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Chapter 6

Time-dependent Phenomena and

Maxwell’s Equations

6.1 Maxwell’s Equations

6.1.1 Faraday’s Law of Magnetic Induction

So far we have studied static (time-independent) behavior of electric and magnetic fields.

The governing equations are

V-D=p
V xE =0 (6.1.1)
and
VxH=J
VvV -B =0. (6.1.2)

Electric and magnetic phenomena are completely separate, except for the fact that current
density is associated with the motion of charges.

Faraday (1831) observed that a current could be induced in a closed loop of wire by varying
the flux of magnetic field through a surface spanning the loop.

We define the fluz ¢ of the magnetic field through the loop by

gb:/SB-dS, (6.1.3)

where S is any surface spanning C.
N.B. Since V - B = 0, ¢ is independent of the precise surface.
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\

B C
The electromotive force, or voltage, across the curve C' is
£— ]{ E.dl (6.1.4)
c

Then Faraday’s law, in integral form, may be written

do

—
£ dt ’

where, in SI units, & = 1. Note that the sign here is a consequence of Lenz’s law: the induced
current is in such a direction as to oppose the change of flux producing it.

One could argue that the whole application of electricity in the modern world rests on
Faraday’s law; the observation that a changing magnetic field can produce an electric current.
We can generalize this integral equation as applying to any closed curve in space, spanned

by a surface,

j{E-dI: —i/B-ds. (6.1.5)
c dt Jg

We now apply Stokes’ theorem to the L.h.s.,

j{E Ldl = /S(v < E) - dS. (6.1.6)

Specializing to the case where both C' and S are fixed in time, we have

4

0B
B-dS= [ —.d 1.
dt Jg S /Sat S, (6.1.7)

and thus

OB
/S(VXE)-dsz—/SW-ds, (6.1.8)
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yielding
0B
/(VxE—I——)-dS:O. (6.1.9)
g ot

Since both C', S are arbitrary, we obtain the differential form of Faraday’s law,

0B
E+ = =
V xE+ . 0

This equation replaces the second equation in Eq. (6.1.1).

6.1.2 Maxwell’s modification of Ampere’s law

Egs. (6.1.1) and (6.1.2) reveal an immediate inconsistency when applied to time-dependent
phenomena. Let us take the divergence of both parts of the first equation in (6.1.2). This

gives
V- (VxH)=V-J. (6.1.10)

The Lh.s. is identically zero, whilst the r.h.s. vanishes only for time-independent problems.

Recall that, in general, we have the continuity equation

dp

V.-J= 5 (6.1.11)
To see how to resolve this inconsistency, let us return to Coulomb’s law
V-D =p, (6.1.12)
and substitute into the continuity equation, to obtain
V-J—FV-%—I;:O. (6.1.13)

We can make Ampere’s law (V x H = J) consistent with the continuity equation simply by

making the substitution

oD
J—=>J+— 6.1.14
= I+ ( )
that results in a modified equation
D
\Y ><H:J—|—a—. (6.1.15)

ot
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6.1.3 Set of Maxwell’s Equations

With this final modification of Ampere’s law, and Faraday’s law, we have completed the

construction of Maxwell’s equations

V-D = p (ME1l) Coulomb’s Law
0

B
V xE+ %—t = (ME2) Faraday’s Law
oD
VxH = J+ v (ME3) Ampere’s Law + Mazwell

V-B = 0 (ME4)

The unification of electrical and magnetic phenomena through these equations represents
the crowning achievement of classical, 19*" century physics. The addition of the electric
displacement to the r.h.s. of Ampere’s law was essential to showing that the solutions admit

wave propagation at the speed of light.

6.1.4 Vector and Scalar Potentials

Maxwell’s equations comprise a set of coupled, first-order PDE’s. In particularly simple
cases, they can be solved directly, but in the case of both electrostatics and magnetostatics
we have seen the efficacy of introducing vector and scalar potentials. We will now do likewise
for the time-dependent case.

