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Chapter 3

Boundary-value Problems in

Curvilinear Coordinates

In the previous chapter, we saw how we could look for factorizable solutions to Laplace’s
Equation in Cartesian coordinates, and then construct the solution for more general bound-
ary values using the completeness property of such factorized solutions. In this chapter we
will employ analogous methods in spherical polar and cylindrical coordinate systems. In
practice, the coordinate system that is appropriate depends on the symmetry or geometry

of the problem.

3.1 Laplace’s Equation in Spherical Polar Coordinates

We will denote our coordinates by (r,0, ), in terms of which Laplace’s equation assumes

the form
10 od 1 0 od 1 0%
20(r,0,0) = —— (1 — ) + ——— (sinf— | + ——— = . 3.1.1
Vient.v) =Gy, (T 87’) T (Sm ae) T g 0 (3:-1.1)
We will now seek factorizable solutions of the form
U(r
2(r.0.0) = " PO)a() (312

where the factor of 1/r is conventional. Substituting this into Laplace’s equation, we have

POQ() 5 [rl’ (—%U(r) + ld(fly))}

r

Qe 14 (1,70 DOPO)_L_ P2l

=0,

+ r r2sin 0 do do r r2sin®@  dp?
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yielding

2 2
PRIU | UQ d(sin9£>+ vr_4&e (3.1.3)

rodr? ' r3sind do do 73 sin” d_g02 T

which we may write as

1d*Q 5, ., [1dU 1 1d (. dP
0 dp? + r“sin” 6 [UW + TandPdd <sm6—>} =0. (3.1.4)

The first term is a function of ¢ alone, and the remaining term is a function of (r,#) only.

Thus they must be separately constant, and we may write

1 d*Q 9

where m is a constant. Eq.(3.1.5) has solution
Q = eme (3.1.6)

We now observe that the solution must be periodic, with period 2, in the azimuthal variable

. Thus m must be a real integer number. Hence we may write Eq.(3.1.4) as

r2 d?U 1 1d ( dP) m?
sinf— | — 9, =
sin“ 0

. 1.
— 0 (3.1.7)

UdZ  smoPdo
We now observe that the first term is purely a function of r, whilst the remaining terms are

purely a function of #. Thus we may write
r? d*U
U dr?

where [ is a constant — we will see the reason for expressing the constant in this way later.

= I(l+1), (3.1.8)

To solve this equation, we will take a trial solution
U(r) =r*, (3.1.9)
yielding
ala—1)=1(1+1) (3.1.10)

with solutions o = [ + 1, —[. Thus we have

Ur)=Ar"™ + Br=t | (3.1.11)
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or

U0 _ ppi g et (31.12)
.

As we will see later on, [ is integer. Thus, taking [ > 0, we get for the r-dependent factor
U(r)/r all nonnegative integer powers of r from the r! term and all negative integer powers of
r from the r='~! term. Alternatively, taking a negative integer | = —L — 1 (with nonnegative

L=l and r~'=! — rL, and we get again all integer powers of

integer L > 0) we have v\ — r~
r as possible solutions. Hence, for definiteness, we may take [ > 0.

The equation for the polar coordinate # now assumes the form

1 d (. dP m2
T, (sm@@) + {l(l +1)— sin20} P=0. (3.1.13)

It is convenient to introduce the variable z = cos 8, with —1 < x < 1. Then

1 d d
—_— = —— .1.14
sin 6 df dx (8 )
and
d d
inf— = —(1 —z?)— . 1.1
stda (1—x )daz (3.1.15)
Thus we have
d dP m?2
— (1 =2¥H)— 1) — P=0. 1.1
o {( T )dxl + [l(l—l— ) 1—x2} 0 (3.1.16)

This is the Generalized Legendre Equation, and is, once again, an equation of Sturm-
Liouville type, with p(z) = 1 — 22, q(z) = —m?/(1 — 2?), A\ =1(I + 1), and r(z) = 1.
We will now seek solutions of this equation, first for the case m = 0, where the equation is

known as the Ordinary Legendre Equation

@ [(1_x2)d_] +I(l+1)P=0. (3.1.17)
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We begin by noting that the solutions must be both continuous and single-valued in the
region —1 < x < 1, corresponding to 0 < 6 < m. We will obtain the solutions through series

substitution, i.e. by trying a solution of the form

P = Z CnZE’H_n , (3118)
n=0
from which
d}) - +n—1
- = nz;cn(v%—n):ﬂ
(1-— x2)d—P = i cn(y +n)z7 " — ic (y + n)ar
dx n=0 ! n=0 ' 7
d 2 df) - y+n—2 - y+n
=2 = D ey )y e —Da =Y ey +n)(y + et Da
n=0 n=0

Thus Legendre’s equation becomes

Y ealy+n)(y+n =024y e, [0+ 1) = (Y4 n)(y+n+ 1) 27T =0 (3.1.19)

n=0 n=0
The first sum here contains two terms, 2772 and 27! (corresponding to n = 0 and n = 1,
respectively) which are absent in the second sum. Writing them separately and shifting

n — n + 2 for the remaining terms of the first sum, we have

o

2 2eoy(y — 1) + 27 ey (v + 1)y + Z vy +n+1)(y+n+2)27™
n=0

+Y el +1) = (y+n)(y+n+ 12" =0,
" (3.1.20)

As this equation must be valid Va € [—1, 1], we can equate the coefficients of the powers of
x to zero. The lowest power of z is 772, and we use this equation, the indicial equation,

to determine . Thus
o 1%
coy(y—1)=0= y=0 or y=1 (3.1.21)

o 1 L

v=0: c¢;undetermined (3.1.22)

a(y+1)y=0 =
’}/:12 01:0
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e " n>0:

(Y+n)(y+n+1)—1(1+1)

GHn+Dy+n+2) ™ (3:1.23)

Cny2 =

Thus, specifying cg, we get co, ¢4, etc. from the recurrence relation. Note that the resulting
power series involves only even powers of x for v = 0 and only odd powers of x for y = 1. In
case of v = 0, we may also specify c¢;, and the recurrence relation will generate cs, ¢, etc.,
i.e. a series involving odd powers of x. Thus, we can generate a series with odd powers of x

in two ways.

First, we may take v = 1 and start from c¢y. This gives a series cox + cpz® + .. ., with
H—I(l+1 2—-1(1+1
(v+ 1D(v+2) 2-3
Second, we may take v = 0 and start from c¢;. This gives a series c;x + c3x® + .. ., with
1 2)—1l(l+1 2—-1(l+1
= OFDOED - UIHY 2= WFD (3.1.25)
(v +2)(v +3) 2-3

So, it looks like the two ways give us the same series, up to an overall factor determined by
the coefficient of x'.
Now we notice that the coefficient ¢, accompanies the power term z""7. Hence, denoting

k =n 4+ 7, we may write
P(x)= Y = pat (3.1.26)
k=v,7+2,7+4,...

(px = cx—~) with summation over even or odd k (depending on ) and the common recurrence

relation
o _kE+1)-U+1) o (k-Dk+1+1) o
P = (k2 M F+DkE+2) 120
In particular,
0-0)(+1 1—10)(1+2
0 1).<2 ) )0 0 _ % o0 (3.1.28)
2—0)(+3 3-0(+4
pH — ( 3)-(4 ) PO pd = %pgp, (3.1.29)

etc., which gives péQ)/p((JQ) = -3, pg?’)/pf’) =—-5/3.
We have already noted that the solution must be valid for x € [—1, 1], and in particular at
the end points = £1. Thus the series must be finite at x = +1. To explore the convergence

properties, we note that

Pra2/Pk — 1L as k — oo, (3.1.30)
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and thus the series resembles a geometrical expansion > x?*. This series diverges at z = +1
unless the series terminates, i.e. unless pyyio = 0 for some k. Thus our requirement for

convergence is

kE(k+1)—1(l+1)=0 for some k , (3.1.31)
or

(k—10)(k+1+1)=0 for some k , (3.1.32)

which holds for £ = [ if [ is nonnegative, and for £k = —[ — 1 if [ is negative. In the latter
case, we write it as [ = —L — 1, and get k = —[ —1 = L > 0 as a solution. Thus, as we have
discussed already, we may take nonnegative [ without a loss of generality.

Since k is an integer number, the Legendre series (3.1.26) becomes a polynomial only if [ is
an integer number. Then pl(QQ =0 ~pl(l) = 0, i.e., the highest power of z is z!. We call the

corresponding solutions
P(x) = Z pra” (3.1.33)
k=~,7+2,7+4,...

the Legendre Polynomials. The overall factor in the definition of P)(z) is fixed by the
requirement P(1) = 1. Using the recurrence relations (3.1.27) and imposing this condition,

we find the first few Legendre Polynomials to be
Po(l’) =1 y
P(zx) = =z,
1
PQ(.Z‘) = 5(31’2 — 1) s

Psy(x) = %(5x3 —3z) .

3.1.1 Rodriques’ Formula and Generating Function

We can write the Legendre polynomials in a more memorable form through Rodrigues’

Formula:
P(z) = —— (2> — 1) (3.1.34)

Another useful way of determining the Legendre polynomials is through the generating

function

glt,x) = (1—2xt+£°)72=> "P(a)t", Jt|<1. (3.1.35)
=0
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f)l() 1=0 ]P;l(x)
l:1
05 =605 [=05

Figure 3.1: Legendre polynomials for [ = 0,1,2,3,4 (left) and | = 5,6, 7 (right).

One can use the generating function approach to get Legendre polynomials in Mathematica.
In particular, the command
Series[1/Sqrt[l — 2tx + t?],{t, 0, 10}]

gives the first 11 Legendre polynomials P(z) as factors accompanying # in

1+xt—|—%(3x2—1)t2+%x(5x2—3)t3+%(35x4—30x2+3 t!

