sgTkY71960psc</latexit><latexit sha1_base64="OzclHRciiWM2uPYBCsmRtPeS/GA=">AAACEHicdVDLTgIxFO34RHyNunRTJCasyAz4YmFCdOMSE0dIYEI6pQMNnc6k7ZiQCXyCG3/FjQs1bl26828sMBowepImJ+ecm9t7vIhRqSzr01hYXFpeWc2sZdc3Nre2zZ3dWxnGAhMHhywUDQ9JwignjqKKkUYkCAo8Rupe/3Ls1++IkDTkN2oQETdAXU59ipHSUtssVEbno6Sca4U6Bcu54Q8vzfO2mbeK1gRwhhxbduXEhnaq5EGKWtv8aHVCHAeEK8yQlE3bipSbIKEoZmSYbcWSRAj3UZc0NeUoINJNJhcN4aFWOtAPhX5cwYk6O5GgQMpB4OlkgFRP/vbG4l9eM1b+mZtQHsWKcDxd5McMqhCO64EdKghWbKAJwoLqv0LcQwJhpUvM6hK+L4X/E6dUrBSt66N89SJtIwP2wQEoABucgiq4AjXgAAzuwSN4Bi/Gg/FkvBpv0+iCkc7sgTkY71960psc</latexit>

27 =
3!

3!

3!

2!

3!

2!

3!

2!
<latexit sha1_base64="4PmGAI7UgbRGCyQDnJnO5ysSVqM=">AAACHXicdVBPSwJBHJ21f2b/tjp2GZOgk+xqZh4CqUtHgzYFXWR2HHVwdnaZmQ1k0S/Spa/SpUNFhy7Rt2nULSzywcDjvffjN7/nhYxKZVmfRmppeWV1Lb2e2djc2t4xd/duZRAJTBwcsEA0PCQJo5w4iipGGqEgyPcYqXuDy4lfvyNC0oDfqGFIXB/1OO1SjJSW2mapUB6fj+NithXoGCxmRz+8sJi3zZyVt6aAc6Rk2ZVTG9qJkgMJam3zvdUJcOQTrjBDUjZtK1RujISimJFRphVJEiI8QD3S1JQjn0g3np43gkda6cBuIPTjCk7V+YkY+VIOfU8nfaT68q83Ef/zmpHqnrkx5WGkCMezRd2IQRXASVewQwXBig01QVhQ/VeI+0ggrHSjGV3C96VwMXEK+Ureuj7JVS+SNtLgAByCY2CDMqiCK1ADDsDgHjyCZ/BiPBhPxqvxNoumjGRmH/yC8fEFMr+fpQ==</latexit><latexit sha1_base64="4PmGAI7UgbRGCyQDnJnO5ysSVqM=">AAACHXicdVBPSwJBHJ21f2b/tjp2GZOgk+xqZh4CqUtHgzYFXWR2HHVwdnaZmQ1k0S/Spa/SpUNFhy7Rt2nULSzywcDjvffjN7/nhYxKZVmfRmppeWV1Lb2e2djc2t4xd/duZRAJTBwcsEA0PCQJo5w4iipGGqEgyPcYqXuDy4lfvyNC0oDfqGFIXB/1OO1SjJSW2mapUB6fj+NithXoGCxmRz+8sJi3zZyVt6aAc6Rk2ZVTG9qJkgMJam3zvdUJcOQTrjBDUjZtK1RujISimJFRphVJEiI8QD3S1JQjn0g3np43gkda6cBuIPTjCk7V+YkY+VIOfU8nfaT68q83Ef/zmpHqnrkx5WGkCMezRd2IQRXASVewQwXBig01QVhQ/VeI+0ggrHSjGV3C96VwMXEK+Ureuj7JVS+SNtLgAByCY2CDMqiCK1ADDsDgHjyCZ/BiPBhPxqvxNoumjGRmH/yC8fEFMr+fpQ==</latexit><latexit sha1_base64="4PmGAI7UgbRGCyQDnJnO5ysSVqM=">AAACHXicdVBPSwJBHJ21f2b/tjp2GZOgk+xqZh4CqUtHgzYFXWR2HHVwdnaZmQ1k0S/Spa/SpUNFhy7Rt2nULSzywcDjvffjN7/nhYxKZVmfRmppeWV1Lb2e2djc2t4xd/duZRAJTBwcsEA0PCQJo5w4iipGGqEgyPcYqXuDy4lfvyNC0oDfqGFIXB/1OO1SjJSW2mapUB6fj+NithXoGCxmRz+8sJi3zZyVt6aAc6Rk2ZVTG9qJkgMJam3zvdUJcOQTrjBDUjZtK1RujISimJFRphVJEiI8QD3S1JQjn0g3np43gkda6cBuIPTjCk7V+YkY+VIOfU8nfaT68q83Ef/zmpHqnrkx5WGkCMezRd2IQRXASVewQwXBig01QVhQ/VeI+0ggrHSjGV3C96VwMXEK+Ureuj7JVS+SNtLgAByCY2CDMqiCK1ADDsDgHjyCZ/BiPBhPxqvxNoumjGRmH/yC8fEFMr+fpQ==</latexit>