We introduce potentials so that the two homogenous equations (Faraday’s law and the

solenoidal condition) are satisfied automatically. Since
V-B=0, (6.1.1)
we can introduce a vector potential A such that
B=VxA. (6.1.2)

Substituting into Faraday’s law (ME2), we obtain

0
E+— Al =
V x +8t[V>< ] 0
0A
E+-—| = 0.
:>V><[ +6t] 0

We can now introduce a scalar potential ® such that

0A
— =V (6.1.3)

Thus the electric and magnetic fields can be written

E +
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B = VxA (6.1.4)

0A
E = -Vo-—- (6.1.5)

and ME2 and ME4 are automatically satisfied.

The two remaining equations (ME1 and ME3) determine the dynamical behavior, i.e. the
dependence of A and ® on ¢t and x. To solve them, we need some constitutive relation
between (D, H) and (E,B). We will initially restrict ourselves to the case of the vacuum,

where we have

D = E()E s
1
H = —B.
Ho
Coulomb’s law, MEL, is thus
vE=" (6.1.6)
€o

whilst Ampere’s law, ME3, is

1 E
—VXB:J—FEOa

m o (6.1.7)

Thus, in terms of the potential (®, A), ME1 becomes

P)
VO (V- A) = —é (6.1.8)

Substituting for the potential in ME3, we have

1
—VX(VXA) = J+€0{—vat _W

8_<I> 82A}
Mo

od  0’°A
. — 2 — i -
— V[V -A]-V°A od + Moﬁo{ V 5 52 }

We now write epo = 1/¢* (we of course all know what ¢ will be!), and write

1 2A 19
VZA—g 57—V [V-A+§E] = —f1oJ (6.1.9)

Thus we have derived two coupled second-order PDE’s that are, with the definitions of the

potentials in Eqgs. (6.1.4) and (6.1.5), equivalent to the original four Maxwell equations.
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6.2 Gauge Transformations Revisited

Is it possible to decouple these two equations? One way to do this is through a clever choice
of gauge transformation. A gauge transformation exploits the redundant degrees of freedom
in the problem to simplify the problem.

Recall that the physical fields are not (A, ®), but rather (B,E). A gauge transformation
is a transformation of the (A, ®) that leaves the physics unaltered. In this section, we will
derive gauge transformations for the complete Maxwell equations.

We have already encountered gauge transformations in the context of magnetostatics; the

substitution
A—A'=A+VA (6.2.1)

leaves B = V x A invariant. In this case, however, E also depends on A, and the above
transformation will change E unless we make a suitable change & — ®’. In terms of the

transformed potentials (A’ @), we have

OA’
E = —-V& —
Vv ot
0
= V& - —[A Al.
v é?t[ + VA]
But we have
0A
E=-Vod - TR (6.2.2)

and thus equating the two expressions gives

OA
P4 — —P| =
v|wr o] = o

, oA

where we have noted that the potential is only defined up to an additive constant.

Thus the gauge transformation of Maxwell’s equations takes the form

A — A'=A+VA (6.23)
oA

) =P — 24

— T (6.2.4)

We will now discuss some particular choice of gauges.
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6.2.1 Lorentz Condition

Suppose we can find a gauge transformation such that

10d

A+ = =0. 2.
VoAt 5o =0 (6.2.5)

This is known as the Lorentz condition, and the dynamical equations assume the form

1 0°® p
2
1 0%A

The A and @ fields have become decoupled, and the simplified equations are just the wave
equations, with a inhomogeneous source. But is it actually possible to find a gauge trans-
formation that satisfies Eq. (6.2.5)7

Let (A, ®) be potentials satisfying Eqs. (6.1.8) and (6.1.9), and let A be a gauge transfor-
mation such that the transformed fields satisfy Eq. (6.2.5). Then we have

1 09’

A —
\Y + 25 0
1 [0® O°A
. 2 — —_— — f—
=V A+VA+CQ{at 81&2} 0
Thus we need to find A satisfying
1 0%A 1 0d
N - =— A4+ —=—1. 2.
v c? ot? {V * c? 815} (6:28)

If such a function is found, then potentials A’ and @ satisfy the Lorentz condition.