1
+—x (4292° — 6932" 4 3152° — 35) ¢

)

—x (632" — 7027 + 15) t° + % (2312° — 3152* + 1052° — 5) t°

i )
)

+133 (64352° — 120122° 4 69302 — 12602 + 35) ¢°
1
+ 135" (121552° — 257402° + 18018z* — 46202> + 315) ¢
1
+—— (4618927 — 1093952° + 900902° — 30030z* + 3465z* — 63) t'° + O (t"")  (3.1.36)

256
The first 8 Legendre polynomials are shown in Fig. 3.1. One can see that for large [, in the

middle region, they are getting closer and closer to periodic oscillating functions jumping,
however, to their +1 values at the end-points. In fact, we can check analytically that the
generating function produces correct normalization of the Legendre polynomials for x = 1.
We have
1 oo
tr=1)=1-2t+¢)"?=— =) ¢ 3.1.37
dtr = 1) = (=204 = = B (3137
hence P(1) =1 for all I. Similarly, for x = —1, we have

glt,x=—1) = (142t +3)712 = 1+t => (-1 (3.1.38)
=0
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hence P(—1) = (—1) for all I.

3.1.2 Orthogonality and Normalization of Legendre Polynomials

We recall that the Legendre equation is of Sturm-Liouville type, with p(z) = 1 — 2% and
r(z) = 1. Since p(z) vanishes for x = +1, the solutions of the Legendre equation satisfy the

boundary conditions

{ (x )(%djx - deqf)}zzo. (3.1.39)

required by the orthogonality theorem, which states in this case that

0= 1) = (I + 1) /1 dz P(2) Pu(x) = 0 —> /1 de P(2)Po(x) = 0, [ £1,  (3.1.40)

1

i.e. the Legendre polynomials are orthogonal with the simplest possible weight r(x) = 1.
To determine their normalization, we can use either Rodrigues’ formula, or the generating

function; we use the latter. From Eq.(3.1.35), we have

1 1 1 1 !
delot. 2= | dp ———— — ——1 1 — 20t + ¢2
[ dslate.o) /lwl_mw{ =20+ )}
1 1—t > tﬂ
— —In
o Z

where we have used the series expansion of In(1 + ¢). However, we also have

1 00 1
/ dz[g Z / dz Py(x) Py ()t = " t* / dz Py(z)?
-1 L= =0 -1

On the last step we used orthogonality of Legendre polynomials, i.e. the fact that only the

' =1 term is nonzero in the sum over I’. Equating the coefficients in these two expansions

yields
2D gy = 2t wher
1=0 -1
and finally

/1 do P(2)P(2) = ——— . (3.1.41)
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We can also combine the orthogonality property and normalization of the Legendre poyno-

mials into one relation

1
2
P(x)Py(x) = ’ 1.4
| drP@ R = 5 b (3.1.42)

3.1.3 Recurrence Relations

Rodrigues’ formula provides a means to obtain various recurrence relations between the

Legendre Polynomials, for example:

I+ 1)Pyi(x) — 2L+ DxP(z) + 1P 1(x) = 0

%P[.H(LE) — xw —({+1P(x) = 0
@ = ) p ey ip ) = 0
%PZH(:E) — C%Pl_l(x)dx -2+ 1)R(z) = 0.

Such recurrence relations would allow us to evaluate many of the integrals that will be

encountered in the problems.

3.1.4 Completeness

Since the Legendre Polynomials form a complete set, we may write any function f(x),

x €[-1,1] as
fl@)=> AP(z). (3.1.43)
1=0
We obtain the coefficients using the orthogonality relations
1 00 1
/ dz f(2)P(z) = ZAZ/ dz P(x)Py(z)
—1 "o -1
2
— A=
‘a1
whence
20+1 (!
A =20  dr fa) P (3.1.44)

2 ),
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Figure 3.2: Approximation of sin(wz) by one and two Legendre polynomials.

Examples of Legendre expansion

To give an illustration of the expansion in Legendre polynomials, let us consider the function

f(z) = sin(mrz). It is an odd function of z, hence only [ =odd contribute. We have

20+ 1 (!
A= T+ dx sin(mz) B(x) , (3.1.45)
-1
or
1
2
A = g/_ld:ca; sin(mx) = g X — = % (3.1.46)
and
b 2
Az = g/_l dx 5 (52° — 3z) sin(rz) = ; X F(ﬂ'z —15) = —%(15 — 7). (3.1.47)
The first term 3z /7 of the Legendre expansion
, 3 7 9
sin(mx) = - P(x) — F(lﬁ) —7%) P3(x) + ... (3.1.48)

looks rather remote from the expanded function (see Fig. 3.2). However, after adding the

[ = 3 term, we get an approximation that reproduces sin(mz) very closely.
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Figure 3.3: Approximation of cos(mz) by one, two and three Legendre polynomials.

For comparison, let us also construct the Legendre expansion for the function f(z) = cos(mz).

It is an even function of x, hence only [ =even contribute. Now we have

2+1 (1
A = —l; dz cos(mz) P() | (3.1.49)
—1
or
1 [t 1
Ay = 5/ dx cos(mzx) = 5 % 0=0. (3.1.50)
-1

The explanation of this outcome is simple: we integrate cos(mx) over its full periodicity

region, as a result, the integral vanishes. For the next two coefficients we have

5 (15 5 6 15
Ay = 5/1 dx§ (32% — 1) cos(mz) = 3 X (—;) = (3.1.51)
and
9 1 9 10 45
Ay = —/ dz = (352" — 302% 4 3) cos(mz) = = x — (21 — 27%) = — (21 — 27%) . (3.1.52)
2/, 8 2 4
The first term of the Legendre expansion
15 45
cos(mz) = 0 — = Po(z) + — (21 — 27%) Py(x) + ... (3.1.53)
T T

equals zero now, and is very remote from the expanded function (see Fig. 3.3). The second
term —% Py(x), however, is rather close to it, and after adding the third term we get the

approximation curve which is almost indistinguishable from the curve for cos(mx).



90 Chapter 3

Legendre expansion of antisymmetric step function

Consider the step-function f(x) defined by

fz) =

1 0<zx<1
{ R (3.1.54)

-1 ,-1<xz<0
Then we have
20+1 [

A o= 5 71dfff($)Pl($)

_ %Ll{/oldxﬂ(x)—/idazﬂ(w)}

_ QZTH dz {P(z) — Pi(~z)}.

0

Thus we see that A; is non-zero only for [ odd:

. { (20 +1) [} dz P(z) :1odd (3.1.55)

0 : | even

Now by the last of our recurrence relations

A / e d L pw) - L)
= T — r)— —P_1(z
l ; s gt
= F(1l) = Pa(0) — Bi(1) + Fi-1(0)
= B1(0) = P11 (0)
where we have used the normalization condition P(1) = 1. But we have (from Rodrigues’s

formula, with a little work)

1 d

Pix) = gy o527 = 1)’ (3.1.56)
For even [
1 d /! 1 il
Pi(0) = 5o (=1)"72af = —(=1)" 3.1.57
R T (75717 M e (7
1 /2 ! .
P(0) = o (—1) W - [ even (3.1.58)
0 1 odd
Thus PO(O) =1, P2(0) = _2%(1%')2 = _%,
1 4! 13-4 3 3
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Figure 3.4: Approximation of step function by one, two and three Legendre polynomials.

Py(0) = —%63—25134(0) _ —2134(0) _ —%,etc.
Since Pl_l(O) — Pl—i-l(()); we have Al = Po(O) — PQ(O) = %, Ag = PQ(O) — P4(O) = —%,
As = Py(0) — P5(0) = —13, ete.
Finally, we obtain

fle) = SPi(x) - o)+ Lo ) 4. (3.1.50)

3.2 Boundary-Value Problems
with Azimuthal Symmetry

We may now write our general solution for the boundary-value problem in spherical coordi-

nates with azimuthal symmetry, i.e. no ¢ dependence, as

O(r,0) = Z (A’ + By~ Pi(cos ), (3.2.1)
1=0

where the coefficients A; and B; are determined from the boundary conditions.



92 Chapter 3

Example:

Consider the case of a sphere, of radius a, with no charge inside but potential V'(6) specified
on the surface.
Since there are no charges inside the sphere, the potential ® inside must be regular every-

where. Thus B; = 0 VI, and we may write the solution as

O(r,0) = iAlrlPl(cos 6) . (3.2.2)

Imposing the boundary conditions at r = a yields

V(0) =) Ad'Pcosh), (3.2.3)
1=0
so that, using the normalization condition on the Legendre polynomials, we have
20+ 1
A =27
2at

Suppose now that we require the solution outside the sphere. Then the solution must be

/7T df sinfV (0)P(cosb). (3.2.4)

finite as » — oo, and thus

O(r,0) = Z Byr~"1P(cos 6) (3.2.5)
1=0
with
V(0) =Y B P(cost), (3.2.6)
1=0
so that
204+ 1 T
B, = ZT+al+1/ df sin@V (0)F,(cosb). (3.2.7)
0
Let us now go back to the problem in Section 2.4.2:
V :0<0<7/2
V() = sfsmn/ (3.2.8)
-V w/2<0<n7
Then we have
) 1 w/2 T
B, = ZT+aZ+1V Py(cos 8) sin 0df — / Py(cos 0) sin Gdé’}
—7/2

arn) - [ op )}
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where

fla) = { b U=wsl (3.2.9)

-1 -1<z<0

This is just the expression we evaluated in Section 3.1.4, and thus we have:

Valti(—1 L (=2)1(21+1) ! odd
Bi= G (3.2.10)
0 [ even
so that
3a’ 7at 11 a®
(I)(T7 9) =V {§T_2P1(COS 9) — gﬁpg(COS 0) + TGEPS)(COS 9) + ... } . (3211)

Recall that in Section 2.4.2 we obtained

2 2 4
O(r,0,p) = 3Va {COS@— Ta (écos39—;cose)+0(a—)}

2r2 2 rd

3 a? 7a*
=V {§r—2P1(cos ) — gﬁpg(cos 0)+... } ,
which is precisely the first two terms in the expansion of Eq.(3.2.11).

