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Chapter 9

Radiating Systems

9.1 Preliminaries

In this chapter, we will study radiation of varying current distributions. We will begin by

working in Lorentz gauge, where the equation for the vector potential is

1 92A
2 _

VA — Z2oE = —pod . (9.1.1)

From Chapter 6, we recall that this equation has the retarded solution
A= Z—O / B’ dt G (x, ;% t") I(x, ) (9.1.2)

T
where
1 |x — x'|

GO (x,t;x 1) = 5(t —t : 9.1.3
(X, 1 X ) |X—X,| ( + c ) ( )

We now consider the case where the fields arise from a current with harmonic time variation
I, ) = J(x)e ™! . (9.1.4)

More general time dependence can be studied simply by taking the Fourier transform. The

potential corresponding to this current is then

A(x,t) = Z—O/de’dt'J(x’)e‘i”t/GH)(X,t;x',t')

™

= A(x)e ™

with

1 - /
A(x) = &/d?’:c’J(x’) ekl (9.1.5)

4 |x — x|

where k = w/c is the wave number
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262 Chapter 9

A

We will now consider the form of the field a distance r = |x| away from a time-varying source
of extent d localized near the coordinate origin, i.e., |x'| ~ d. We begin by introducing the

wavelength

, (9.1.6)

where A > d (or kd < 1).

We now consider the form of the potential in three different regions:
. d<r <\ (or kd << kr < 1) — the near zone
Then exp(ik|x — x'|) ~ exp(ikr) ~ 1, and we have

1

x — x|’

AG) = 52 [ @ 3()

= £2 (9.1.7)

The field is of the familiar form which we can expand as a series in, say, Legendre

polynomials.

2. 7> A>d (or kr > 1> kd) - the radiation zone

Then the exponent is rapidly oscillating, and we can write

,o71/2 / 1/2
|x — x| = [1’2—2X‘X/—|—x2i| = [r2(1—2x-x'/7’2—|—:c2/r2)] (9.1.8)
/(2
~r (1-n-x/r+O(X?/r*))=r—n-x+0 (|X| ) , (9.1.9)
r

where n = x/r is the unit vector in the direction of the observation point x. Thus, to

leading order in 1/r we have

ikr
A(x) > Z—;GT d*z’ J(x') exp[—ikn - x'] . (9.1.10)



Radiating Systems 263

Thus we have an outgoing spherical wave. We can compute the magnetic and electric
fields using B =V x A and a Maxwell curl equation

VxH = —iWEoE

accompanied by B = poH which gives

1

H = —VxA, (9.1.11)
Mo

E = —VxH——VxH
WEq k

which also fall off as 1/r, corresponding to radiation.
(Hereafter Z, = , /’:—g = poc = 1/¢yc).

Since kn - x’ < 1 — recall that kd < 1 - we can expand the exponent in Eq. (9.1.10)
yielding

A(x) ~ Ho € %: (_]ZV]{;) /d3x'J(X’)(n XN (9.1.12)

47 r

Successive terms are O((kd)"), which dies off with increasing N.

3. r ~ A. Here we need to expand the solution in terms of the vector multipole expansion,

discussed in detail in Jackson, 9.6.

An analogous analysis for the scalar potential yields

t') |x — x'|
Az’ dt’px +——t). 1.1
47‘(’60/ / |x — x/| < + c ) (9.1.13)

For large r, i.e., when |x| = r > d ~ |x/|, keeping the leading term yields

xt

q(t' =t —r/c) ‘

O(x,t) ~ Treor

(9.1.14)

where ¢ is the total charge of the source. If the source is localized, and isolated, no charge
can flow in and out, and thus the total charge is constant in time — the monopole part of the
potential is static, i.e. has no time dependence.
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9.2 Electric Dipole Fields

If we keep only the leading term in Eq. (9.1.12), we have

A = o / ' I (X)) (9.2.1)
dm r ' o
In fact, as discussed in Jackson, this is the leading [ = 0 term in the vector multipole

expansion of the vector potential, and as such is valid everywhere outside the source as part
of the multipole expansion. We will now show that this corresponds to a dipole term. We

begin by recalling the continuity equation

dp
o TV =0 (9.2.2)

which with our assumed time dependence becomes
—iwp+V-J=0. (9.2.3)
We now use integration by parts to write
/d3:z:'J = /d?’:c’ (J-VHx' = — /dgx’x'(V' -J)
= —iw / dr'x'p(x') = —iwp
enabling the potential to be expressed as

?:Iuow eikr

A(x) = p (9.2.4)

4T r

where
p= /d%’x’p(x') (9.2.5)

is the electric dipole moment.