Note, however, that the solution of this differential equation is not unique. One can always
add to A a function JA that satisfies the homogeneous equation

1 9%(6A)

2 —_— —
V*(0A) 2 P

=0, (6.2.9)

and the new function A’ = A 4+ 0A would also satisfy the inhomogeneous equation (6.2.8).
In other words, the Lorentz condition does not specify a gauge uniquely. Indeed, let (A, ®)

satisfy the Lorentz condition. Now consider the transformation

A — A =A+V(A)

o — @’:@_M_
ot
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Then the combination entering the Lorentz condition transforms as

, 10d 100 _, 1 92(5A)
VA S =V A S VRN -

By assumption, the fields (A, ®) satisfy the Lorentz condition V - A + c%%—cf = 0. Thus, the
fields (A’ @') will also satisfy the Lorentz condition if

250y _ L O2(0A)
VA(6A) — 5

(6.2.10)

—0. (6.2.11)

The Lorentz gauge is important because:

e The wave equation is manifest explicitly,

e (A, D) are treated on equal footing and, when we discuss Special Relativity, we will see
that the Lorentz condition is Lorentz covariant, i.e. independent of the choice of the

4-dimensional (ct,x) coordinate system.

6.2.2 Coulomb Gauge

We have introduced the gauge
V-A=0 (6.2.12)

in the discussion of magnetostatics. It is not manifestly Lorentz covariant, but has the

property that the scalar potential satisfies Poisson’s equation (Coulomb’s law!),

Ve =L (6.2.13)

€0

with solution
d(x,t) =

/d?’g;’ pIX. 1) (6.2.14)

d7e x —x'|

The vector potential satisfies the inhomogeneous wave equation

LA 100
2o M TV

Note that the scalar potential ®(x,t) is the instantaneous Coulomb potential due to a

VA (6.2.15)

charge density p(x,t), i.e. we do not take account of “causality” through the use of a retarded
potential.
The equation for the vector potential contains a gradient operator, VO® /0t arising from the

solution of Poisson’s equation for the scalar potential, and this term is irrotational,

0P
V X {Vﬁ} — 0. (6.2.16)
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It would be useful to completely decouple the equations governing the vector and scalar
potentials, as in the case of the Lorentz gauge. To accomplish this, we will separate the

current into an irrotational, or longitudinal, piece and a solenoidal, or transverse, piece,

J=J'+7J¢ (6.2.17)
with

VxJl =0

vV-Jt = 0.

We can always perform this separation, as will now be demonstrated. At first, we do it for

the Fourier transforms
J(k) = / Bre ™ *J(x) = I (k) + J'(k) . (6.2.18)
The components J*(k) and J'(k) should satisfy

kxJ(k) = 0
k-Jt(k) = 0.

This is achieved if we take J'(k) proportional to k (i.e., “longitudinal”)

k-J(k k- J(k
Ji(k) =k k2( ), Ji(k)=Jk) -k k2( ) : (6.2.19)
or, in components,
T = S0, i) = (6 - S5 ) (k) (6:2:20)

As usual, the summation over repeated indices is assumed. Going back to the coordinate

space we obtain

B ik, e
Bh ki,

_ oy sy [EE ey (5 ik
/ @y J;(y) / (2m)3¢ (5’ K2 )

000 N Er oy 1
- (8:@- Oz, %5V ) / @y Ji(y) / (2m)3° K2

Using the formula

Bk e 1 1
o gikex-y) - 06.2.21
/ e e Ik —yl (6.221)
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that is consistent with the equation
V2 (L) = —4ri(x —y), (6.2.22)
x -yl
we obtain

J 0 Ji(y)
Loy 9 o 3, Ji
Jix) = (8;@ o %4V ) /d y47r\x—y| ’

and similarly

Jx) = 20 /d3y Ji(y)

il )__8_%3:cj dr|x —y|

These results allow to easily check that J!(x) + J!(x) = J;(x).