The crucial observation in such problems is that the series expansion

O(r,0) = Z (Air' + Bir™'71) Py(cos ) (3.2.12)

1
is unique. Thus it is possible to determine the coefficients A; and B; from a knowledge of
the solution in some limited domain. As an illustration, we recall that we obtained a closed

solution to the above problem above the north pole, i.e. at 6§ = 0:

"2 — g2

Pz=rf=0=Vil——m>». 3.2.13

SR REEY s

We can use the Taylor expansion to express this as a series in a/r. It may be obtained by

Mathematica, if one looks for a Series expansion of the function

1 — 22
flx)y=1- o= — (3.2.14)
The result is
1 — 22 3 7 11 5 133
fla)=1— —2 2= = at 6 S a0 (3.2.15)

A+ 2 8 167 1287 T 256



94 Chapter 3

The same result may be obtained analytically using the binomial expansion:

d = 9 = = 2 2 g . 2.1
(z=7.0=0) V{ a*/r") ZJOFJHF%—')(?«) } (3:2.16)
If we use the property
T
I'z)I'l —z) = 2.1
(- 2)= (3:2.17)

and note that T'(1/2) = /7, we obtain, after a little manipulation (exercise),

B0 =0) = = > (-1 e G (3:2.18)

We now compare this series solution with Eq.(3.2.12), evaluated at §# = 0, and observe that

only terms with [ = 25 — 1 enter, and that

%(—1)]’1(2”7 — %),F(j ~3) 2 (3.2.19)

Byj 1= i
Let us try the first couple of terms

j=1: B, = \/L;r(_l)o (3/2)£(1/2)a2 — 3V6L2/2 (3 ) 20)
=2 By= (o) ERLER Ty 2

and once again we reproduce the expression Eq.(3.2.11).

3.2.1 Expansion of P X,|

We conclude this section by looking at the expansion of this critical quantity that occurs
in the construction of the Green’s function. We begin by observing that the result can
depend only on r, " and =, the angle between x and x’. We may thus simplify the problem
by choosing the azimuthal direction (z axis) along the x’ axis. The problem then displays

manifest azimuthal symmetry, and we may write

1

[x — x|

=S [Al(r’)rl + By Py(cos ) (3.2.21)
1=0

We now consider the case where x lies parallel to x’, when cosy = 1. Then the Lh.s. of

Eq.(3.2.21) becomes

1 1
= . (3.2.22)

x =x| |r =]
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There are two cases:
1 1 T /! &
> ! . = = - — — I
rer lr—r'|  r—1 T’Z(’r’> ZZrl“
1 1 I /r\! <= 7
< / : = = — <—) =
T r—r r=r Z r! Z (r)+t

Let us introduce r~ = max(r,r’) and r- = min(r,r’). Then we may write

1 >yl

<
=y = (3.2.23)
o
and, comparing with Eq.(3.2.21), we have
! irip( ) (3.2.24)
= — 7 L1(COS7Y L.
x—x| =it

3.3 Solution of the Generalized Legendre Equation

Let us now consider the case where we no longer assume azimuthal symmetry. Then we are

concerned with solutions of the Generalized Legendre Equation,

d l(1 —xQ)dP(‘”)} + [l(l+ o ] P(z) = 0. (3.3.1)

dx dx 1— 22

We can obtain a series solution in an analogous way to that of the ordinary Legendre equation.
For solutions to be finite at x = 41, corresponding to 6§ = 0, 7, we require that [ must be a

positive integer or zero, and that m takes the values
m=—-l,—l+1,....01—1,L (3.3.2)

Recall that we already know that m must be an integer by the requirement that the azimuthal
function Q(p) be single-valued.
For the case where m is positive, we can write the solutions P/™(x) as
m m 2\m/2 dm
PP(e) = (—1)"(1 = 2" Pi(2) (333)
or for both positive and negative m by adopting Rodrigues’ formula:

(_1)m dl+m
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Note that Eq.(3.3.1) depends only on m?. Thus we have that P, (z) must be proportional
to P/"(x), and in fact

o (L—m)!

T P (). (3.3.5)

) = (1)

Eq. (3.3.1) is an equation of Sturm-Liouville class, with eigenvalues [(I + 1). We can apply

the orthogonality theorem at fixed m, and we have

/_ R ACEAOR 212+ 1 8 * Z;: S (3.3.6)

3.4 Spherical Harmonics

We began by looking at separable solutions in spherical polar coordinates, and writing

1
o(r,0,¢9) = —U(r)PO)Q(p). (3.4.1)
Then we derived the equation

PQEU  UQ d (. ,dP UP  &Q
0 A 4.2
r dr? " r3sing o (Sm d0> s dg? (34.2)

which may be also written as

r? d*U 1 1 d d 1 d?
o = (sin0= )+ ———— | PQ=0 3.4.3
Uar TP [sin&d& (Sm de) sin29dg02} =0, (343)
Since U(r) satisfies Eq. (3.1.8)
r? d*U
—— = 1 4.4
=1+ 1), (3.0.4)
the angular part Y (0, ) = P(0)Q(p) satisfies
1 d d 1 &
— — | sinf— ———— Y =-ViY =[(Il+1)Y . 4.
[sin@d@ <Sm d0> " sinQHdgpQ] Vol =il+1) (345)

Thus, it is convenient to combine the angular functions into solutions on the unit sphere:

Yim (0, ) = \/(l ;7:?[)1&27;—; 1>le(cos )™ . (3.4.6)

The spherical harmonics (3.4.6) satisfy the equation

—VEYim(0,0) =114+ 1)Y3. (0, ¢) (3.4.7)
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or, in explicit form

Lo (0 18
sinf90 \""" 00 ) ~ sin® 6002

(A person familiar with quantum mechanics may recognize the expression in square brackets

Yim(ea 90) = l(l + 1)}/2771(97 90) . (348)

on lhs of this equation as a square of operator of anglular momentum L?.)

Using the relation between P, ™ (cos#) and P™(cos#) we have

Yi-m(0, ) = (=1)"Y;,, (0, ¢) (3.4.9)
and the normalization condition is
/27r dp /7r Y (0, 0)Yim (0, 0) sinfdf = 00y, (3.4.10)
0 0
ie.
/dQ Yim (6, 0)Y;" 0 (0,0) = Omum O (3.4.11)
For the case m = 0, the solution clearly reduces to the Legendre polynomial, up to some
normalization:
Yio(0, ) = 1/ 2 u L By(cosh) . (3.4.12)

3.4.1 Completeness

Any arbitrary function ¢(6, ¢) defined on 0 < 6 < 7, 0 < ¢ < 27 may be expressed in terms
of Yin:

00 l

90,0) => > AmYim(0, ) . (3.4.13)

=0 m=—1

where

T 2
A = /d9 sin9/ 9(0,0)Y;,(0, ) dp
0 0

— /dQ Y (0,0)9(0,¢) .

3.4.2 General Solution

We can now write the general solution of the Laplace boundary value problem as

00 l

O(r,0, ) = Z Z [Apr" + Bir ™7 Vi (0, ) (3.4.14)

=0 m=—1
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3.4.3 Addition Theorem for Spherical Harmonics

Consider two vectors x,x’, with coordinates (7,0, ¢) and (r',0',¢') respectively. Let v be

the angle between x and x’, so that
cosy = ——— = cosfcosd +sinfsinf cos(p — ¢') . (3.4.15)
X

Then we have

4 / /
Pi(cosy) = s > ¥ (0.9 Vim(0.9) . (3.4.16)
l

This is proved in Jackson, but is more easily proved using group theory. Note that we can

rewrite this in the form
l

[ —m)!
Py(cosv) = Py(cos@)P(cos ) + 2 Z %P{”(COS 0)P" (cos ") cosm(p — ¢') (3.4.17)
m)!
m=1
Example
An important application is to the expansion of ﬁ, discussed in section 3.2.1:
1 > rl<
=0 >

Using the addition theorem, we can rewrite this as

1
|x — x|

00 l
1 L
—=4m > > =Y (0,9 Vi (6, ). (3.4.19)
it

Superficially, this looks like a much more complicated expression, since we have introduced
an additional sum over m. But it is now a sum over terms that factorize into a function of

(0, ¢) and a function of (¢, ¢’), and thus much more useful.

3.5 Expansion of Green Function

in Spherical Polar Coordinates

The solutions found by separation of variables constituted complete sets of orthogonal func-
tions satisfying the appropriate boundary conditions. This means that any function, and in
particular the Green function, satisfying the same boundary conditions can be expanded as

a series of these orthogonal functions.
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3.5.1 Reminder: Green Functions
Green’s theorem tells us that the potential ®(x) related to the charge density p(x’) by
V20(x') = —p(x') /. (3.5.1)

can be written as

d(x) = ! /d3£L‘/G(X,X,),O(X/)
drey Jy
1 , N 0P (X)) B A O0G(x,%)
+47T S:avdS {G(x,x) 5 o (x) o (3.5.2)

The function G(x,x’) is said to be a Green function for the problem, it is a function

satisfying
V2G(x,x) = —4m6®) (x — ¥/). (3.5.3)

In general, it has the form
1
G(X, X/) = m —+ F(X, X/), (354)
where F'(x,x’) is a solution of Laplace’s equation

V?F(x,x') = 0. (3.5.5)

The utility of this representation is that we can choose G(x,x’) so that the surface integral
depends only on the prescribed boundary values of ® (Dirichlet) or 0®/9n' (Neumann).
In Dirichlet problem, the value of ®(x’) is specified on the surface, and therefore it is natural

to impose that the Green function Gp(x,x’) satisfy

Gp(x,x') =0 forx' on S, (3.5.6)
and thus
_ 1 3/ ! / _i/ ! ’ 8GD<X7X/)
Bx) = /Vd Y Goloe o) = - [ ds' o) LR
= ,(x) + Ps(x) . (3.5.7)

Thus the surface integral only involves ®(x’), and not the unknown 90®(x’)/on’.

