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1. Element of volume in spherical polar coordinates

Spherical polar coordinates

x = r sin θ cosφ, y = r sin θ sinφ, z = cos θ (1)

Element of volume in spherical polars∫
dxdydz F (x, y, z) =

∫ ∣∣∣∣∂x ∂y ∂z∂r ∂θ ∂φ

∣∣∣∣ drdθdφ F (r, θ, φ) (2)

where the Jacobian is defined as
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 = r2 sin θ (3)

so that ∫
dxdydz F (x, y, z) =

∫
drdθdφ r2 sin θ F (r, θ, φ) (4)

2. Unit vectors in spherical polar coordinates

Unit vectors

r̂ = ê1 sin θ cosφ+ ê2 sin θ sinφ+ ê3 cos θ

θ̂ = ê1 cos θ cosφ+ ê2 cos θ sinφ− ê3 sin θ

φ̂ = − ê1 sinφ+ ê2 cosφ

(5)

Set of partial derivatives
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3. Divergence of vector field ~v(~r) is spherical polars

Definition: if ~v(x, y, z) = ê1v1(x, y, z) + ê2v2(x, y, z) + ê3v3(x, y, z)

~∇ · ~v(x, y, z) ≡ ∂v1(x, y, z)

∂x
+
∂v2(x, y, z)
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+
∂v3(x, y, z)

∂z
(6)

Rewrite ~v in spherical polars

~v = v1ê1 + v2ê2 + v3ê3 = vr r̂ + vθ θ̂ + vφφ̂ (7)

From Eqs. (5) and (6) one gets

vr = ~v · r̂ = v1 sin θ cosφ+ v2 sin θ sinφ+ v3 cos θ

vθ = ~v · θ̂ = v1 cos θ cosφ+ v2 cos θ sinφ− v3 sin θ

vφ = ~v · φ̂ = − v1 sinφ+ v2 cosφ (8)
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and

v1 = ~v · ê1 = vr sin θ cosφ+ vθ cos θ cosφ− vφ sinφ

v2 = ~v · ê2 = vr sin θ sinφ+ vθ cos θ sinφ+ vφ cosφ

v3 = ~v · ê3 = vr cos θ − vθ sin θ (9)

By chain rule
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⇒
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In the sum colored terms cancel and we get
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