Now we want to transform

9 s Jily) / 3 9 1 _/ 3 1 0
0z, /d y47r|x—y\ N 'y JJ(Y)ayj Ar|x —y| = | dy dr|x — y| Oy; Ji(y) -

At the last step, we used integration by parts, and discarded the surface term which vanishes

for y — o0o. Thus we can write the longitudinal part as

1 V- J(x
= ——V/d3x' VI (6.2.23)
47 |x — x|
From the continuity equation, we have
dp
V- J+—==0. 6.2.24
+ o ( )
and substituting in Eq. (6.2.23) we obtain
1 1 0p
J=—V [ & —. 6.2.25
47rv/ ‘ |x — x'| Ot ( )

We now identify the r.h.s. of this equation with our expression for the scalar potential of
Eq. (6.2.14) and observe that

od

7= il

EOV 81&

1_0d

= ml = SV

where we have used ppeg = 1/c®. Returning now to the original equation for the vector

potential, Eq. (6.2.15),

1 9°A 1_0d
27 & _ 1 50%
VA c2 Ot? pod + 02V ot '

(6.2.26)
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we see that it reduces to )
1 0°A
VA — = —— = —pJ". 6.2.27
2 o2 Ho ( )
Only the transverse part of the current is a source for A.
Thus this gauge is also known as the transverse or radiation gauge, and once again we
have decoupled the scalar and vector potentials.

Observing that the equality V x [V x F] = V(V - F) — V2F can be written as
(V x [V xF)); = Vi(V,;F}) = V°F, = (V,V; — V*;;) F} , (6.2.28)

we may write the transverse part of the current also as

1 5, J(X) .
t . 3./ | =
JH(x) = 47TV X {V X /d x |X—X’|} =V x [V xjx)] . (6.2.29)
Note, that the function j(x)
: _ 1 5. J(X)
ix) = - x| (6.2.30)

(and hence also J*(x)) is non-zero everywhere in space, even if the current J(x’) is localized

in some finite volume V.

6.3 Wave Equation

6.3.1 Green Function for the Wave Equation

In both the Lorentz and Coulomb gauges, we have reduced the problem of finding the
potentials to the solution of the wave equation

2 Lo 4 f(x,1) (6.3.1)

— —=—— = —4n f(x,t), 3.
2 Ot?

where f is some known source, and ¢, as we have intimated earlier, is the velocity of wave
propagation.
Such a hyperbolic equation, like the elliptic equations encountered in electrostatics, can
be solved by means of Green functions. In particular, we will find the Green function

G(x,t;x' ') satsifying

2
{V2 — 0_12%} G(x,t;x',t') = —4mo(x — x')d(t — ). (6.3.2)
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The solution to the inhomogeneous wave equation, Eq. (6.3.1), for a general source is then

P(x,t) = o(x,t) + /d?’x’ dt' G(x,t;x',¢") f(x', ) (6.3.3)

where 1)y is a solution of the homogeneous equation. Note that this is essentially
an nitial-value problem, rather than the boundary-value problem encountered with ellip-
tic equations.

To obtain the Green function, we take the Fourier transform with respect to ¢:

1 [~ ,

G(X,t;X,,t/) = 5_ dwe—zwtg<xaw;xlat/> ’
21 J_ o

g(x,w;x' ) = / dt e G(x,t;x',t) .

Note the opposite signs in exponentials for the direct and inverse Fourier transforms. Then

taking the Fourier transform of Eq. (6.3.6), we find
2 w? 1oyl N iwt’
Ve + = g(x,w;x' ') = —4mwo(x — x")e™". (6.3.4)

We now introduce the spatial Fourier transform,

g(x,w;x, ) = / d*qe' " g(q,w; X', 1) |

1
(2m)?
g(q,w;x’,t) :/deeiq'xg(x,w;x’,t’) . (6.3.5)

Note that the sign convention for the exponential in the spatial Fourier transform, ea*,
differs from that in the time Fourier transform, where we had e~

Let us find the Green’s function G(x,t;x’,t’) for the wave equation. It satsifies
V2 — ——} G(x,t;x',t') = —4mo(x — x')o(t — t). (6.3.6)

To solve this equation, we use combined 4-dimensional Fourier transfom

©dw _; dq .
! . —iwt 1q-X > AT
Gx,t;x',t") = /Ooge /Weq glq,w;x',t')

in which the exponential e=*!*%4* contains time ¢ and space x coordinates in the wt — q - x

combination. The Fourier transform g(q,w;x’,t') given by

g(qw;x',t") = / dtem/d?’xe_iq'xG(x,t;x’,t’)7

o0
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satisfies an algebraic equation

(—a® + k)g(qw;x ) = —dme ot
~ e iq-x’eiwt’
— g(q,w;x’,t/) = 47TW s

where k = w/c is the wave number. Thus

/

Cdw i dq . etax
! 4 —twt twt iq-X
Gx, t;x,t") = / o e e /—(2 )36q 47Tq2 2

g

g(x,wx! t')

First, let us take the integral over ¢

d3q 6iq-(xfx’)
I, =4 —_— .
! 7T/(27T)3 ¢ — k?