1.15 =
= 27+3+27⇥2

73
<latexit sha1_base64="nZbZyXc5UZIBo75vvyDfV1f3Tcg="></latexit><latexit sha1_base64="nZbZyXc5UZIBo75vvyDfV1f3Tcg="></latexit><latexit sha1_base64="nZbZyXc5UZIBo75vvyDfV1f3Tcg="></latexit>

1.73 =
= 9⇥2+27+9⇥3+27⇥2

73
<latexit sha1_base64="OocQGybmjOuMU5+JS99FNHkRN2U="></latexit><latexit sha1_base64="OocQGybmjOuMU5+JS99FNHkRN2U="></latexit><latexit sha1_base64="OocQGybmjOuMU5+JS99FNHkRN2U="></latexit>



Maxwell-Boltzmann statistics

Particle a can be placed in one of three slots,
particle b can be placed in one of three slots

) !(3, 2) = 9

<latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="bc7eh2/3vltQbBGUTaMbC6iE2Xw=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjeD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HZIrV</latexit><latexit sha1_base64="Ll6SsEgi/8aTZnRvY7GF+r7pY+4="></latexit><latexit sha1_base64="bbj5cToJ3/xpvATjciOUAH1mmes="></latexit><latexit sha1_base64="CWJ9Ue7/dlU9W3p39Q9kVmmk0lg="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit><latexit sha1_base64="t88EuBTDDPTos7It1N2kR/Bs/4o="></latexit>

In general, !j = g
Nj

j
<latexit sha1_base64="ul0EdmtBlJhCBa73Xv6LTm5MDO4="></latexit><latexit sha1_base64="ul0EdmtBlJhCBa73Xv6LTm5MDO4="></latexit><latexit sha1_base64="ul0EdmtBlJhCBa73Xv6LTm5MDO4="></latexit>

Due to possibility of interchange

of particles between levels, or

interchange between states at the same level

W = N !

Q
j

g
Nj
j

Nj !
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Indeed, the total number of ways

in which N particles can be distributed

among the levels, with N1 particles at level 1

N2 particles at level 2 etc. is
N !

N1!N2!...
=

N !Q
j Nj !
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18⇥ 35 = 6!⇥ 35

5!
⇥ 3, 90⇥ 35 = 6!⇥ 34

4!
⇥ 3⇥ 3, etc
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0.910 = 1
1386 ⇥ (90 + 360 + 3⇥ 60 + 2⇥ 270 + 90) etc.
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Statistical interpretation of entropy

Consider two independent systems :

S1+2 = S1 + S2, ⌦1+2 = ⌦1 ⇥ ⌦2

) f(⌦1⌦2) = f(⌦1) + f(⌦2)
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Solution of equation f(xy) = f(x) + f(y)
@f(xy)

@x

= y

df(z)
dz

���
z=xy

,

On the other hand, @f(xy)
@x

= df(x)
dx

) df(x)
dx

= y

df(z)
dz

���
z=xy

Similarly
@f(xy)

@y

= x

df(z)
dz

���
z=xy

,

@f(xy)
@y

= df(y)
dy

) df(y)
dy

= x

df(z)
dz

���
z=xy

9
>>=

>>;
)

) x

df(x)
dx

= y

df(y)
dy

= const ) f(x) = const⇥ lnx
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) S = k ln⌦
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Later : k = kB =
R

NA
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Bose-Einstein distribution function

Average occupation numbers for a system with large number of particles 
is given by distribution function

To find it, compare two systems :

1. System “1

00
with number of particles N and energy U and

2. System “2

00
with number of particles N 0

= N � n and energy U 0
= U � n✏r
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System “2

00
is system “1

00
with n particles removed from

level r with energy ✏r and all other levels kept intact :

N 0
j

j 6=r
= Nj , N 0

r = Nr � n
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The probability Wk

of a macrostate k
in system “1

00
is

Wk =

Q
j

(gj+Njk�1)!
(gj�1)!Njk!