The magnetic and electric fields are simply obtained from Eq. (9.1.11):

H = iV><A,
Ho

E - “UxH= 2y H.
weg k

To proceed, we will need the formulas

or T
N N 9.2.6
ox; r " ( )
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and

Y0) g d0) 021)

Thus, we get

iw etk 1
W ik — _>
47T(n Xp) r (Z r
Ck2 eikr 1
== 1-—) 9.2.8
aT (nxp) r ( tkr ( )
Analogously (using ck? = wk),
1 1k 0 [etr 1 ethr 1
B vem - A PR [ PR L
wegvx 4me nx(nxp)ar [ r ( zkr)] * r ikr Vx (nxp)
(9.2.9)
Here we should take into account that n = r/r is a function of r:
ani 0 ZT; 7”2(57;‘ — TiTj
= == 9.2.10
or; Oz r 73 ’ ( )
hence,
2
V-n=2
”
" o Pa-pex) (b n) (b n)
i mrpi— P-X)T _ pi — P -1)n,; p—(p-nn
Pig— = 3 = =(p-Vin="——"—"—.
T, r r r
Thus,
2 n(n-p)+p
Vxmnxp)=((p-V)n—p(V-n)= (p'V)n—;p: — (9.2.11)
The leading 1/r term comes from differentiating the exponential in the first term,
ikr 1 ikr ikr ikr
A Ly ST | A O I ST
or| r ikr r ikr 72 ikr ikr3
eikr eikr 1
=ik —2 1——] . 212
e r? < ikr) (9 )
We will leave the leading term in the original n x (n x p) = —(n x p) x n form, and use

nxnmxp)=nn-p)—p
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for the remaining contribution.

This gives
: e L e 1\(n-pn+p
E = [kQ _9 ('k——) N1 <'k——>
Are (nxp)xn " U " n(n-p) — p] — (i - ;
1 9 ezkr 1 ik .
- - [F(n x p) x 0+ B(n-pn—p) (= — 5 )e™] (9.2.13)
H=1 (1 - _> : 9.2.14
el ikr ( )

Let us choose now the spherical coordinates in which the z-axis is along p, and 6 is the polar
angle of n. Then p = p(ncosf — 0 sin 6) and n x 0 = ¢, so that we have n X p = —@ psin 6.
Using ¢ X n = é, we find that expressions for the fields take the form

A ka?2 ) eikr 1
H = - 0—(1- ) 21
¥ 47 S r ikr/) (9:2.15)
p 526" - ) L kN i
E = [—Ok smG—i—(anosG—l—Osm@)(———>e } :
47eg r r3 2

It is interesting to examine their limiting forms

e Radiation Zone: r > A > d (or kr > 1 > kd):

C]{ZQ eikr w2p eikr
H = —(nx = — —psinf
47 (n p) T 47rcgasm T
Lo . ikr
E = —22w?pOsing =ZH xn
47 r

Both these fields manifest clearly the characteristic properties of radiation:

— The fields fall off as 1/r.

— The electric and magnetic fields are normal to the direction of propagation n.

e Near Zone: A > r > d (or 1 > kr>> kd) :
Here the leading behaviour of the fields is given by

1 1
E = . — _
Tneg [3n(n p) p} 3
1 i k
H- — » L
ey Zy (n > p>7“2

Thus at very short distances, there is essentially an electric dipole field with time
dependence exp(—iwt), and a magnetic field suppressed by kr/Z, that vanishes as
E—0
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In order to show that this solution does indeed correspond to radiation, we will look at the
time-averaged power flux in the radiation zone. This, of course, is just given by the

Poynting Vector, and we have

Z—g — %T2Re [n . E X H*] — %T.QRG [((H % n) % H*> . n]
2
= %ﬂRe (Hxn) - (H xn)] = gzig k'|(n x p) x n|? (9.2.16)

There is a net flux of power away from the charge distribution, independent of r, i.e.,
radiation. For the case where all components of p have the same phase, we have the

characteristic expression for dipole radiation,

dP . 62Z0

— = E*p|*sin? 6 . 2.1
0 = 3.2 |p|* sin (9.2.17)

The total power transmitted is just obtained by integrating Eq. (9.2.16) over the unit sphere,
and is independent of the phases of p:
0220

= ——k*|p|* x 27 x / sin? 0 sin 0df =
0

0220/{34 2

127

(9.2.18)
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Center-fed Linear Antenna

Once again we assume that the dimensions of the antenna are much smaller than the wave-

length. The antenna consists of two conductors of length d/2, along the z axis. The linear

current density in the wires is

1(2) = I ( - %’Z‘) (9.2.19)

This current flow gives rise to a line charge density A through the continuity equation

iwA(z) = % (9.2.20)
yielding
241
A(z) = ﬁsgn(z). (9.2.21)

This charge density has a non-zero dipole moment

d/2 21
p = / alz|z|ﬂez
—d/2 wd

1lpd

= —e,.

2w
N.B. if we had current flowing in opposite directions in the two arms of the antenna, there
would have been no dipole radiation term.