In order to exhibit the behavior of this integral, we consider a coordinate system in which

the z-axis is aligned with x — x’, and let 6 be the angle between q and x — x’. Thus

A oo 2m 1 eiq|x—x’\ cos 0
I, = —— d 2/ d / d(cosl)————
q (27T)3 /0 qq 0 SO 1 ( ) q2 _ kz

1 ) q2 6iq\x—x’| e—iq\x—x’|
- _/ A4 5317 T /
)y E R gk x|
1 1 & dq ; ’ ; ’
- iq|x—x'| + (= —zq|x—x\]
7Ti|x x’|/ 2 — k2 [qe (=)e

_ / dqq zq\x—x’|
7rz|x x| J_ oo G2 k2

On the last step, we combined two terms into one integral with (—oo, 00) limits.

The integrand has poles at ¢ = +k, and therefore we have to specify how to treat the poles
in order to evaluate the integrals. We will do this by displacing the poles off the real axis as

follows:

piwt!

g (x,w; X', 1) = — |X ] /Oo 2 dZC:]i: Az glax=x (6.3.7)

where € > 0 is very small, ¢ — 0. The two possibilities in ¢> — (k + i€)? correspond to two

types of Green functions: retarded g'*) for which the poles are shifted from the real axis to
= +(k + ie) and advanced g=) with poles for ¢ = £ (k — ic).

We first consider the case of ¢(*), which has a pole in the upper half plane at ¢ = k + ie, and

in the lower half plane at ¢ = —k — 1e.
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k 4+ 1€
X

>

X
—k — 1€

We can complete the contour in the upper-half plane, where the contribution from the semi-
circle at infinity vanishes, and obtain

1 . ! . /
g(+) (X, W, X,, t/) = m@ZWt Hiklx—x | (638)

Similarly, in the case of ¢{~), we have a pole in the upper half plane at ¢ = —k + ie, and
performing the contour integration we obtain,
1 . ! ; !
g(_) (X, W, X,, t/) = m@uﬁ —iklx—x | (639)
We now invert the temporal Fourier Transform

it x| fc (6.3.10)

1 )
GH(x,t;x' ) = /dw et
|x — x|

T or

(we also substituted k = w/c). The w integration is straightforward, and we find

1 1
GH(x,t:x 1) = 5 {(t’ —t) =+ E|x — x| (6.3.11)

x|

The Green function G) is known as the retarded Green function, because a change at

time t arises from an effect at an earlier time
1
t'=t—=|]x—x|. (6.3.12)
c
It manifestly exhibits causality. G(~) is known as the advanced Green function.
We now construct the complete solutions as follows:

1. Retarded Solution. We imagine that, as t — —oo, we have a wave ¥;,(x, t) satisfying
the homogeneous equation. The source f(x,t) then turns on, and the complete solution

18

(%, 1) = Yi(x, 1) + /dgx' dt’' G (x, t; %', ') f(x, 1). (6.3.13)
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The use of the retarded Green function ensures that the observer only feels the effect

of the source after it is turned on.

2. Advanced Solution Here we measure a wave 1oy (X, t) as t — 0o,
V(X 1) = hour(x, 1) + / B’ dt' GO (x, ;% V) f(x, 1), (6.3.14)
The use of G(~) means that, once the source ceases, the effects from the source are no
longer felt, or more precisely they are contained within ty.