,

and in system “2

00

W 0
rk =

Q
j

(gj+N 0
jk�1)!

(gj�1)!N 0
jk!
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For consistency, we adopt

(�1)! = 1 , 1
(�1)! = 0
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System ``2’’:  
n=1 particle is 
removed from  

level r=2 
of system  ``1’’

U 0 = U � 2✏ = 4✏
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r is a label



S = kB ln⌦ ) ln

N̄r

N̄r+gr
=

S0�S
kB

=

�S
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T�S = �U � µ�N )
for our two states �U = �✏r, �N = �1 ) �S =

µ�✏r
T
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⌦
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In macroscopic systems Nj � 1 so the removal of

one particle will make a small change in

¯Nr

) N̄r

N̄r+gr
=

⌦0

⌦ , ln

N̄r

N̄r+gr
= ln

⌦0

⌦ = ln⌦

0 � ln⌦
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Sum over all macrostates :
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P
k N

0
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Since level “r

00
was arbitrary, for any level j

ln

¯Nj
¯Nj+gj

=

µ�✏j
kBT

) gj+ ¯Nj
¯Nj
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gj
¯Nj

+ 1 = exp

✏j�µ
kBT

) ¯Nj =
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exp

�
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�
�1

Bose� Einstein distribution function
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Fermi-Dirac distribution function

Same setup : system “2

00
is system “1

00
with one particle removed from

level r = 2 with energy ✏r = 2✏ (and all other levels kept intact) :

N 0
j

j 6=r
= Nj , N 0

r = Nr � 1, U 0
= U � 2✏ = 4✏
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The probability Wk of a macrostate k
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>>>;
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Fermi�Dirac distribution function
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⌦
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In macroscopic systems Nj � 1 so the removal of

one particle will make a small change in

¯Nr
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⌦ , ln

N̄r

gr�N̄r
= ln⌦

0 � ln⌦ =

�S
kB

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Classical distribution function

In many systems

¯Nj ⌧ gj ) N̄j

gj±N̄j
' gj

N̄j
= exp

✏j�µ
kBT

) ¯Nj = gj exp
�µ�✏j
kBT

�
� Classical distribution function.
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Maxwell-Boltzmann distribution function
Same setup :

system “2

00
is system “1

00

with one particle

removed from level r = 2

with energy ✏r = 2✏ :

N 0
j

j 6=r
= Nj ,

N 0
rk = Nrk � 1,

U 0
= U � 2✏ = 4✏
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For any level j the sum over all macrostates gives
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Comparison of  distribution functions

Temperature is fixed

N̄j = gj

exp

�
✏j�µ

kBT

�
+a

a = 1 : F�D,
a = �1 : B� E,
a = 0 : classical
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Partition function

Maxwell-Boltzmann distribution function is N̄j = Ne
µ

kBT gje
� ✏j

kBT
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Sum over all levels gives
X

j

N̄j = N = Ne
µ
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X

j
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Compare to classical distribution

In terms of partition function MB distribution looks like

¯Nj = gj
N
Z e�

✏j
kBT , Z = e�

µ
kBT

<latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="6WAKPEkkNugYRYtmNTI8+Hz8nJg="></latexit><latexit sha1_base64="n6Z6P9+eJCeqqsOLc1ZvLInJF7Y="></latexit><latexit sha1_base64="bUm9Pkjy0V+18zQF9eTHSOKBOiU="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit><latexit sha1_base64="lOIrLO2Il87Y9+bFJ+B1+WmkYcw="></latexit>

