
HW assignment 6

Solution.

The kinetic energy is

T =
m

2
(ṙ2 + r2φ̇2) +

m

2
ż2

The constraint φ̇ = ω is non-holonomic so I’ll put it in explicitly

T =
m

2
(ṙ2 + r2ω2) +

m

2
ż2

The potential energy is V = mgz so the Lagrangian with constraint z = αρ2

is
L =

m

2
(ṙ2 + r2ω2) +

m

2
ż2 −mgz + λ(z − αr2)

Euler-Lagrange equations are

∂L

∂λ
= z − αr2 = 0 ⇒ z = αr2

d

dt

∂L

∂ṙ
= mr̈ =

∂L

∂r
= (mω2 − 2αλ)r ⇒ r̈ = (ω2 − 2α

λ

m
)r

d

dt

∂L

∂ż
= mz̈ =

∂L

∂z
= (λ−mg) ⇒ mz̈ = λ−mg

From the last equation we see that λ is a progection of a normal force on the
z axis.

If we use z = αr2 we get

r̈ = (ω2 − 2α
λ

m
)r, r̈r + ṙ2 =

λ−mg
2mα

Eliminating λ from the above equations, we get the second-order differential
equation for r(t)

rr̈(1 + 4α2r2) + 4α2rṙ2 + (2gα− ω2)r = 0
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