Case 1 above is the more commonly encountered, for example in the case 95, = 0 so that
there is no wave in the distant past, and a source f(x,t) switches on at some time. Then

inserting our explicit expression for the Green function, we obtain

fX tet)
1) = d3 ! ) “ret 6.3.15
R (6:315)
where the subscript ret denotes that the function f is evaluated at time
1
thy =1— E\X —x|. (6.3.16)

6.3.2 Retarded Solutions for the Fields

Since in the Lorentz gauge both scalar ® and vector potential A satisfy wave equations

1 0%® )
2p - - — = = 3.1
v 2 Ot? €0 (6.3.1)
1 0?A
2 _
VA-Son = el (6.3.2)
we can write them as
1 p(X/ tret)
d(x,t) = — [ &P/ 6.3.3
) = o [l (6:33)
and
Ho 5 (X, tret)
Ax,t)=— [ d°2' ——= 6.3.4
)= 0[St (6:34)
where R = |x — x/| and
1 R
et =t — —|x—xX'| =t —— . (6.3.5)
c c

In other words, the subscript ret denotes that the functions p, J are evaluated at an earlier

time, the difference being equal to the time interval necessary for propagation over the
distance R = |x — x/| with the velocity of light ¢. Mathematically, ¢, is a function of ¢, x

and x'.
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6.3.3 Direct check of solution through retarded potentials

It is instructive to check directly that these expressions for ® and A satisfy the wave equations
(6.3.1), (6.3.2). To calculate the Laplacian of ®(x,t) (or A(x,t)), the important point to
notice is that the integrand of the x’-integral depends on x in two places: ezplicitly, in the
denominator (R = |x — x'|), and implicitly, through t,,, =t — R/c, in the numerator. As a

result,

Vo(x,t) =

1 1 1
>z’ — - . 3.
- / . [pv ( R) +(Vp) R] (6.3.6)
Using chain rule, we have
Vp = pVte, = —g VR, (6.3.7)

where the dot denotes differentiation with respect to time. Now, VR = éx = R/R and
V(1/R) = —ér/R* . Hence,

Vop=-Lvr=-Leg, (6.3.8)
c c
and
1 ér pegr
d — Sl | g2 B2 .O.
Vo(x,t) 4760/(1:1: { P CR:| (6.3.9)

Taking the divergence,

| , & &
V20(x,t) = . /d?’x {— {pV- (R_IZ) + R—Z : (Vp)]

170, én er )
_ - N i EL . 3.1
v (%) + % on ) (63.10)
Now, using
R i I — =4 3.11
\V4 (R2) \V4 <R) m0°(R) (6.3.11)
and (note that V- R = 3)
ér R V- R VR 3 er 1
. _ f— . —_— fry —2 -—:——2 T = — ..12
v (%) ()R E o m R G
and also

1 1
Vp == /')'Vtret == —E,OVR = —E péR y (6313)
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1 e 1 1 1 2] 1
d3/ . 453R SR [~ 4 I P Cr (1.4
émo/ fv{ [p( w0 (R)) + o ( CpeR)] ; [pRer 7 ~Per
| 15 1 0 (1 P
= B’ | —drp B (R)+ =2 | = ——p(x,t B L
47r60/ g [ mp o (R) + c2 R} Eop(x, )+ c20t? <47T€0/ TR

O(x,t) (6.3.14)

we derive

V20(x,t) =

Lo, 1) +
= ——p(x
egp ’ c20t2

confirming that the retarded potential (6.3.3) satisfies the inhomogenious wave equation
(6.3.1).

6.3.4 Generalization of Coulomb and Biot-Savart Laws

Given the retarded potentials

p(xlvtret)
P(x,t) = dPr == 6.3.15
) = o [t (6:315)
and
Ho 3 (X Lret)
Ax,t)="— | &’v ———= 6.3.16
)= b [ @b (6:316)
it is, in principle, a straightforward matter to determine the fields:
0A

However, taking derivatives with respect to x, we should remember again that the integrands
depend on x both explicitly, through R = |x—x'| in the denominator, and implicitly, through

the retarded time t,,, =t — R/c in the argument of numerator. We already have expression

1 €r per
P(x,t) = &y |—p— - == 6.3.18
Ve(x.1) 47‘(’60/ v { PR ¢ R} ( )
for the gradient of ®. Since
OA g 3 ,j(X,,tret) 1 / 5 ,J(x’,tret)
— ==/ d = d’y' ———= 6.3.19
ot Arm v R Amegc? ‘ R ’ ( )
we have
1 P(X/ tret) ~ ,O(X, tret) ~ j(xl tret)
Ex,t) = — [ & ! ’ ’ 6.3.20
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This is the time-dependent generalization of Coulomb’s law, to which it reduces in the static
case (then the second and third terms drop out and the first term loses its dependence on

time t,1). For B, the curl of A contains two terms

Ho 3./ 1 1
A=—[d —-J — — J 3.21
v x M/‘x{ vaJ+RWx)}, (6.3.21)
The chain rule that gave Vp = —%éR P, in case of curl gives
1 1.
VxJ=—-égxJ=-Jxéxn. (6.3.22)
c c