N̄j = e
µ

kBT gje
� ✏j

kBT )
P

j N̄j = N = e
µ

kBT
P

j gje
� ✏j

kBT

<latexit sha1_base64="fO5igfQQxFuf/s6D1aArYYBa8M4=">AAACnXicfVFdb9MwFHXCx0b46uBxLxYVEi9ETrWy7gFpDAkhQNVAK53UlMhxb1O3thPZzqYqSv8Vf4Q3/g1OW6SCBleydHzOvcfX96aF4MYS8tPzb92+c3dv/15w/8HDR49bB0++mrzUDAYsF7m+TKkBwRUMLLcCLgsNVKYChunibaMPr0AbnqsLuyxgLGmm+JQzah2VtL7HKWRcVVRruqwrUQdxSnXVr5P56vUKvlWxLOPcOe BFcnZRZ8nccS+rGArDhTOY74j1ahXEX3g2s84tv25uppQuZcexf5PrJu3/3kEMarJtM0habRKSV92jqIdJ2CVRL+o60OlGhHRwFJJ1tNE2zpPWj3iSs1KCskxQY0YRKezY2VnOBDjz0kBB2YJmMHJQUQlmXK3HW+Pnjpngaa7dURav2d2KikpjljJ1mZLamflba8ibtFFpp71xxVVRWlBs89C0FNjmuNkVnnANzIqlA5Rp7nrFbEY1ZdZttBnC75/if4NBJzwJo89H7dOz7TT20SF6hl6gCB2jU/QenaMBYt6h98b74H30sf/O/+T3N6m+t615iv4If/gLUSnR4g==</latexit><latexit sha1_base64="fO5igfQQxFuf/s6D1aArYYBa8M4=">AAACnXicfVFdb9MwFHXCx0b46uBxLxYVEi9ETrWy7gFpDAkhQNVAK53UlMhxb1O3thPZzqYqSv8Vf4Q3/g1OW6SCBleydHzOvcfX96aF4MYS8tPzb92+c3dv/15w/8HDR49bB0++mrzUDAYsF7m+TKkBwRUMLLcCLgsNVKYChunibaMPr0AbnqsLuyxgLGmm+JQzah2VtL7HKWRcVVRruqwrUQdxSnXVr5P56vUKvlWxLOPcOe BFcnZRZ8nccS+rGArDhTOY74j1ahXEX3g2s84tv25uppQuZcexf5PrJu3/3kEMarJtM0habRKSV92jqIdJ2CVRL+o60OlGhHRwFJJ1tNE2zpPWj3iSs1KCskxQY0YRKezY2VnOBDjz0kBB2YJmMHJQUQlmXK3HW+Pnjpngaa7dURav2d2KikpjljJ1mZLamflba8ibtFFpp71xxVVRWlBs89C0FNjmuNkVnnANzIqlA5Rp7nrFbEY1ZdZttBnC75/if4NBJzwJo89H7dOz7TT20SF6hl6gCB2jU/QenaMBYt6h98b74H30sf/O/+T3N6m+t615iv4If/gLUSnR4g==</latexit><latexit sha1_base64="fO5igfQQxFuf/s6D1aArYYBa8M4=">AAACnXicfVFdb9MwFHXCx0b46uBxLxYVEi9ETrWy7gFpDAkhQNVAK53UlMhxb1O3thPZzqYqSv8Vf4Q3/g1OW6SCBleydHzOvcfX96aF4MYS8tPzb92+c3dv/15w/8HDR49bB0++mrzUDAYsF7m+TKkBwRUMLLcCLgsNVKYChunibaMPr0AbnqsLuyxgLGmm+JQzah2VtL7HKWRcVVRruqwrUQdxSnXVr5P56vUKvlWxLOPcOe BFcnZRZ8nccS+rGArDhTOY74j1ahXEX3g2s84tv25uppQuZcexf5PrJu3/3kEMarJtM0habRKSV92jqIdJ2CVRL+o60OlGhHRwFJJ1tNE2zpPWj3iSs1KCskxQY0YRKezY2VnOBDjz0kBB2YJmMHJQUQlmXK3HW+Pnjpngaa7dURav2d2KikpjljJ1mZLamflba8ibtFFpp71xxVVRWlBs89C0FNjmuNkVnnANzIqlA5Rp7nrFbEY1ZdZttBnC75/if4NBJzwJo89H7dOz7TT20SF6hl6gCB2jU/QenaMBYt6h98b74H30sf/O/+T3N6m+t615iv4If/gLUSnR4g==</latexit><latexit sha1_base64="fO5igfQQxFuf/s6D1aArYYBa8M4=">AAACnXicfVFdb9MwFHXCx0b46uBxLxYVEi9ETrWy7gFpDAkhQNVAK53UlMhxb1O3thPZzqYqSv8Vf4Q3/g1OW6SCBleydHzOvcfX96aF4MYS8tPzb92+c3dv/15w/8HDR49bB0++mrzUDAYsF7m+TKkBwRUMLLcCLgsNVKYChunibaMPr0AbnqsLuyxgLGmm+JQzah2VtL7HKWRcVVRruqwrUQdxSnXVr5P56vUKvlWxLOPcOe BFcnZRZ8nccS+rGArDhTOY74j1ahXEX3g2s84tv25uppQuZcexf5PrJu3/3kEMarJtM0habRKSV92jqIdJ2CVRL+o60OlGhHRwFJJ1tNE2zpPWj3iSs1KCskxQY0YRKezY2VnOBDjz0kBB2YJmMHJQUQlmXK3HW+Pnjpngaa7dURav2d2KikpjljJ1mZLamflba8ibtFFpp71xxVVRWlBs89C0FNjmuNkVnnANzIqlA5Rp7nrFbEY1ZdZttBnC75/if4NBJzwJo89H7dOz7TT20SF6hl6gCB2jU/QenaMBYt6h98b74H30sf/O/+T3N6m+t615iv4If/gLUSnR4g==</latexit>

