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1 Notations

Mostly, I use the notations from the book by Peskin and Schoeder.
However, the totally antisymmetric tensor εµνλρ differs in sign from Peskin. I define
ε0123 = − 1, same as Bjorken & Drell textbook.

In addition:
Fourier transform - (2π)−1 goes with

∫
dk

f(x) =

∫
dnk

(2π)n
e−ikxf(k) ≡

∫
d−nke−ikxf(k) : f(k) =

∫
dnxeikxf(x) (1.1)

I use the space-saving notation
∫
d−nk ≡

∫
dnk

(2π)n .
Dirac delta-function:
Definition: δ(x− y) = 0 if x 6= y and

∫
dx δ(x) = 1. Property:∫

dy δ(x− y)f(y) = f(x) (1.2)

– 1 –



In multi-dimensional space

δ(n)(x− y)
def≡ δ(x1 − y1)δ(x2 − y2)...δ(xn − yn) (1.3)

Sometimes I will omit the upper label (n) for brevity (if there is no confusion about the
dimension of the δ-function, for example δ(~x− ~y) ≡ δ(3)(~x− ~y)).

Properties:

δ(F (x)− F (y)) =
1

|F ′(x)|
δ(x− y) (1.4)

θ-function:

θ(x) = 1 x ≥ 0

θ(x) = 0 x < 0 (1.5)

Derivative:
d

dx
θ(x) = δ(x) (1.6)

Spatial components of 4-vectors and 3-vectors
I denote the components of three-dimensional vector ~a = (ax, ay, az) by ~ai: ~a1 ≡ ax,

~a2 ≡ ay, ~a3 ≡ az. This (unusual) notation is introduced in order to avoid confusion with
covariant components in four-dimensional notations. The contravariant components of 4-
vector a = (a0,~a) are defined as a1 ≡ ax, a2 ≡ ay, a3 ≡ az so the covariant components of
this 4-vector will be a1 = −ax, a2 = −ay, a3 = −az which differ in sign from ~ai.

Part I

2 Harmonic oscillator as a trivial (0+1) field theory

2.1 Harmonic oscillator in classical mechanics

The Lagrangian of a harmonic oscillator is

L(φ, φ̇) =
φ̇2

2
− ω2φ2

2
(2.1)

where φ(t) is a coordinate. We use the notation φ(t) rather than common notation x(t) to
ease future transition to field theory where the field is denoted by φ(~x, t).

2.1.1 Classical equations of motion from least action principle.

Action:

S(φ) =

∫ t2

t1

dt L(φ(t), φ̇(t)) (2.2)

S(φ) is a functional of φ(t). (Mathematically, S : L2 → R)
Q: How to find minimum of a functional?
A: Same way as for a function: consider small deviation of the argument from the would-be
minimum and check if the linear term of deviation of the function vanishes.
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2 2(t  ) =    (t  ) = f
Trial path    (t):

t t
i
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t
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i(t ) =    (t ) = 11 S(  )  >  S(  )

Figure 1. Least action principle: given the initial and final points, the classical path φ̄(t) is a path
of minimal action

For a function F (x): let x∗ be a minimum of F (x), then

F (x∗ + ∆x) = F (x∗) + ∆xF ′(x∗) +
1

2
(∆x)2F ′′(x∗) + ...

⇒ F ′(x∗) = 0 (and F ′′(x) < 0) (2.3)

Now we repeat the same steps for the functional S(φ(t)). Suppose S(φ(t)) is minimal for
φ(t) = φ̄(t), then

S
(
φ̄(t) + δφ(t)

)
≥ S

(
φ̄(t)

)
(2.4)

for arbitrary δφ(t) with boundary conditions

δφ(t1) = δφ(t2) = 0 (2.5)

(recall that φ(t1) = φ̄(t1) = φi and φ(t2) = φ̄(t2) = φf for any trial path φ(t)).
Expanding the action (2.4) in powers of small δφ(t) we get

S
(
φ̄(t) + δφ(t)

)
= S

(
φ̄(t)

)
+

∫ t2

t1

dt δφ(t)
δS

δφ
(t)

∣∣∣∣
φ(t)=φ̄(t)