Recall that Gp(x,x’) corresponds to the potential at point x of a point charge located at
x’, subject to the condition that the potential vanishes on the surface S. Thus, the first
term, ®,(x), corresponds to the potential of the charge distribution p(x’) in the presence of

a grounded conducting surface S.
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3.5.2 Green function for the Sphere in Spherical Harmonics

We have already seen that expansion of 1/|x — x/| may be written in terms of spherical

harmonics, viz.

Y D e i) 3.53)

=0 m=—1

Suppose we wish to construct the Dirichlet Green function for the outside of a sphere of

radius a. To get G(x,x’) = 0 for X’ on the sphere, we use the method of images, and obtain

1 a
G o= -
(x,x) x' — x| r|x’— xa2 /12|
rl a(a?/r)
= 4%2 Z 2l—|—1 lm , )me’@){rl;;_; P+ } )
1=0 m=—1

where we note that, for the image charge, r~ = r’,r. = a*/r, since the image charge is

always inside the sphere. Then we have

) l +1
, 1 . 7! 1 [ a?
=0 m=-1

We have thus accomplished our goal of expressing the Green function as an expansion over

orthogonal functions. There are some important observations we can make by looking at the

I+1 1 I _ a?H! ’

rl< 1 /a?\'" i |7~ I r<r
TS a rr/ - 1 I e r <3'5'10>

r> pes ol KA ol A

e The radial part manifestly vanishes at » = a and ' = a.

radial part

e It is symmetric under r <> 7”’.

e The solution is a linear combination of the solutions of Laplace’s equation, regarded
as a function of ' for fixed r, but a different linear combination for ' > r and r’ < r.

We will see how this property arises below.
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3.5.3 General construction of Green function in spherical coordi-

nates

In spherical polars, the Green function satisfies

47

V2G(x,x) = —ﬁé(r —1")0(p — @' )d(cos — cosb'), (3.5.11)
where
1 0 0 1 0 0 1 02
12 - - = 2~ - : 8/— - ) 12
v 2 Or' (T 87“’) * "2 sin 6’ 06’ (sm 89’) N 72 sin® § D' (35.12)
or using the V4,®> notation
170 0
2 _ - |2 2 Y ’ 2
SER EYREATRE | -
where
1 d d 1 &2
2 = — [ sinf— — . 5.14
Vo' = Ghgd0 (Sm de) T mZ6 dg? (3:5.14)

We will consider the case where we require the Green function over the full angular range
0<60 <m 0< ¢ <27. Thus we can expand the Green function, as a function of the

primed variables with the unprimed variables fixed, in spherical harmonics:

G(x,X) =Y Fya (1,0, 0,7 )Y (¢, &). (3.5.15)
ll /

Substituting this into the inhomogeneous equation we have

i 0 2 OF
or’

r

or’

= —415(7“ —1")0(p — @' )d(cos O — cos@'). (3.5.16)

7,/2

} Vi (0,0) + Foe VY (0, 90’)}

Vm!

Now the spherical harmonics are solutions of Laplace’s equation on the unit sphere, and,
from Eq.(3.1.4), satisfy

VY (0,0 + 11+ )Y (0, @) = 0. (3.5.17)

Thus our Green function equation becomes (after canceling 1/r'2)

0 /28Fl’m’ 11! * o
S { o [0 | = Bt 0+ 0 Y50

U'm/

= —47d(r —1")d(p — ¢')d(cos @ — cos ). (3.5.18)
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We now multiply by ¥;,,(€',¢), and use the orthogonality properties of the spherical har-

monics:

9 {ra%} - Flml(l +1)

or’ or' '
= —4r / dQ' Y, (0,00 (r —r")o(e — ¢")d(cos§ — cos ")
= 41 Y (0, 0)0(r —1'). (3.5.19)

Thus, the angular dependence of F,, is given by Y;,,(0, ¢), and we may write

Fim (1,0, 057") = gi(r, 1) Yin (0, ) (3.5.20)
where g;(r,r’) satisfies
< T”Qigz(r ")) =11+ Dagi(r,r’) = —4ms(r —1'). (3.5.21)
dr’ dr’7 '

This is just the radial part of Laplace’s equation. To proceed further, we must specifiy

boundary conditions.

3.5.4 Green Function for the Sturm-Liouville Equation

We wish to determine the Green function to the equation

d

T P(f)%} +q(a)g(z,2') = —And(z — 2'), (3.5.22)

defined on the interval z’ € [a, b], with homogeneous boundary conditions at a and b. Note
that we regard x as some arbitrary, fixed parameter.

The Green function must possess the following properties:

1. For 2/ # z, g(z, ") satisfies the homogeneous equation, i.e. the Sturm-Liouville equa-

tion with no source on the r.h.s..

2. g(x,2’) satisfies the homogeneous boundary condition at ' = a and 2’ = b, e.g.
g(x,a) =0 and g(z,b) = 0.

3. g(z,2") must be continuous at ' = x. This is subtle; otherwise dg/dz" would contain a
d-function, and d?g/dz" would contain the derivative of a j-function at 2’ = x, which

is more singular than the r.h.s. of the equation.
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To see what happens at 2’ = x, we integrate the equation from x — € to x + €:

/x o da’ {% {p(x’)%} + q(x/)g(x,x/)} = —Ar / o dr'§(x — '),  (3.5.23)

—€ —€

leading to

d 1 xte T+e
{p(x')%} +/ dr' q(2')g(z,2') = —4r. (3.5.24)
T T—€ Tr—€
Both ¢(2) and g(z,2") are finite (and even continuous) at =’ = x, and therefore we have
T+e€
lirr(l) dz' q(z")g(z,2") = 0, (3.5.25)
€—>! T—€
and we may write
. dg(x, a')]""*
/ ? [
11_{% {p(m ) el 4. (3.5.26)
The function p(2’) is also continuous at 2’ = z, and thus
. Jdg(z, 2’ =x+¢€) dg(z,2'=2—¢€)|
p(x) 11_1)%{ T — T = —A4r , (3.5.27)
which we write as
dg(z,x") 47
§ | ———= =——— 3.5.28
[ do’ | ,_. p(x)’ ( )

i.e. there is a discontinuity in the slope of the Green function of magnitude 47 /p(x) at 2’ = .

Discontinuity in

/ e
1
|
|
1
|
1
|

a x b
Thus we will write our Green function as
o a<a <u:
g(z,2") = Cy(x)y (o), (3.5.29)

where y;(2') is a solution of the homogeneous equation satisfying the appropriate

boundary condition at ' = a.
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o r <2 <b:

g(z,2") = Co(x)ya () (3.5.30)

where yo(2z') is a solution of the homogeneous equation satisfying the appropriate

boundary condition at x’ = b.
We now impose the conditions on the Green function at 2’ = x
e g(x,z’) continuous at 2’ = x:

Ci(x)y1(z) — Co(x)ya(z) =0 (3.5.31)

e Discontinuity in slope is —4x /p(z):

Coloy(a) = Calaih () =~ (3.5.32)
From Eq.(3.5.31), we have
Co(x) = % (3.5.33)
Substituting into Eq.(3.5.32), we find
S _ o) = -
= C) = T ]
=0 = el

where the W is the Wronskian (named after a Polish-French mathematician J. Wronski),

Wilyi(2), y2(2)] = y1(2)ys(2) — ya )y (2). (3.5.34)

Note that this method only works if y; and yo are linearly independent, since otherwise the
Wronskian vanishes.

Thus our general form for the Green function is

A m@u)

p(x) Wiy (z),y2(x)] * = =
_Ar y1(x)y2(x’) e
(@) W () (@] © =7 =0

g(x,2') = (3.5.35)
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So, the Green function in the regions x’ < x and 2’ > x is given by two different, linearly
independent solutions of the homogeneous equation.
One can show that the combination p(x)W [y, (z),y2(z)] in fact does not depend on =z, if

y1(x), y2(x) are two independent solutions of the Sturm-Liouville equation

% [p(a)y/ ()] + a(w)yla) =0. (35.30)
Indeed, let us write this equation for y; (x) and multiply it by y2(x),
o) |15 ol @] + atan(a)] =0, (357
and then write the equation for yo(z) and multiply it by y;(z),
yi(z) {% [p(@)ys(2)] + q(x)yg(x)} =0. (3.5.38)
The difference of these two expressions gives
() 5 [Pk ()] = ()7 ()] = 0. (3.5.39)

Integrating this equation over x from some fixed point ¢ in the interval [a, b] to some point

z inside the same interval gives, after using integration by parts,

()b} () = (ol )up(@)) ] — [ @bl (@) — s (@pla)uhla)lds =0

(3.5.40)

Since the integrand of the x-integral above vanishes, we have
y2(2)p(2)y1(2) — 11 (2)p(2)15(2) = y2(c)p(e)yfi (c) — ya(e)p(c)ys(c) (3.5.41)
—p(2)Wy1(2), 42(2)] = =p(c)Wyr(c), a(c)] (3.5.42)

i.e., the combination p(2)W{y;(z), y2(2)] is a constant independent of z. As a result, we may

write g(z,2') as

Cyr(z)y(af), a<a' <uz;
g(x,2") = (3.5.43)
Cyr(z)ye(z)), <2/ <b.

where C' = —4n /{p(x)Wy1(z),y2(z)]} is a constant. Even more compact form is

g(x,x") = Cy(zo) ya(zs) | (3.5.44)

where . (z-) is smaller (larger) of z, 2.
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3.5.5 Dirichlet Green Function between Spheres at r =a and r =0

We require g;(r, ") subject to the boundary conditions g¢;(r,a) = g;(r,b) = 0.

1. a < r" < r: The solution y;(r’) of the homogeneous equation must satisfy y;(a) = 0.