Recalling V(1/R) = —égr/R? gives

J(Xla tret) J(X’, tret)

= S xen . (6.3.23)

B(x,t) = 2 / &’

This is the time-dependent generalization of Biot-Savart law, to which it reduces in the
static case. Note that in the expressions for the retarded potentials ®, A, all one should do
is to replace t by t., while the expressions for the fields E, B contain completely new terms
involving derivatives of p and J.

In case of a slowly changing current density, namely, when one can neglect all the higher

derivatives in the Taylor expansion

T(ter) = J(t) + (tree — )T (1) + ... (6.3.24)

(we suppress here the x'-dependence, which is not an issue) one can write

J(trer) = J(t) — gj(t) (6.3.25)
to obtain
_ & 3,/ J(X/7t) X éR
B(x,t) = ym /d x {—Rz +..., (6.3.26)

i.e., the Biot-Savart law with J evaluated at the non-retarded time.

6.4 Energy-Momentum Conservation and

Poynting Vector

In this section, we will derive laws expressing conservation of energy and momentum for

electric and magnetic fields.
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The force acting on a particle carrying charge ¢ and moving with velocity v is
F=¢(E+v xB). (6.4.1)

The work done per unit time, or rate of change of mechanical energy, is then

d

%Emech = V- [q(E +Vv X B)]

= qVE7

since the second term vanishes. Thus generalizing to a current density J we have

d

—Epee, = | &®2J-E. 4.2
dt - mech /x (6.4.2)

We will now relate the rate of change of mechanical energy to the change of energy in the
electric and magnetic fields. The starting point is Maxwell-Ampere’s law VxH = J+0D /0t
(ME3), which gives

/d3xJ-E:/d3xE~[V><H—a—D]. (6.4.3)
v ot

We can use the vector identity V- (Ex H)=H- (VX E)—E- (V x H)
orE-(VxH)=H-(VXE)—-V-(EXxH) to write

/VdeJ-E:/de{H-(VXE)—V-[EXH]—E-%—]?}. (6.4.4)

Identifying the l.h.s. of this equation with the rate of change of mechanical energy in
Eq. (6.4.2), and using Faraday’s law V x E + 0B /0t = 0 (ME2) on the r.h.s., we obtain

d \ OB oD
EEmech__/dx{HE"’V(EXH)_FEE} (645)

We will now assume that the medium is linear, allowing us to write

0B 10

Hor = ag™ B
oD 10

B = 2a® D)

and thus

%Emech:/deJ'E:_/dgx {v.(ExH)Jrg 1(H~B+E-D)}} (6.4.6)
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We have already, in Chapter 4.6, interpreted 1¢0|E[* = E - D as the energy density of an
electric field. Likewise we will identify %H - B as the magnetic energy density and hence
their sum

u:%(H-B—i—E-D) (6.4.7)

as the electromagnetic energy density. With this identification, we now have Poynt-

ing’s Theorem expressing conservation of energy

—/J%JE—/J%[@+V«ExH) (6.4.8)
1% Vv ot

Since this applies for any volume V', we have a differential energy continuity equation

%+V4Exm:_JE (6.4.9)

The vector

S=ExH (6.4.10)

is the Poynting Vector. It only enters through a divergence in the above expressions but,
when we come to consider its properties under Lorentz transformations later in the course,
we will discover that it is essentially unique.

We can reduce the integral over the Poynting vector in Eq. (6.4.8) to a surface integral using

the divergence theorem.