Thus, from Eq. (9.2.16), we see that this apparatus gives dipole radiation, with power dis-

tribution
aP ZoI2 .y o
G 200 (kg 0
a0 Togy2 (Fd)”sin
2 2
p = Zolotkd)] (9.2.22)

481
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If we identify the power radiated with energy dissipation through an effective resistance, the
coefficient of 12/2 is Eq. (9.2.22) is the radiation resistance - the factor of 2 arises from

time-averaging, in the usual way.

9.3 Dipole Fields Revisited

In this section we will derive the formulas for the dipole radiation again — this time without

Fourier transformation [dwe™*" implied.

The general formulas for vector and scalar potentials due to an arbitrary source are:

1 p(x',t,)
P(x,t) = — [ dP2/ =22
(1) dreg ’ Ix — x|’
Ko 3 /J(letT)
A =— [d? —— 9.3.1
t) = 42 [0 T2 (931)

where t, =t — D(_—CX/' is the retarded time.
To study the behavior of these expressions in the radiation zone |x| > |x/|, we choose the

origin somewhere inside the radiating body and expand the denominators in a usual way:

/

! 1<1+ nox +> (9.3.2)

|X—x’|:r r

where r = |x| and n = r is the propagation vector for our would-be spherical wave. We need

also to expand the retarded time in powers of //r:

Ix — X/| r n-x
Lt
c c c

teo=1t—

so that

/

X o 1) - . (9.3.3)

p(x 1) = p(x, to) + =

where tg = t —r/c is the retarded time for our origin. The parameter of the expansion (9.3.3)
is d/A < 1 (see previous Section). Indeed, p ~ wWeparp Where wepay are the characteristic
frequencies of the emitted radiation, hence ‘j—ﬁ' ~ %“’ = % < 1. ) Substituting the expansions

(9.3.2) and (9.3.3) in the expression (9.3.1), one obtains:

o~ . / N . ,
/dgx' {p(x’,to) o p(xl,to)} (1 L +>
dmegr c r
n-p(t n-p(t
Q N p(to) N p(to) N
Amegr 4dmegr? dmegre

d(x,t) =
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For the vector potential in Eq. (9.5.1), the first term in the expansions (9.3.2) and (9.3.3) is
sufficient: 1)
Ho 3 19\ X Ly Ho 3,/ /
A(x,t)="—= [|d ~ ' J(x', to) .
(1) 47r/ v |x — x| 47r7“/ T I to)

Just like in the previous Section, we can incorporate the continuity equation

Ip
— -J=0 9.34
5 TV (9.3.4)
to get
/d3a:’J(x',t0) = /d%’ (J(xX',t0) - V)X = —/d%’x'(V’ -J (X', to))
Op(x/,t d )
[P oy
where

p(ty) = /d3atlx'p(x',t0) (9.3.5)

is the electric dipole moment.

So, the dipole potentials in the radiation zone take the form

/

N . / N .
/d%’ [p(x’,to) + 2 CX p(x’,to)} (1 + Xy )

d(x,t) =

dmegr r
5 Dt -
_ @ b P(0)+H 10(0)Jr -,
4degr 4dregr? 4degre
Ho 3 /J(X/> tr) N0p<t0)
Ax,t)=— [d = e 9.3.6
(1) 47r/ ’ |x — x/| drr ( )

Next we calculate the electric and magnetic field in the radiation zone. Discarding terms
~ =, one obtains after some algebra (note that V f(ty) = f(to)Vty and Vi, = -8 e,
Vf(to) = = f(to)n/c):

A A

n ) Mol

Vot =~ bl = L0 i)
0 _ HoP(to) _ Mo 2
atA(X, t) = p— VxA= — X p(to)

Thus, the dipole fields in the radiation zone are

Ho

E(x,t) = m[ﬁ(ﬁ “P(to)) — Dlto)] = PR (0 x P(to))
B(x,t) = — 4;L(;Tﬁ x B(ty) = g x E(x,1) (9.3.7)



Radiating Systems 271

If we choose the frame with OZ axis collinear to p(ty), the fields take the form
pop(to) sin

top(to) sin » .
E(r, 0 = — 0 B(r,0 = 3.
<T7 ) ()0) 47T r Y (TJ Y ()0) 47]-0 r LPJ (9 3 8)
The Poynting vector is then
1 ,UO .. 2 Sin2 0 A~
S=—ExB = ———(p(t
140 % 167r2c<p( 0)) r2 n

= the total radiated power takes the form

2T
. . _ Ho
P - / S -dd = L (j(to)) / dp / a0 5’0 = P () (9.3.9)

For a single point charge ¢ we have p(t) = qx(t), so we get the Larmor formula

2.2

Hogq~a
P = 9.3.10
6mc ( )

The Larmor formula can be also obtained using the Liénard-Wiechert potentials of the

moving point charge.