Now the general solution is of the form

n(r') = Ay’ + By’ (3.5.45)
and thus we have
Ajdd + Bija771 =0 = By = —Ad¥H! (3.5.46)
yielding
!
() = A [r’ — /l+1:| (3.5.47)

2. r < 1" < b: Then the solution y,(r’) of the homogeneous equation must satisfy

y2(b) = 0, and thus we have
Agbl + BQb_l_l =0 = A2 = —ng_2l_1 (3548)

yielding
, 1 r't

We now construct the Wronskian

Wy (r), y2(r)] = ya (1) (1) — y2(r)yi () (3.5.50)
! 1 -1

= Al |:7" — RS :| B2 |:—(l + 1)7‘l—+2 — lb21+1:| (3551)
1 rl - g2+

- b [m B b2l+1} Ay {lrl f+ ((+1) rit2 ] (3.5.52)

(3.5.53)

20+ 1 a?t!
= —ABy— [1 —

One can see that 7271 and 1/r%*3 terms canceled, and only 1/r% terms remained. Noting that

p(r) = r?, we observe that, once again, the product of p(r) and Wronskian Wy, (r), ya(r)]
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is independent of the evaluation point, and we have general solution

( 2041 l
A 7 = Q B L __r
1 RS 2\ T p2tt
— 4 coa<r<r<b

20+1 ) = ~ >
—A1By(2l4+1) (1 — B

g (’T‘, T/) = . a?l-i—l 1 T/l P
Ay (T RS ) By (7"”‘1 - b2l+1)
—47 ;

poIaS] ;oa<r<r<b

\

which we may write in the more compact form

A g2\ 71 . a2t 1 rl

< >

and hence

G(x,x') = Zgl(r, Y (00" Yim (0, 9). (3.5.56)

Note that it is also possible to recover this result using the method of images, but in this

case an infinite number of image charges are required.

Example:

Consider the potential inside a grounded,
conducting sphere of radius b, due to a uni-

form ring of charge of radius a < b, and to-

tal charge @, lying in the plane through the
equator, and centered at the center of the

sphere.

We can obtain the Green function by taking the a — 0 limit of Eq.(3.5.56):

00 l
4r 1 7! .
Gxx) =3 > o= (T - bm;) Vim0, Vi (6, ) - (3.5.57)
=0 m=—1

The potential is then given by

. 1 ' 3 1 / A / ’
d(x) _47T60/Vd ' G(x,x)p(x') pm /sav dsS (I)<X)—3n’

=,(x)+ Ps(x) . (3.5.58)
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In our case, the surface integral ®5(x) vanishes, because the potential vanishes there.
However, it is instructive to calculate this contribution for a situation when the potential on
this spherical surface is given by some nontrivial function V (¢, ¢'). We can write it as an

expansion over spherical harmonics:

e}

V(IO @)=> > VinYim(0.¢) . (3.5.59)

=0 m=—1

The coefficients V},,, can be obtained using the orthogonality relation for spherical harmonics
(3.4.11),

s 2m
Vim = / dae’ sin@’/ V(&Y (6, ¢)
0 0
= [y e ey
To calculate the derivative 0G(x,x’)/0n’ of the Green function on the surface S (i.e., for

r’ = b, when 7’ takes the largest possible value), we should take r- = r and r~ = ' in Eq.
(3.5.57):

/0

T *
i = Z Z Qlﬂ rt ( s bm) Vi (07, 9")Yim (0, ) (3.5.60)

Then

1 0G(x,x)
Cdrm o/

1 0G(x,x)
s T 4x O

Z Z bm O VYin(0,¢) . (3.5.61)

r’'=b 1=0 m=—I

Using dS" = b?d§Y and the orthogonality of spherical harmonics, we obtain

Bg(x) = —ﬁ | as'e) ‘9G (x, ) Z Z Vi Yim(0, ) . (3.5.62)
We see that, for r = b, the potential ®g(x) is given by V(0,¢). For r < b, the Y;,(60, ¢)
spherical component of ®g(x) is accompanied by the (r/b)! factor, i.e., to get the poten-
tial one should expand V (6, ) in spherical harmonics and attach the (r/b)! factor to each
Yim (0, ). The result for ®g(x) depends only on the boundary conditions function V (6, ¢):
it is universal for any charge distribution inside S.
Let us now return to our original problem of finding potential of a uniformly charged ring

inside a grounded sphere. The (linear) charge density in this case is given by

Q

2ma?

p(x) = 5(r' —a)d(cosd') . (3.5.63)
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Ezercise: verify that the total charge is indeed Q).
Thus the potential is

1 Q
(b — / / /12 / _ /
(x) T /dgp d(cos0")dr'r Sma? d(r' —a)o(cos )
! 1 rl
x 47TZ Z 21+1 Y (8, 1) Yim (6, 0) 7 P p2L [
=0 m=-1 >

In this case we have azimuthal symmetry, and the only non-vanishing integrals arise from

the terms with m = 0, for which

20+1
7r

Yi0(0, @) = Py(cosb). (3.5.64)

Thus we have

1 , 1 7!
P(x) = 47r€0/dr'r' a25 r—a ZPZ )Pi(cos ) 7! {E_ 52;1}

=0
Q = (—1)r@n—11 , [ 1 g
- nz:% 2mn! < 2t T pantt Py, (cosb) ,

where we have used

Ponia(0) = 0
(—1)"(2n — 1)!
2n)
Here, r- = min(r, a), r~ = max(r, a); hence, the radial dependence is given by r?*(1/a*" ! — a?" /pin+1)
for r < a and by a**(1/r*" T — r2" /") for a < r < b.

It is instructive to write this result as a function of ratios r /b, r/a and a/b:

P2n(0> -

"(2n — )N
d(x) = 47r60a Z Py, (cos0) (3.5.65)

Z”n'
SO (- ()" ez =]

I
B(x) = [47?60} {Ké—%) oo<r<a+2{1-71 O(agrgb)]

~

The first terms of the expansion are given by
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Let us examine this result.

At the origin, i.e. for r = 0, only the n = 0 works, and we have ®(r = 0) = (Q/4meg)[1/a —
1/b]. Here, the Q/4mepa term is generated by the ring: total charge @, all located distance
a from the origin. The induced charge on the sphere should be —@Q), since there is no field
outside the sphere. This charge (all located distance b from the origin) produces potential
—Q)/4megb at the origin.

Returning to the general case of r # 0, we note that in the absence of the sphere, i.e. for

b = oo, we have

P(X)|p—oe = 47r60a Z Z"Z'_ ! Py, (cos )
v {(2)2" 00 <r<a)+ (2)2"“ la<r<oo)| .  (3566)

Naturally, this potential is non-zero for » = b. Our experience with image charges suggests
that to get the total zero potential on the sphere of radius b, we should add, for any in-
finitesimal charge dq on the a-ring, an image charge of size —(b/a)dq located distance b?/a
from the origin. Thus, we need to consider the potential of a ring located at distance b?/a
from the origin in the same plane as the original ring, and with total charge —Qb/a. This
potential is obtained by changing a — b*/a and Q — —Q@Qb/a in the equation above, which

gives

. Qbja & "(2n — 1)!!
Ppimage - _ P. 0
(X) 47T€0 bQ/a Z 2nn' QH(COS )

n=

[(#)271 0(0 <r <b*/a)+ (bi/a)znﬂ O(b*/a <r < oo)] :

Since the image ring is outside the b-sphere, i.e. r < b*/a, working inside the sphere we deal

with the first contribution

mage "(2n — 1N ar\ 2n
PTE o = - 47r60b Z 2"71‘ Pon(cos ) (b )

only. It may be rewritten as a sum of a < r and r > a terms (each of which comes from the

same functional form (ar/b%)?"/b = (r/a)**(a/b)*" ' Ja = (a/r)>" 1 (r /b)*"*1);

. "(2n —1
q)lmage(x)|7’ﬁb - 47reoa Z ) P2n(COS 0) (3'5'67>

2”n'

: W<%>4"“e<osfsa>+<ﬁ>2”“ ()" oo

a r
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o (r,0) 0 =90°
4 84.3

72.5°
60°

OO

0.2 04 0.6 0.8 1.0

Figure 3.5: Potential ®(r,6) (in units of Q)/4megb) calculated as a sum of Legendre polyno-
mials Py, up to n = 100 in case of a = b/2 as a function of the radial variable r/b for the

values of the polar angle 6 corresponding to cos# =0, 0.1, 0.2, 0.3, 0.5,0.6, 1 .

One can see that the sum of the potential of the ring (3.5.66) and its image (3.5.67) produces
the potential (3.5.65) of the ring inside a grounded sphere.

It is also interesting to study the r-dependence at different angles. Take, for example,
a = b/2. Then, at the origin we have ®(r = 0) = Q/4meeb for all angles. For r = b, the
potential vanishes for all angles. The ring is located at r = @ and # = 7/2. One can see
that for & = 90° the potential curve has a cusp for r = a. When one slightly deviates from
the ring plane, the potential still reflects the existence of the ring at »r = a. However, when
6 < 75° the curves show no bumps in the r ~ a region.

In fact, the potential of the disk in the absence of the sphere may be easily obtained directly.
First, consider the potential on the z-axis. Then all the points on the ring are located at a
distance v/a? + 22 from the point z on the z-axis, i.e.

Q
Plpeo(2) =———F— . 3.5.68
lb=o0(2) e T ( )
Using Taylor expansion
(1+a) 2= i "Cn= DY . (3.5.69)
2”n' 5.
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valid for |a| < 1, we obtain

— 1" n n
Pheats) s S R (2 02 <0+ () dlo <2200

(3.5.70)

As we know, to get solution outside the z-axis, we should change z — r and add the Legendre
polynomial Py, (cos#) corresponding to 72" and 1/7?"™! powers. This gives Eq. (3.5.66) .

However, the number of problems solvable by the method of images is very limited, while
the Green function method allows one to calculate (at least numerically) for any charge

distribution inside a sphere, if the potential on the sphere is given.