/d%V«ExHyz/d%VHS:f dA - S, (6.4.11)
14 14 A=0V

where A is the surface surrounding the volume V. This gives

ou d
dPr — dA - S = ——F, 6.4.12
/V xat—l—ji:av i h ( )

Thus we can interpret the Poynting vector as the energy flux across a surface, and the
Poynting theorem in essence says:
“The rate of change of electromagnetic energy in a volume together with energy flur across

the boundary is equal to minus the total work done by sources within the volume”.
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6.4.1 Energy Conservation in terms of the Fundamental

Microscopic Fields

The field energy density of Eq. (6.4.7) contains not only the fundamental fields, but also the
“derived” fields H and D. Thus they include contributions associated with the polarization
and magnetization of the medium which are in essence mechanical, and should be associated
with the J - E term.

Let Fccn be the mechanical energy in some fixed volume V. We have seen that the work

done per unit time per unit volume J - E is the rate of increase of mechanical energy,

%:/d%J.E. (6.4.13)
dt v

In the case of a vacuum, we have

1
/d%u - §/d3m(H-B+E-D)
g’

= 6—0 dgl'(E2 + CQB2) = Eﬁeld
2 Jy
where now we have expressed the field energy solely in terms of the fundamental fields. It
is this expression that is more naturally associated with the field energy, and Poynting’s

theorem reads

d
E(Emech + Eﬁeld) - — 7231/ dA - S (6414)

6.4.2 Conservation of Linear Momentum

Again we work with the microscopic fields. The force on a particle of charge ¢ is
F =q¢(E+v xB). (6.4.15)

Thus Newton’s second law may be expressed as

d

EPmech = / &’z [pE + J x B] (6.4.16)

where P ,cq is the total momentum of the particles in a volume V. To evaluate this expres-
sion, we once again use Coulomb’s law V-D = p (ME1) and Ampere’s law VxH = J+0D /0t
(ME3), yielding for the integrand

OE

1
pE+JxB=¢E(V-E)—-Bx [—VxB—eo— : (6.4.17)
Ho ot
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We now use

0 OE 0B
EEXB = EXB_FEXE
vV-B =0
to write
pE+J xB=
9 9 oB 0
eO[E(V-E)+cB(V-B)—cB><(VxB)+E><E—Q(EXB)].

We now use Faraday’s law V x E + 0B/t = 0 (ME2) to write

d d
P it e | PrExB
at meh T g /v v

= 60/d3x[EV~E+C2BV~B—EX(VXE)—C2B><(VXB)], (6.4.18)

where we assume that the volume V is fixed. The second term on the l.h.s. we associate

with the momentum carried by the field
Piaq = €0 / d*rE x B, (6.4.19)
which we can rewrite as
Pfoq = /d% C%E xH = /d?’g; g, (6.4.20)

where g is the electromagnetic momentum density given, up to a constant factor, by

the Poynting Vector,
1
g=35S (6.4.21)

To proceed further, let us consider the r.h.s. of the momentum conservation law, Eq. (6.4.18).
Using A x (B x C) = B(A - C) — C(A - B) in the index notation (with the summation over
the repeated indices implied),

[A x (B x C)|; = Bi(A;C)) — Ci(A;B;) = A;BiC; — A;B;C

we may write (substituting A - E, B — V,C — E)

[EX<VXE)]i:Ej%Ej—E 0 Ei:Ejan EaEZ

jﬁxj 8xz ]8%- ’
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which gives

OF,; OF,; OF;
E(V-E)-E E), = E~2 - E—2+ B2~
[E(V-E)-Ex (VxE) o, ~ Eign, TEiGy,

9 1,
= a—xj[EiEj—éE 5.

What we have done is to write the electric part of the integrand as a derivative. We may

treat the magnetic term similarly, and now introduce the Maxwell Stress Tensor

1
Tij = € EiEj + CQBiBj — §(E2 + 0232)517} (6.4.22)

Note that this tensor is symmetric.

We can thus write the momentum conservation law as

d oT;;
E [Pmech + Pﬁeld]i = /Vdgx a_xj (6423)
J

which, after applying the divergence theorem, becomes

d
E[Pmech + Phea)i = ]{ dATijn; (6.4.24)
A=oV

where n is the outward normal to the surface enclosing V.
Note that T;;n; is the flow of momentum per unit area across surface A into the volume V/,
i.e. it is the force per unit area acting on the combined system of particles and fields within

volume V.