If we define Z by Z = Ne�
µ

kBT

¯Nj = gj
N
Z e�

✏j
kBT � same formula as for MB distribution
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Consider system of indistinguishable particles obeying the classical 
statistics and suppose that energy levels      depend on one extensive 

variable X  and do not depend on the corresponding intensive variable Y
✏j
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Y = �
⇣

@F
@X

⌘

N,T
= NkT @ lnZ(X,T,N)

@X = �(X,T,N)  equation of state
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) Thermodynamical properties are completely defined by Z(X,T,N)

<latexit sha1_base64="3PbFyG2J4blHeF8JIr67YGnPjnM="></latexit><latexit sha1_base64="3PbFyG2J4blHeF8JIr67YGnPjnM="></latexit><latexit sha1_base64="3PbFyG2J4blHeF8JIr67YGnPjnM="></latexit><latexit sha1_base64="3PbFyG2J4blHeF8JIr67YGnPjnM="></latexit>

Partition function : Z(X,T,N) =

P
j gje

� ✏j(X)

kT

Chemical potential (per particle) : µ = kT (lnZ � lnN) =

⇣
@F
@N

⌘

T,X

9
=

; )

)
⇣

@F
@N

⌘

T,X
= � kT (lnZ � lnN)

F = 0 at N = 0

)
) F = �NkT (lnZ � lnN + 1)
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The entropy S = �
⇣

@F
@T

⌘

N,X
= NkT

⇣
@ lnZ
@T

⌘

X
+Nk(lnZ � lnN + 1)

The internal energy U = F + TS = NkT 2
⇣

@ lnZ
@T

⌘

X

9
=

; )

) S =

U
T +Nk(lnZ � lnN + 1)
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G = µN = �NkT (lnZ � lnN)
F = �NkT (lnZ � lnN + 1)

�
) Y X = G� F = NkT
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For the P�V system Y X = NkT means PV = NkT
) The constant k in the equation S = k ln⌦ is k = kB =

R
NA
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Gibbs function G = µN = �NkT (lnZ � lnN)

Recall G = U � TS + Y X = F + Y X ) Y X = G� F
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Monoatomic ideal gas
System: N identical indistinguishable molecules each of mass m. 

Except for very low temperatures, such system  can be described by 
classical statistics

For large volume and large number of particles  
we can replace the sum by the integral 

Partition function : Z(X,T,N) =

P
j

g
j

e�
✏j(X)

kT

✏
j

=

⇡

2~2
n

2
j

2mV

2
3

for particles in the box of volume V

) Z(V, T,N) =

P
j

P
nj

g
j

e�
⇡2~2

2mkT n

2
jV

� 2
3 , ~n

j

⌘ (n
x

, n
y

, n
z

).
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Number of states in the

shaded area between

nj and nj +�nj :
⇡
2n

2
j�nj
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⇡
2n

2
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Z = ⇡
2

P
j n

2
j�nj

⇥ e�
⇡2~2

2mkT n2
jV

�2/3
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�njf(nj) !

!
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0
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Z = ⇡
2

R1
0 dnj n2

j

⇥ e�
⇡2~2

2mkT n2
jV

�2/3

= V
⇣

mkT
2⇡~2
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Z = V
⇣

mkT
2⇡~2

⌘3/2
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Y = NkT @ lnZ(X,T,N)
@X , P = NkT @ lnZ(V,T,N)

@V

@ lnZ(V,T,N)
@V = 1

V ) P = NkT
V = nRT

V ) PV = nRT
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The internal energy U = NkT 2
⇣

@ lnZ
@T

⌘

V
= 3

2NkT

) U = 3
2nRT ) CV = 3

2nR , cv = 3
2R
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Sacker � Tetrode equation for the absolute entropy of monoatomic gas
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The entropy

S = U
T +Nk(lnZ � lnN + 1) = Nk
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