3.6 Laplace’s Equation in Cylindrical

Polar Coordinates

We will denote the coordinates by (s, ¢, z)
<

X

In terms of these coordinates, Laplace’s equation assumes the form

10 ([ 0P 10*° 9*®
29 — ——+—=0. 6.1
V(s 2) = s 0s <883) 828g02+8z2 0 (36.1)
As before, we look for separable solutions of the form
O(s,p,2) = R(s)T(p)Z(2), (3.6.2)
so that Laplace’s equation becomes
1d ( dR 1 d*T d*Z
T7—— | s— RZ— RT =0 3.6.3
sds (S ds ) s2 dp? LR ’ ( )
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which we may rewrite as

1 1 &*T 1d*Z
+ (5 + et e (36.)

skds \"ds ) Vora2 T 7 a2

The third term is a function of z alone, whilst the others are a function of s and ¢ alone.

Thus we may write

1 d2Z
S =k (3.6.5)

where k is a (not necessarily real) constant, with solution
7Z(2) = e**=. (3.6.6)

Thus we may now rewrite Laplace’s equation as

s d [ dR 1 d*T
—— | s— —— 4+ k=0 3.6.7
Rds (Sds> ng02+ ° ’ ( )
and so for the angular term we have
1 d°T
with solution
T(p) = e, (3.6.9)

For the solution to be single valued at ¢ = 0 and 27, ¥ must be an integer.

Finally, the radial equation is
s d [ dR 9,992

We can eliminate the constant k by the substitution z = ks, yielding
x d dR 9 9

which we write as

d’R 1@_’_( V2

da? ' xda
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This is the Bessel Equation.

As in the case of the Legendre equation, we find a solution by series substitution
R(z)=> cax”™: g #0 (3.6.13)
n=0

ASIDE: why do we have to introduce the power z7, rather than just looking for a solution
in terms of a Taylor expansion about x = 07 The reason is that there is a regular singular

point at x = 0, i.e. the coefficients of R” and R’ in the Bessel equation written as

2 2
— tar— —1V*)R=0 3.6.14
ot x+(:z v?) ( )

vanish for x = 0, and therefore the solution can have a singularity there. In the case of the
Legendre equation, there are regular singular points at x = +1.
From Eq.(3.6.13), we have

dR .
— = Z Cn(y + n)z7
dz —~
d’R =
Tz = Z cn(y+n)(y+n— 1272
n=0

and substituting into the Bessel equation we have

S o) 1 S S T S 0,
n=0 n—=0 p— —

(3.6.15)

or

D ey +n)? =4 et =0 (3.6.16)
n=0

n=0
The lowest power of z is 2772, and equating the coefficients of this to zero gives the indicial

equation which determines .
o 1772
coly? =1 =0=~v=+v, sincecy#0. (3.6.17)
o 1L
0 = ally+1)* =07
= a(P+2y+1-0)
= c1(2y+1) since y*> =v

2

= c¢; = 0 since v is an integer.



Boundary-value Problems in Curvilinear Coordinates 115

To proceed further, we rewrite Eq. (3.6.16) as

Y enpal(yHn+2? =1+ e =0 (3.6.18)

n=-—2 n=0
e 2" n>0:

Corol(YHn+2)? =]+ ¢, = 0
= Copa[(YHn+2)? =17 = —c,

Using in the last line v? = 42, we have

Cni(Y+n+2)? =7 = —c,
or
Cn
Cn - :
- (n+2)(n+2+2y)

As in the case of Legendre’s equation, the recurrence relation connects either odd or even
values of n. However, we have seen that ¢; = 0. Thus ¢,, = 0 for all odd n. Therefore, let us

make the substitution n = 24, and write the recurrence relation as

C2j .
Coing = — —— : . j=0,1,2,...
RAR TS § T e R
Coj+1 = 0.
Rewriting
C2j—2 .
Cpj= —— 2 =12,
TG

we can now iterate this recurrence relation to obtain

1\’ Co
C”:<_Z> G0 =10 GG = 1+7) - (1+9)]
Y (%) =1y (%) i Lo+l (3.6.19)

i+ ) JHDC(y+j+1) "

We switched to the Gamma-function notations since v is not necessarily positive. The

Gamma-function representation allows also to define Bessel functions for non-integer . For

further convenience, we choose

1

= SFL T (3.6.20)

Co
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so that the solutions may be written as

Tle) = (g)yzor(jﬂ)(r_(?;jﬂ) (§>2j (36:21)

j=

Jolz) = <g> D> I'(j+ 1)(;(2)]— v+1) (g)% ‘ (36:22)

J=0

These are the Bessel Functions of the first kind of order +v. Particular examples:

By =3 ((;!1)); (%) | (3.6.23)

=0
T — (—1) 72\’
Ji(r) =) ——— <—> . (3.6.24)
2 JlG+ 1)\ 4
It is easy to see that Jj(x) = —Ji(x), i.e.. maxima or minima of Jy(x) are located at zeros

of Ji(x). Also, (zJi(x)) = xJo(x). These are particular examples of recurrence relations
between Bessel functions.

Let us now list some general observations about Bessel functions:
e The series producing Bessel functions converge for all finite z
e If v is not an integer, the solutions are linearly independent.
o If v is an integer, they are linearly dependent, and in particular
J_m(z) = (=1)"Jn(2). (3.6.25)

Proof: This is a consequence of the properties of the gamma function I'(z), which has

singularities for z = 0 and for z a negative integer - recall the earlier relation

D(2)[(1 —2) = —

(3.6.26)

sinmz’

We have

T =(3) 2 TG+ 1)<F_(;>J—m+ 0 ()" (36:27)

j=0

Now I'(j — m + 1) — oo as argument approaches 0 or a negative integer. Thus only
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those terms in the sum for which j —m + 1 > 1 contribute, and we can write
x)ﬂﬂi (—1)7 <x>2j
2 fmd PG+ —m—+1)\2

)G e ()
)

m - s (1) 2
D T+ 1D+ m+1) (5)

=0

J_m(z) =

Because of the linear dependence of J_,,(z) on J,,(x), we introduce a second, linearly inde-
pendent function
Jy —J_,
N, (z) = L&) cosvm (=) (3.6.28)

sin v

known as the Neumann Function or the Bessel Function of the second kind. Con-
ventionally, we choose as our linearly independent functions J,(z) and N,(z) even if v is not

an integer.

Bessel Function of the Third Kind

These are just another pair of linearly independent solutions of the Bessel equation:

HY(z) = J,(2) +iN,(z) ,
H?(z) = J,(z) —iN,(z) .

These are also known as Hankel Functions. Their utility is that they have a more straight-

forward integral representation than J,(z) and N, (x).

3.6.1 Recurrence Relations

The sets of solutions of the Bessel equation are collectively known as cylinder functions,

and satisfy recurrence relations in the same manner as the Legendre polynomials, e.g.

%a(@) + Qala) = 20()

A (z)
Q1(z) — Quya(x) = 2 T
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3.6.2 Limiting Behaviour of Solutions

In the limit x < 1, we have

2[1n(£)—|—7E+...] V=
where v is real and non-negative, and vy = 0.5772... is the Fuler-Mascheroni constant.

Note that, when constructing solutions of the boundary-value problem, only J, () is regular
as ¢ — 0.

In the limit x > 1, v, we have

2 vwT T
J(x) — — cos (x -5 Z)
2 . 2
Noa) = /s (x - - Z> . (3.6.29)

The transition between these limiting forms occurs at x ~ v.

3.6.3 Roots of the Bessel functions

From the limiting forms (3.6.29), we see that each Bessel function has an infinite number of

roots, which we denote x,,,n =1,2,3,... where
J () =0, forn=1,23.... (3.6.30)
In particular, we have

v=0:20, = 2.405,5.520,8.654,...
v=1:2, = 3.832,7.016,10.173,...
v=2:2y, = 5.136,8.417,11.620,...

3.6.4 Ortogonality of the Bessel Functions

The roots of the Bessel function J,(z) are crucial when we consider its orthogonality prop-

erties, which take a rather unexpected form. We introduce the functions
Vs, (zyns/a),n=1,2,3,... (3.6.31)

and will now show that, for fixed v > 0, these functions, identified by n, form an orthogonal
set on 0 < s < q.
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Proof

Recall the Bessel equation:

d dR 9 9
— — — =0. .6.32
xdm<xdx>+(x vV )R=0 (3.6.32)
Let us make the change of variable + — x,,s/a. Then
si (SM> + (Tyns/a)® — v J,(1,n8/a) =0 , (3.6.33)
ds ds
or
1d[ d LV
Py {ng,,(myns/a)} + ( 2 ?) J(xyns/a) =0 . (3.6.34)
We now rewrite this as
d [ dJ V2 x?
— Y- =, = s, 3.6.35
ds [s ds } s a’ ( )

This is the Sturm-Liouville equation, with

p(x) = s
gz) = —v*/s,
r(z) = s,
N o= 22 /d*
Thus we have
(xzn - £Ezn’) / ds SJV<an/S/&)JV($VnS/a) =0 (3636)
0
providing
d d a
s J(xps/a)—J,(xpns/a) — J(xyns/a)—J,(x,s/a) = 0. (3.6.37)
ds ds 0

At the upper limit, s = a, this expression vanishes since z,,, and x,,, are roots of the Bessel

function, and at the lower limit, s = 0, the expression vanishes because of the factor of s.

/0“ ds s, (95;3) & <x25> =0.n#n (3.6.38)

The integral can be evaluated for n’ = n, with the result

Thus we have

/Oa ds sJ, (:Um$> J, (xynus) _ a; Unor(@o) 2 0. (3.6.39)

a a
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3.6.5 Completeness

We now assume that the Bessel functions satisfy the completeness relation, and therefore we

can expand any function on 0 < s < a as

F(s) = Avndy(wyns/a) (3.6.40)
n=1
where
2 “ Tyn'S
Ayn:m/o dssf(s)Jl,< . ) (3.6.41)

This is a Fourier-Bessel series. This expansion is particularly useful for the case where
f(a) =0, e.g. the Dirichlet problem, since each term in the expansion satisfies the boundary
conditions. An alternative set of basis functions is provided by

V5, (y"5> 7 (3.6.42)

a

where the y,,, are the roots of dJ,/dx = 0, because this set still satisfies the condition of

Eq.(3.6.37). This choice is often more appropriate for the Neumann problem.