9.4 Liénard-Wiechert Potentials

9.4.1 Potentials of a moving charge

Consider a point charge moving along the trajectory r = w(t). What are the electric and
magnetic fields due to this charge?
As usual, it is convenient to start with the potentials. In the Lorentz gauge

1 p(r', t') r — 1|
d(r,t) = &2 | dt =St —t
(r,?) 47T60/ x/ lr — 1| < * c ) ’
Ho 3,/ / J(I‘/, t/) / |I' — I‘/|
Ar,t) = — [ d dt o(t' —t . 4.11
(r,?) 47T/ x/ Ir — /| ( + c ) (9 )

For a point charge
P 1) = @b —w(t)), I, 1) = qvD)s’ - w() .

First, let us find the scalar potential. We have

— w(t) -
&z’ | dt o —w — (-t 4+ ——
o(r, 1) 47T60/ / v — 1| ( T )

/ [r—w(t")]
4meg Ir — W(t’)] 4mey 2 (t’ I |r—w(t’)|> v —w(t)]’
t c

t'=t,
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where ¢, is the solution of the equation ¢(t — t,) = |[r — w(¢,)|. Calculating the derivative

%(zﬁ/ o ZV(t’)|> 1 V(t;)|r' (_I“v;(y)(f’)) | (9.4.12)

where v(t) = 5;w(t) is the velocity of the particle, we obtain

r _ q / 5<t/ — tT)

*00 g | T N
_ 4 1
Cdrmey v —w(t)| = v(t,) - (r—w(t,))/c

Similarly,

Hoq 1
A&¢%=Z;V@ﬂr_wmﬂ—v@nmr—w@ﬁk

Introducing the notation g(t) = r — w(t), we obtain

q 1 q
d(r,t) = = D
0 = e S =~ et~ ire
1o v v q Vv
Alr,t) = — = —=®(r,t) = — —=D 9.4.13
0 = ) v e~ @t T g &P 0419

the Liénard-Wiechert potentials for a point charge.

According to these formulas, the field at the point of observation at time ¢ is determined by
the state of motion of the charge at the earlier time ¢,. Also, o(t) = r — w(t) is the radius
vector from the charge ¢ to the observation point P; like w(t) it is a given function of the

time. Then the time £, is determined by the equation

o(t,)

t, + =t.

In the system of reference in which the particle is at rest at time t¢,, the potential at the

point of observation at time ¢ is just the Coulomb potential.

9.4.2 Electric and magnetic fields of a moving charge

To calculate the intensities of the electric and magnetic fields from the formulas

oA
E=-Vd-—
Ve

B=VxA,

we must differentiate ® and A with respect to the coordinates x,y, z of the point P, and the

time ¢ of observation. But our formulas express the potentials as functions of ¢,., and only
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through the relation ¢, + o(t,)/c = t are implicit functions of z,y, z,t. Therefore to find the
required derivatives we must first calculate the derivatives of ¢,. Differentiating the relation
o(t,) = c(t — t,) with respect to t, we get
do ot, 0o Ot, oV ot,
EZ:C(I_zﬁ)ZZ&T&/:__Z_at

The value of dp/0t, is obtained by differentiating the identity ¢ = @

2 and substituting

do(t,)/0t, = —v(t,). The minus sign is present because @ = r — w. Thus,
ot, 1

e —0D.
o 1-(e-v)jeo °

do  @-vot, B
%= o 0-vD =c¢(1—9D)

Similarly differentiating the relation ¢, =t — o(t,)/c with respect to the coordinates, we find

1 1/0 1 . 1 )
Vi, = vt = L ( 091, + g) _ ! (_uw n 2) . (uw - 2) ,
c c \Ot, 0 c 0 0 c\ o 0

Q Q
— =—=D.
clo—(e-v)/c) c
With the help of these formulas, one can calculate the fields E and B. The final results are

E = q {(1 —v?/c?) <Q—%Q> —i—ég X [(g—%g) X a] } (9.4.14)

dreg (0 — 0 v /)’

1
B=_—oxE. (9.4.15)
co

Here, a = 0v/0t,. All quantities on the right sides of the equations refer to the time t,. It is

Vt, =

interesting to note that the magnetic field turns out to be everywhere perpendicular to the

electric. In the non-relativistic limit, the electric field E reduces to the Coulomb field

q0
E(I',t)‘v/c—m 471'60@3 ’

(9.4.16)

while the magnetic field tends to zero as v/c.
To derive these formulas, let us first convert them in a simpler form by excluding double

vector products. Employing the BAC' — C AB formula gives

B g L e ) g e (oY) (o= 2)]

2/ .2 1 v
:47reo(g—qg-v/c)3 {(1—1) /C)—Fg(g'a)}(Q—EQ)
qgoa

dmeg (0c — 0 V)
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To get this expression, we first we calculate the gradient of the scalar potential

q q 1
1 yp = —v-
47T60v ey (0— V- g/c)2V lo=v-e/c)

_ 4 (Y .9,
_47T€OD ( C+Vtr{ =5V Q/CD

q 2 v o 2
:FEOD <—E+ZD|:C—U /c—i—ag/c})

g 2V 3 272 2
o (e -]

VP = —

Consider now the time derivative of the vector potential,

0 ot, 0 q 0 q
IA= A=-—1 wpZvp=—0_,p
ot ot ot, 4reqc? e 0trv 4reqc? €

q 2 Qv 2
= D |(aD —-vD® | ——— + —a-Q
Iren® 0 { ( 0 v/ /C):|

_ 4
4meg

aD D (0= v o))

1
{;QDQa — %DQ + %D?’ (1-0*/c" +a- 9/02)}

Combining, we get

0 q 1 ov
E=-VO- ZA= _oD? ( ——)1)“"’1—2 2 a0/
\Y 5 p— [ zoDat (e— = [1—v*/ +a- g/
To get B, we calculate the curl of A,
VxA=—L vxvD=—1 [DVxv_vxVD]
TeQC? TenC?
For the first term, we need
0 D D
Vxv=Vt,x —v=—-axVi,=axp— =——p X a,
ot, c c
which gives
D? D?
—va:——gxa:—g—gxa
2 c3 30

For the second term, we have
—v x VD =v x (—D2 % +oD*[1-v*/c*+a- 9/02]>
=vx D[l -0’/ +a- o/
Converting
vx@=—gxv=cex(e—ov/c)o
and combining both terms, we get the formula for B

D2
q % 0

1
— _ 3 272 2 _
B_VXA_47TGOCQ —?a—i—(g—gv/c)D [1—-v*/c* +a- g/ _C—ngE.
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9.4.3 Power radiated by a point charge

Let us introduce the unit vector ¢ through ¢ = @/, and also the notation u = ¢ — v(¢,)/c.
This vector tends to ¢ in the non-relativistic limit v/c — 0. Using o — @ - v/c = (0 - u), we
can write the electric and magnetic fields due to a point charge moving along an arbitrary

trajectory w(t) as

E(r,t) = 47360 2 ~Qu)3 u(l —v*/c*) + o x (u x a)/CQ]
B(r,t) = g x E(r,t) (9.4.17)

Recall that t, is defined as a solution to the equation ¢(t — t,.) = o. As usual, velocity and
acceleration in Eq. (9.4.17) are taken at ¢t = t,. The electric field consists of two parts of
different type. The first term (~ u) is called the velocity field and the second (~ a) is called
the acceleration or the radiation field. The first term varies at large distances like 1/¢?.
Since the first term is independent of the acceleration it corresponds to the field produced
by a uniformly moving charge.

The second term in Eq. (9.4.14) depends on the acceleration, and for large o it varies like

1/0. Tt is related to the electromagnetic waves radiated by the particle. It is given by

g ox(uxa) g o6x(uxa)
Enpa(r,t) = - = - : 9.4.18
a(r?) dregc?o  (0-u)? dregc?o (1 —0-v/c)? ( )

The radiation magnetic field,

A

Y

Brad(r; t) = — X Erad(r, t) (9419)
c
also decreases as 1/p for large o.
The Poynting vector is
1 1 1
S=—ExB=—Ex(0xE)=—[E*%— (0-E)E] (9.4.20)
Ho HoC HoC

Some of the energy is radiation; another part is just a field energy carried along by the
particle as it moves. To calculate the power radiated by the particle at time t,, we draw a

large sphere with radius o = R, wait for ¢t — t, = %, and integrate Poynting vector over the
w
not contribute to the radiated power at large R. The power due to the acceleration field
(~ 1/R) is finite: Praq ~ R*7; = 1. We get

surface. Since the velocity field is ~ 1/R? the corresponding P,.q is ~ RQ% = =3 so it does

q 0 X (u x a)
Era 7t ~
a(r?) Admegc?o  (0-u)?
& 0 Epa(r,t)=0 = Snq=-2E2,. (9.4.21)

HoC
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For simplicity, consider the charge which is instantaneously at rest at ¢ = ¢,. Since v(t.) = 0,
u(t,) = 0 so the Eq. (9.4.21) reduces to

0 ( Hoq \? 2 A 2 #0{72@2 sin? 0 A
Srad = —(—) —(0-a)7 = 9.4.22
et by 3 B el LV el oy - (9422)
The total power is given by the following Larmor formula

2 2 .2 2.2

Logq a sin“d _, . Logq a
Praa = ¢ Sraa -dS = R’sin0dodd = 9.4.23
: }é d 1672 R / Rz RN 6mc (9.4.23)

which we have already obtained using the electric dipole radiation, see Eq. (9.3.10).
We have derived the Larmor formula under the assumption that v = 0 but one can demon-
strate that it holds true as long as v < c¢. In the general case of arbitrary velocity, the

radiation is given by the Lienard formula

2.6 2
tod*’ (5 (v-a)
Poaqa = —( — —) 9.4.24

d 67c a4 c? ( )

where v =1/ %

9.4.4 Electromagnetic fields due to a point charge moving with

constant velocity.
Potentials

For a point charge moving with constant velocity v the trajectory is w = tv, so that
o(t) =r — w(t) is given by o(t) = r — tv. Hence, o(t,) = r — t,v. Recalling that we have
also o(t,) = c(t — t,), we see that, in this case, the difference

olt:) =~ olty) = [r—t,v] = (t—1,) v = r —tv = (!