3.6.6 Modified Bessel Functions

Note that if we have chosen a separation constant such that the solution in the z-variable

was
7Z(2) = e (3.6.43)

then the equation for R(s) would have been

2R 1dR ([, V*
- (k + §> R=0, (3.6.44)

which, after our usual substitution x = ks, becomes

d’R  1d*°R V2
—+—-——-(14+= ) R=0. 3.6.45
dx? * x dx ( * x2) ( )

with solutions

L(x) = i7"J,(ix),
K,(z) = gfﬂﬂgn(m).

These, like I, and N,,, are real functions of a real variable z, with limiting forms:
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r <1
1 T\V
I(x) = T(v+1) <§>
—[ln(E + v + } V=
KV 21/
(517) — {F(;) (%) V%O
x> 1v

K, (x) — %e*x [1+0<§)]

Note again that only I, (x) is regular as z — 0.

3.7 Boundary-value Problems

in Cylindrical Coordinates

Consider the solution of the boundary-value problem in a cylinder of radius a, and length

L, subject to the boundary conditions

M’ee— |
/ a L
0=0
< y
~
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We look for separable solutions of the form
D(s,p,2) = R(s)T () Z(2). (3.7.1)
The angular factor has the form
Tin(p) = Asinme + B cosmyp (3.7.2)
where m is an integer greater than or equal to zero. The z factor is of the form
Z(z) = sinhkz (3.7.3)

where k is the separation constant, and we have imposed the boundary condition Z(0) = 0.

Finally, the radial component is of the form
R(s) = Crdm(ks) + Dy Ny (kS). (3.7.4)

Since there are no charges in the region s < a, the solution must be regular there, and in
particular must be finite at s = 0. Thus we have D,, = 0. Furthermore, R must vanish at

s = a, and thus
Im(ka) =0 (3.7.5)
and hence the values of £k are
kmn = Tmn/a, n=1,2,3, ... (3.7.6)

where x,,, is the n-th root of J,,(z) = 0. Thus our general solution may be written

oo

B
O(s,p,2) = Z%Jg(k(ms)sinh(k‘onz)

n=1

+ I (kpn$) sinh (K 2) [Apn sSinme + By cosmep].  (3.7.7)

m=1 n=1

We now impose the boundary condition at z = L:

o0

B
Vis,g) = > QO”JO(kOns)smh(kOnL)

+ I (ki 8) sinh (ki L) [Apn SInmp + By cOs Mip].
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This is a Fourier series in ¢ and a Fourier-Bessel series in s. We apply the orthogonality

conditions, e.g., for A,,,:
a 2m
/ dss/ do V (8, ) I (ki s) sinm/o =
0 0

i f: sinh (kL) { /O s st(kmns)Jm/(k’m/n,s)}

m=0 n=1

2 27
X {Amn / dp sinmpsinm’'o + By, / dy cos mp sin m’cp}
0 0

= Z Z Sinh(kan)Amn {%[Jerl(xmn)]Qénn’} {W(Smm/}

m=0 n=1
and thus
2 a o
Amn = 7Ta2Sinh(k;an)[Jm+1(xmn)]2/0 dSS/O dp V (s, ) Jm(kmns) sinmep
2 a o
Bon = R TG F J, 1%, 9Vl o

This form of the Fourier-Bessel seires is appropriate for problems confined to a finite region

of s. Suppose, however, that we are interested in the solution for all 0 < s < .

Example

Determine ®(s, ¢, z) for the upper half-space z > 0, with ®(s,p,0) = V (s, ), and & finite

as z — 00. Then the separable solutions are of the form
e M [Asinmep + B cosmeglJ,,(ks) (3.7.8)

but there is now no restriction on the value of k other than it be positive (to ensure that ®
is finite as z — 00). Thus the sum over discrete values of k becomes an integral over k, and

our general solution is
= ke Bo(k)
D(s,p,2) = dke TJO(ks) (3.7.9)
0
+ Z / dk e { A, (k) sin mep + By, (k) cosmep)} J(ks).
m=1"0

We still have a Fourier series in ¢, but the Fourier-Bessel series has evolved to a Bessel

transform.
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Imposing the boundary conditions at z = 0, we have

Vis,@) = /OoodkBoz(k)Jo(k:s)

4+ z_:l /OOO dk {Ap (k) sinmep + By, (k) cosmp} Jp(ks)

and we can invert the Fourier series to obtain

1 2 00
—/ do' V(s,)sinmy’ = / dk A (k)T (ks)
0 0

™

1 2m 00
—/ do' V(s,p)cosmy’ = / dk By, (k) J(ks) .
0 0

™

The integral of some function A(k) with a Bessel function J,,(ks)

Mo (s) = /0 " ik A(k) o (Rs)

Chapter 3

(3.7.10)

(3.7.11)

(3.7.12)

(3.7.13)

is called the Hankel transforms #,,(s). We can invert it using the completeness relation

/ ds sy (ks)Im(K's) = %5(1{:’ — k).
0
Using it, one has
A(k) = k/ ds sJm(ks)Hm(s) .
0

In our case, applying (3.7.14) to the first line of Eq.(3.7.12), we have

(3.7.14)

(3.7.15)

1 0 27 o o
—/ ds’ s’/ do' V(s @) sinmg' J,(ks') = / ds’ s’/ dk' Ay (K') T (K's") T (kS")
T Jo 0 0 0

_ / dK A, (k) 26k — 1)
; l<;

and thus we have
) 2m
/ ds’ s’/ deV (s, @) sinmy' I, (ks')
0 0

) 2m
/ ds' s’/ do' V (s, ") cosmeg' J(ks')
0 0
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Substituting these coefficients into the expression (3.7.10) for ®(s, ¢, z), we have
00 2T 1 00 1

(s, p,2) :/ s'ds' / de' V(s ¢ —/ kdke** {—Jo(ks')Jo(ks)
0 0 T Jo 2

+ ) cosm(p — gp’)Jm(ks’)Jm(ks)} . (3.7.16)

m=1

Rewriting this result as

') 27
B(s,,2) = / J ds / d¢ B(s, ' 5,0,2) V() (3.7.17)
0 0

where

I 1 —
B(s', ¢ 8,0, 2) :;/ kdk e " {§J0(ks')J0(ks) + Z cosm(p — gp’)Jm(ks')Jm(ks)} ,
0

m=1

(3.7.18)

and treating B(s', ¢; s, p, 2) as

: (3.7.19)

z'=0

0
B(S/a 90,7 S, ¥, Z) - %G(S,7 Qolv Z/; S, ¥, Z)

(recall that 0/0n’ = —0/0%' for the 2’ > 0 region) where

™

I N1 -
G(s', ¢ 2 s,p,2) = —/ dk e k=) {ﬁJo(ks')Jo(ks) + Z cosm(p — Lp')Jm(ks’)Jm(ks)} ,
0

m=1

(3.7.20)

we realize that we have obtained a Green function type representation of the solution of our

problem.

3.7.1 General Solution of Green Function in Cylindrical Polars

So, let us find the Green function in cylindrical coordinates using a general method based

on solving the equation
V2G(x,x') = —4md(x — X) . (3.7.21)

As boundary conditions, let us take the simplest case of zero potential at infinity, i.e., we

will find Green function in unbounded space.
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To express the r.h.s. in terms of cylindrical coordinates, we recall that
N=>
i

where x; are the roots of g(z) = 0. Thus, in three dimensions, we have

Ve (3.7.22)

3 =) = | GELE s = 90l = )0l = ) = (s = ol - )i~ 7).
(3.7.23)
Hence the Green function satisfies
V2G(x — ¥) = —‘i—”(s(s — $)6(p — ¢)8(z — ) (3.7.24)
where
s
V? = 51 aas (s'%) + é 8?0’2 + aaz/?' (3.7.25)

Note that in the following we will treat the unprimed indices as fixed parameters.

We will now specialise to the case where we wish to obtain the Green function in a volume
V' encompassing the full angular range 0 < ¢ < 27. Then any solution can be expressed as
a Fourier series in ¢/,

oo
1, Al

G(x,x") = G(s,p,2;8,¢,2) = Z Fo(s, 0,28, 2 )e” ™7, (3.7.26)

I’ —

m'=—00

Substituting this into Eq.(3.7.24), we have
N e [10 o) 5 1
Z e me {;% [ B9 —Fn, (s,gp,z;s’,z')} —m/ ﬁFm/(s,go,z; s, 2"

m/=—o0

2 4

9,
—F ol =—— _ A Y
o593 ) | = = 0806 = )0l = )3z = )

We now use the orthogonality properties of the expimp to obtain

2m
i(m—m’) 10 0 5 1
Z / dy'e {S/ Os’ { /a / (S,gp,z;sl,z’)] —m’ ﬁFm/(saSOwZS s, 2')

yielding

10 OF, m? 0°F, 2 -
R P m m_ _Z o I\ pimep
o [ 55 ] d(s—s")o(z—2")e™. (3.7.27)

— —1I'm -
SI2 62/2 S/
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Thus we have explicitly exhibited the ¢ dependence, and can write
Fr(s, 0,28 ,2) = fnl(s, 2,8, 2 )™, (3.7.28)
where f,, obeys the P.D.E.

1 a /afm m2 82fm . 2 / /
Lo {S %} St 255 — )(z — ). (3.7.20)

022 - g/

Thus from our original P.D.E. in three variables we now have a two-variable P.D.E..