is the distance g(t) from the charge to the point of observation at precisely the moment ¢ of

observation. The retarded time may be also calculated explicitly:
c(t—t,) =|r—t,v|] = A =2t +13) =r*> =2, v -1+ 0%
Thus, we have a quadratic equation for ¢,:
(=) 2 =2t (P —v 1)+ =1 =0.
Its solution (with ¢, <) is given by

At—v-r— \/(0215 —v-r)?2— (2 —v?) (22 —r?)
2

= t, =

c? — 2
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This gives

Ft—vor— (=)t =/ (Pt —v 1) — (2 —v2) (22 —1?) .

The Liénard-Wiechert potentials (9.4.13) then take the form

qc 1
elr,t) = 9.4.25
(r,?) dreg clr —t,v| —v - (r —t,v) ( )
ac qc [ 2 2 2 2\ (242 2] 2
= — t — . — _ t _
Ameolc®t — (2 — ), — v 1] 4w (e ver) (e - ")
and
v

Alrt) = Z0(r1). (9.4.26)

Let us demonstrate that ®(r,¢) can be rewritten as

2 —1/2
q v,

(r, 1) = (1-5sin0) 9.4.27
(r,1) Tre R 5 Sin ( )

where R = r — tv and 6 is the angle between R and v. As we have seen, for a constant
velocity R (denoted as g in general case) is the distance to the position of the moving charge
at the time of measurement of the fields.

We have

(Pt —v 1) — (=) =) = [*t—v - R+tv)] = (¢ — )t — (R+tv)?]
= (=)t —v -RP? = (=) —v*)t* —2tv-R—R* = (- v)R*+ (v -R)?
= ZR?* —v*R*sin’ 0 , (9.4.28)

and therefore

2
Vet —v 1) — (2 —0v2)(c22 —12) = Rey/1— v_2 sin?@ . (9.4.29)
c
For the vector potential, we have
2 —1/2
v qto v
A(r,t) = §¢mw:igﬁv(y—§&ﬁe) . (9.4.30)

Fields

Since the potentials in this case are given by explicit functions of ¢ and r, the calculation of

OA
E=-Ve- -

B=VxA
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is straightforward. We need

L o7 » 2 2 oovi22ay] P At—v-r— (=)t
TPt —vr)?— (- 2 _ -
] e M e At | IS sy e 7 e 7
B —v-r+ v
T (@t —vr)2 = (2 — 0?2 — r2)]P2
and

2 2 2 2\ (242 N —(t—=v r)v+ (¢ =v)r
A A el Gl G ) )] T (@t —v )2 (& - o) (R — )P

Then
Ee_Ud OA  qc —(Pt—v -r)v+ (> —vP)r+v(—v - r+0v’t)
N ot 4meg  [(2t — v -1)? — (2 — v2) (22 — r2)]3/2
_qc (2 —v?)(r —tv) ~qe(® —0?) R
S dmey [(Rt—vor)? — (2 —v2)(cA2 —r2)]3/2 T dme (R2c® — R2v2sin? 6)3/2
or
R 102/
E-— ve - (9.4.31)
o <1 — v2sin? 6/02)
For magnetic field, we get
B_ q (2 —vH)(r xv) g1 =0/ vxR
C Amec[(cPt — v or)2 — (2 —02) (22 — )32 AmegR3c® (1 — v2sin0/c2)3/2
1
=5Vx E(r,t) . (9.4.32)

It can be demonstrated that the fields (9.4.31) , (9.4.32) are Lorentz transforms of the usual
Coulomb field of a point charge (E(r,t) = qR/4meoR3, B = 0).

9.5 Magnetic Dipole Radiation

Let us now return to our previous approach in which we assumed that the source currents

n

p J(x'str)
A(x,t) = ﬁ /d?’a:’ x—x (9.5.1)

have an oscillating dependence on time, i.e., take

J(X/,trr) _ J(Xl)e—iwtr _ J(Xl)e—iw(t—|x—x’\/c) _ J(X/>€—iwteik\x—x/| '
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We see that A(x,t) has now e ! dependence on time, A(x,t) = A(x)e” ™!, with A(x)
given by

A(x) —@/d%' IO el [x — %] . (9.5.2)

CAm |x — x|

Using |x —x/| = r—(n-x')+... we obtain that the next, linear in n-x’, term in the multipole
expansion of

A(x) = @im/d%"](x’)(u

A7 r

n-x

- +...)[1 —ikn-x +.. ] (9.5.3)

is

Anest ) = Ho (1 _ zk:) / 2 I(x)(n - %) | (9.5.4)

AT r r

where the O(1/7?) term is kept to ensure the expansion is valid at all distances. To exhibit
the form of this potential, we express the integrand as pieces symmetric and anti-symmetric

in J and x’, by writing

(n-x")J :%[(n X N)J 4+ (n- x| + %[(n -x)J = (n-J)x']

1 1
zé[(n xN)JT+ (n- J)x] — g X (x' x J) (9.5.5)
We now introduce the magnetization density
1
M = §X/ x J. (9.5.6)
Then the second term gives rise to a vector potential
. kNO 6ikr 1 Lo eik’r
Amag.dlp. —_ L 1 — — — —_— 9.5.7
(x) 4 7 ( ikr)nxm Vx(47rrm ’ (9:5.7)

where m is the magnetic dipole moment.
Let us find now electric and magnetic fields of the magnetic dipole radiation. Taking the
curl of Eq. (9.5.7), we find

. 1 . 13 ikr 1
Hmag.dlp. :_v % Amag.dlp. — Z—V X (Il X m)e (1 - _)
o 47T r
1 ikr
= {kQ(n X m) X ner

+[3n(n - m) — m| (l - ﬁ) ek} . (958)

2
This outcome may be easily understood if we recall that in the electric dipole case we had
2 ikr

. ck e 1
Hel.dlp. — E(n X p) (1 — _> (959)

r
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for the magnetic field, with the electric field obtained from it by taking the curl

ORI g L UL N (1- ! ). (9.5.10)
- ckeg " dreg P ikr s
and the result (see Eq. (9.2.13)) was
; 1 etkr I AN
el.dip. __ 2 ikr
E®-P = Ine k*(n x p) x n . —|—(3(n-p)n—p)<ﬁ—ﬁ)e ] : (9.5.11)

Thus, the field H™*4 due to the magnetic dipole is of the same form as the field E°-4P:
due to the electric dipole.

Hmag.dip. € Eel .dip. or Hmag.dip. _ @Del.dip. . (9512>
p p
Similarly we have
Emag.dip. — ¢ V X Hmag.dip. V X (V % Amas d1p>
CR€Q C]{IE()/LO
ic mag.dip. mag.dip.
ZE[V(V-A edipy _ w2 A gdp} . (9.5.13)
Noticing that
) Lo eikr
Amasdip (y) — 7 x (— m) : (9.5.14)
A r
we conclude that V - A™&diP — (e  AMEdP gatisfies the Coulomb gauge condition.
Hence, it also satisfies the Helmholtz wave equation VZA™asdiP- — _ 2 Amagdip-  which may

also be checked directly:

T or A 7
2 Ho eik‘r 2 A mag.dip.
(recall that V2f(r) = %g—;(rf(r)). Using it, we obtain
. ' ikr 1
Emag.dlp. :Z-Ck,Amag.dlp. :’7?- ck?(n % l’l'l) 67, (1 — %) , (9516)
or ”
) Z 1RT 1
Emag-dip. _ —4—;k2(n X m) er (1 _ %) (9.5.17)

so that the electric field due to a magnetic dipole is of the same form as the magnetic field

due to an electric dipole:

Emag.dip. MOmHel dip. or Emag.dip. = _@Bel.dip. . (9518)
P P
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Since the radiated power is proportional to n - (E x H),

2 2, .,4
m el.dip. Hom~w

p2¢2” rad 127e3

mag.dip. __
rad -

(9.5.19)

In order to get an estimate of the relative strength of the electric and magnetic dipole
radiation, consider a physical dipole p = gd made from two charges ¢ and —q separated
by distance d which rotate with angular velocity w around the center of the dipole. The
magnetic moment of this system can be approximated by an oscillating current [ = % = Z=
so we get an oscillating magnetic moment m = qd?w/8. The ratio of powers for this example
is 2 72 2

Pinag _ wd v (9.5.20)
P, 64c2 2

where v is the linear velocity of the rotating charges. We see that for charges moving with

non-relativistic velocities the electric dipole radiation is the most important part while the
magnetic dipole radiation is of the size of the relativistic corrections.
As an example of magnetic dipole radiation, consider the circular loop of radius b with
current

I(t) = I coswt = Re Te™™*

in the XY plane. The magnetic dipole moment of this loop oscillates in time as

m(t) = mcoswt = Remwb*Te ™" .