To proceed further, we must say something about the boundary conditions, or at the very
least specify the volume V. We will assume that is covers —oo < z < 0o, and then write f,,
in the Fourier representation

]. o0 N W e
fm(s,2;8,2") = Py dk'e 7 f,(s, 28, K).
7T — 00

Substituting this representation into Eq.(3.7.29), we have

1 o ) ik 1 a /am m2 ’ 2 ’ ’
— dk' e~ " {— [s / ]—ﬁfm—kam}:—;(5(5—3)5(2—2). (3.7.30)

21 ) s'9s | 05

Now, we multiply both sides with exp ikz" and integrate them over z’. Using the orthogonality

properties of the exp ikz exponentials gives

10 Ofm m? - o 7 2 ik
;@ [S/ 83’ ] — ﬁfm —k fm = —35(8 - Sl>€ s (3731)
where fm = fm(s, z;8', k). We have now exhibited the z dependence of the function, and
may write
r / 1 ikz /
fm(s,z; 8 k) = 7€ gm(s, 85 k), (3.7.32)
s
giving
10 [,00m m? 47
;@ |:S, D5’ :| - (STQ + k gm = —?(5(8 - S/). (3733)

This is just a one-dimensional Green function equation, which we may write in a more

familiar form by substituting

r = |k|s

¥ = |k,
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yielding

! 2

This is just the modified Bessel equation, with inhomogeneous source. As we noted earlier,

the modified Bessel equation (like the Legendre equation) is of Sturm-Liouville type:

% [p(w%} +q(a)g(x, ) = —4md(x — o) (3.7.35)
with

/

p(a) = =
q(z') = —a (1+Zi,z).

Thus we have finally reduced the problem to the solution of the Green function for the

Sturm-Liouville equation.

3.7.2 Green Function for Modified Bessel Equation

Thus we have to analyze the modified Bessel equation with J-function source

d d ! 2
o [m’%] —a [1 + %] g(z,2") = —4mo(z — o). (3.7.36)

A pair of linearly independent solutions is provided by the modified Bessel functions I,,,(x)
and K,,(2"). Let us now consider the case where we require the solution over all space, i.e.

x' € [0, 00]. The solution must be finite at x = 0, and thus

yi(z') = Ln(2'). (3.7.37)

Yo (') = Ko ('), (3.7.38)

which we can see from the limiting behaviour quoted earlier. In this case, the Wronskian is

(see Jackson)

WL (2), Kon(2)] = —i (3.7.39)
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(note that p(z) = x in this case, hence p(z)W L, (z), K,n(z)] = —1 = const, in agreement

with the general result discussed above) and thus our general solution for the Green function

Am K () L (')

1/ 0<z' <z
, x —1/x
m\ 4 = s 3.7.40
(- 7) 4 Ko (1) () , (3.7.40)
x —1/z - -
which we may express as
gm(x, 2") = 4l (v ) K (xs) (3.7.41)
where x. = min(z, 2’) and z- = max(z, ).
Reconstruction of the Full Green Function
We reconstruct the full Green function in four steps:
1.
fm(s, 28 k) = gm(s,s': k)™ /2
= 20,(|k|s) K (k|5 )e™ (3.7.42)
2.
1 &0 L~
fm(s,z;8,2) = — dk e ™ f.(s,2:5 k)
2m J_
1 [ , /
= —/ dk e (|k|s <) K (|k|s5) (3.7.43)
™ —0o0
3.
Fo(s, 0,28, 2) = fnl(s, 278, 2" )™ (3.7.44)
I & N Al
4, Gx,x)== Y emes) / dk €= (k|5 <) Ko (K] s5). (3.7.45)
™ —0oQ

Since we have evaluated the Green function with boundary conditions at infinity, this last

expression is just the expansion of |[x — x’|™! in cylindrical polar coordinates.
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Example

Consider the solution of the boundary-value problem in a cylinder of radius a, and length

L, subject to the boundary conditions

®(s,0,0) = 0
P(s,p, L) = 0
P(a,0,2) = V(p,2);0<2<L

V(‘,O, Z>\

/
&~

X

We look for separable solutions of the form
O(s,p,2) = R(s)T(p)Z(2). (3.7.46)
The angular factor has the form
Ton(p) = Asinmp + B cosmep (3.7.47)

where m is an integer greater than or equal to zero. Since the potential vanishes both for

z =0 and z = L, it makes sense to take the z factor in a sine form
Z(z) = sin(kz) (3.7.48)

where k is the separation constant, and we have imposed the boundary condition Z(0) = 0.
Imposing the boundary condition Z(L) = 0, we conclude that k should be given by
kn:n% . n=1,23.... (3.7.49)

Then, for the radial component R(s) we will have the modified Bessel equation

10 [s OR,, (s, k)

— m—2+k2 R(s,k) =0 (3.7.50)
s 0s 0s mAS &)= o

52
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and thus
R,.(s, k) = Cly(ks) + Dy K (ks). (3.7.51)

Since there are no charges in the region s < a, the solution must be regular there, and in
particular must be finite at s = 0. Thus we have D,, = 0. As a result, our general solution

may be written as

O(s,p,2) = ZBO"IO(k s) sin(k,z)
>

m=1n

3

M8w

L (kps) sin(ky2) [Amn sin me + By, cos me). (3.7.52)
1

We now impose the boundary condition at s = a:

[e.9]

Vip,z) = Z%Jg(kna)sin(knz)

n=1

+ ZIm (kna)sin(k,z) [Amn sinmy + By, cos me).

m=1n=1

This is a Fourier series in both ¢ and z. We apply the orthogonality conditions, e.g., for
Apn:

L 2
/ dz / de V(p, z)sin(m') sin(n'mz/L) =
0 0

L 2 o oo
/ dz / dp sin(m/'y) sin(n'mz/L) [ I,(nma/L)sin(nmz/L) [Amy sin me + By, cos my)
0 0 m=1 n=1
_L.yy L)A;, {6 J
—577;; (nma/L)Apn {0nm } {70 }
L
= §7r] (n'ra/L)
and thus
Ay = I mra/L /0 dz 0 dng z) sin(mep) sin(nrz/L)
L
By = dz dgp V (g, z) cos(my) sin(nmz/L)

" rLI, mra/L 0 0
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The solution of the boundary-value problem is given by

Iy(nms/L)
O(s,p, 2 — Z To(nma L) sin(nmz/L)

2m
></ dz’/ de' V(¢ 2") sin(nmz' /L)
0 0

2 = = I, (nms/L) .
+ — Z ; W sin(nmrz/L)

L
x/ dz’/ do' V (¢, 2)sin(nmz' /L) cosm(p — ')
0 0

3.8 Expansion of Green Function

in terms of Eigenfunctions

A closely related method to those discussed above is the expansion of the Green function in

terms of the eigenfunctions of some related problem. Consider the solution of
VEp(x) + [£(x) + Alp(x) =0, (3.8.1)

in a volume V bounded by a surface S, subject to ¢ satisfying certain homogeneous bound-
ary conditions for z € S. In general, consistent solutions can be obtained only for certain
(possibly continuous) values of A, which we will denote \,, the eigenvalues. The corre-
sponding solutions, the eigenfunctions, we will denote ¢, (x). The eigenvalue equation is
then

V20, 4 [f(X) + A]en = 0. (3.8.2)

The eigenfunctions form a complete, orthogonal set of functions (the proof of orthogonality

follows that for the Sturm-Liouville equation), and we will assume that they are normalized:

/d3x O Pn = Omn. (3.8.3)

Then any function satisfying the same homogeneous boundary conditions may be expanded

as a series in the eigenfunctions. Consider in particular a Green function, satisfying
V2G(x, X)) + [f(X) + NJG(x, %) = =476 (x — x) (3.8.4)

where A is, in general, not an eigenvalue. The corresponding eigenfunction expansion is

= Z an(X)n (X)), (3.8.5)
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and, inserting in Eq.(3.8.4), we obtain
Z an(X){V?0n(X) + (X )pn(x) + Apn(x)} = —4m0(x — X'). (3.8.6)

We now use that ¢, is an eigenfunction of Eq.(3.8.2) with eigenvalue \,, and obtain

D an(x)[\ = AaJgn(x) = —4md(x — X). (3.8.7)
Using the orthonormal property of the eigenfunctions, we obtain
Pn(X)
A(x) =4 3.8.8
() = 42 (38.8)

and hence

G(x, x' —47TZSD”)\ _/\

This is often referred to as the spectral representation of the Green function.

Example: Green function in free space

Let us now specialise to Poisson’s equation, i.e. we set f(x) = 0 and A = 0 in Eq.(3.8.4).
We will begin by considering the solution in free space, for which the most closely related

eigenvalue equation is the wave equation

(V2 + k) (x) =0 (3.8.9)
where k? is the (continuous) eigenvalue, and the corresponding normalized eigenfunction is
1\ 32 Tox
=(— b 3.8.10
o) = (7)) etx (35.10)
with normalization

/d3x gp’l‘{,(x)gpk(x) =4k — k). (3.8.11)

Then the expression for the Green function is

; 6z’k-(x’fx) 1\3

=14 &k———mm | — 8.12
G(x,x) 77/ = (2F> (3.8.12)

which we observe may be written as

ik (x'-x)
1 1
- —/d%e—. (3.8.13)

|x — x/| T o2 k2
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Example: Dirichlet Green function inside a rectangular box

We define the surface of the box to be the planes x = 0,a, y = 0,b, and z = 0,c. The most

closely related eigenvalue problem is
V20 + ki tmn = 0, (3.8.14)

where the eigenvalues and normalized eigenfunctions are

? m? n?
2 9
b = 7 (@t G+ )

(%) 8 . lmx . mmy . nwz
mn(X) = 4/ ——sin—sin sin —.
7l abc a b c

Thus we can immediately write down the Green function as

/ / !/

Cdmx . ommy . nmz | lmd’ . ommy' . nmz
, 39 sin — = sin — = sin —— sin ——sin — = sin —
G(x,x') = — ER—— . (3.8.15)
I,mmn — + —

a? b2 c?