Let us calculate the magnetic vector potential due to this setup. W.l.o.g. we can assume
that the point x lies in the X Z plane. The general formula for the magnetic vector potential
has the form

—iwt s

Ax,t) =2 dar”

IR
47 |x — x/| v

Expanding t,» ~t — ~ + n-cx’ and |X_1X,| ~ %(1 + ”TX/> we get

ikr

. /,LobI (&

2m
b b ,
A(x) / d'(—é1sing' + é; cos ¢') (1 + —sin 6 cos go') e~ tRbsinGcos ¢
4T r J r
Since kb = 27 % < 1 we can expand the exponential in the r.h.s. of this equation and get

B l/JObI eikr

A(x)

27
b
/ do'(—é1sin g’ + égcos ') (1 + —sinf cos ¢’ — ikbsin § cos go’)
4T Jy r

Performing integration over ¢’ we obtain
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For our setup é; = €, so the final result for the vector potential takes the form

k1o 1 ,
A(X) = —Z Moméw(l — ?>€Z’W Sinﬁ

4rr ikr

which coincides with Eq. (9.5.7).

9.6 Electric Quadrupole Radiation

The first term of the decomposition in Eq. (9.5.5), obtained from the symmetric part, is

related to the quadrupole moment.

ikr 1 1
Ack quadr~<x) _Hoc€ (_ — Zk;) /d3 ’5 [(n XN+ (n-I)X'| (9.6.1)

4t r r

where the O(1/r?) term is kept to ensure the expansion is valid at all distances.
Recall that for the lowest term we had

/d3x’J = —iw/d%’ x'p(x') .

Let us show that now one can use

] :
é/d?’x’ {(n-x"NJ+m-J)x'} = —% d*r' px'(n-x), (9.6.2)
and write 12 ik
IRT 1
Aauadmom. (yy _,u(é; er (1 — %) /d?’x’p(xl)x/(n -x') . (9.6.3)

Indeed, using J = (J - V')x/, we have

/d3:c’ {n-x")J+x'(J-n)} = /d?’x’ {n-x")J - V)X +x'(J-V)(x' n)}

= [ @V D) + )V )

by parts

= —/d?’x’ {X(n-xX) V- I)+x(n-J)+ X -n)x'(V-J)+ (x'-n)J}
=—2 / Ar'x'(n-x) (V' -J) - /d3x' {xX'(n-J)+ (x'-n)J} . (9.6.4)
The second integral here coincides with (minus) original expression. Hence,

/d?’x’ {(n-xNJ+x'(J-n)}=— / dr'x'(n-x) (V' -J) . (9.6.5)
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Using the continuity equation

dp
EJrV J=0,

which with our assumed time dependence becomes

—twp+V-J=0,

we get the desired relation

1
2

In components, the integral can be written as
/d3a:',0 Znﬁxﬁ = Znﬁ/d?’m'p Tl

If we now recall our expression for the quadrupole moment

Qus = / B p(x) By — 17%80g)

we see that
1 2
Z /d?’x'p §Zn5Qa5 + —/d3.9:' " p(x")
B B
or
1 1
/d?’x' X' (n-x")p(x") = gQ(n) + g /d3x’ " p(x) = éQ(l’l) + qg

where Q(n) is defined by
= Z Qaﬁng.
B

The next step is to use the expression for A

k2 ikr 1
Aquad.mom. (X) — _H'OC € (]_ — ?> /dgx,p(X,)X/(n : X/) .
7

8t r

J/

~~

Qm)/3+qn (72)/3
to find the fields in the r > X limit,

H = iknx A/
E = Z]CZO(H X A) X Il/,u().

- /d?’:v’ {(n-xNJ+x'(J-n)} = _w 2’ x'(n-x)p(x') .
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(9.6.6)

(9.6.7)

(9.6.8)

(9.6.9)

(9.6.10)

(9.6.11)

(9.6.12)

(9.6.13)

(9.6.14)

(9.6.15)
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We find that fields can be written as

ick? et*r ok oikr
=5 nxQm), E=-Zg ——[nxQm)]xn (9.6.16)
and the power dissipation is
dP CQZO
ol K ? 6.1
10 " Tisonz B x Q) xnl (9.6.17)

(where 1152 = 2(24)?).

A simple model of a quadrupole moment is given by

Q33 = Qo
1
Qu==0Q»n = —§Qo, (9.6.18)
which is clearly traceless. Then
1 . 1 . . 1 3 .
Q(n) = -3 Qoni€; — B Qon2ez + Qonzés = B Qon + B Qo nsés (9.6.19)
and
3 . 3 . 3 o
nx Q(n) = 2 Qonz(n x é3) = 2 Qo cosf(n x é3) = -5 Qo cosf sinfe, . (9.6.20)

Since €, is a unit vector orthogonal to a unit vector n, the product €, x n is also a unit
vector, i.e., |e, x n| = 1, and the angular power distribution is given by
dP  2Zyk®
dQ 51272
Thus, for quadrupole radiation, we have a four-lobe pattern of power distribution

Q2sin? @ cos® 6 . (9.6.21)

Using
1 1 4
/ cos? 0 sin® § d(cos §) = / (1 — 2%) dw = 5 (9.6.22)
-1 -1
we find that the total power radiated is
A0

P=—"" 9.6.23
9607 ( )

The complete description requires the full multipole expansion which is beyond what we

are going to do in this course.