+

∫ t2

t1

dtdt′ δφ(t)δφ(t′)
δ2S

δφ2
(t, t′)

∣∣∣∣
φ(t)=φ̄(t)

+O(δφ3) (2.6)

The function δS
δφ (t) defined by the above equation is called a first variational derivative of

the functional S(φ) (and δ2S
δφ2

(t, t′) is called a second variational derivative of the action).
Similarly to the case of a function F (x∗) , in order for S

(
φ̄(t)

)
be a minimum, the

linear term in Eq. (2.6) should vanish and the quadratic term should be positive. Since
δφ(t) is arbitrary we get∫ t2

t1

dt δφ(t)
δS

δφ
(t)

∣∣∣∣
φ(t)=φ̄(t)

= 0 ⇒ δS

δφ
(t)

∣∣∣∣
φ(t)=φ̄(t)

= 0 (2.7)
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(the second requirement means that δ2S
δφ2

(t, t′)
∣∣∣
φ(t)=φ̄(t)

should be a positive-definite opera-

tor).
Let us find δS

δφ (t) for the harmonic oscillator (2.1).

S
(
φ̄(t) + δφ(t)

)
=

∫ t2

t1

dt L(φ+ δφ, φ̇+ δφ̇) (2.8)

=

∫ t2

t1

dt
{
L(φ, φ̇) +

∂L(φ, φ̇)

∂φ
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

δφ(t) +
∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

δφ̇(t) + O(δφ2)
}

Integrating by parts the term proportional to δφ̇(t) we get∫ t2

t1

dt
∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

δφ̇(t) =

∫ t2

t1

dt
∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

d

dt
δφ(t) (2.9)

=
∂L(φ, φ̇)

∂φ̇
(t)δφ(t)

∣∣∣∣∣
t=t2

t=t1

−
∫ t2

t1

dt δφ(t)
d

dt

∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

= −
∫ t2

t1

dt δφ(t)
d

dt

∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

where the end-point terms vanish since δφ(t1) = δφ(t2) = 0. We get

S
(
φ̄(t)+δφ(t)

)
=

∫ t2

t1

dt L(φ, φ̇)+

∫ t2

t1

dt δφ(t)
{ ∂L(φ, φ̇)

∂φ
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

− d

dt

∂L(φ, φ̇)

∂φ̇
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

}
(2.10)

Since δφ(t) is arbitrary we get Euler-Lagrange equation

(∂L(φ, φ̇)

∂φ
− d

dt

∂L(φ, φ̇)

∂φ̇

)
(t)

∣∣∣∣∣
φ(t)=φ̄(t)

= 0 (2.11)

For the harmonic oscillator

L(φ, φ̇) =
φ̇2

2
− ω2φ2

2
⇒ ∂L(φ, φ̇)

∂φ̇
= φ̇,

∂L(φ, φ̇)

∂φ
= − ω2φ (2.12)

and the Euler-Lagrange equation takes the form

d

dt
φ̇(t) = − ω2φ(t) ⇔ φ̈(t) = − ω2φ(t) (2.13)

This is the familiar second-order differential equation for harmonic oscillator with solutions
e±iωt (or cosωt and sinωt).

2.1.2 Classical Hamiltonian for the harmonic oscillator

The canonical momentum is defined as

π(t) ≡ ∂L

∂φ̇
(t) (2.14)
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For the harmonic oscillator

π(t) ≡ ∂

∂φ̇

( φ̇2

2
− ω2φ2

2

)
= φ̇ (2.15)

In general, classical Hamiltonian is defined as

H = πφ̇− L(φ, φ̇) (2.16)

where we must express φ̇ in terms of π using Eq. (2.14).
For the harmonic oscillator we get

H = πφ̇−
( φ̇2

2
− ω2φ2

2

)∣∣∣∣∣
φ̇=π

=
π2

2
+
ω2φ2

2
(2.17)

2.2 Harmonic oscillator in quantum mechanics

2.2.1 Quantization in the Schrödinger picture

Quantization recipe: We promote φ and π to operators φ̂ and π̂ satisfying canonical
commutation relations

[φ, π] = i~, (2.18)

define QM Hamiltonian

Ĥ =
π̂2

2
+
ω2φ̂2

2
(2.19)

and solve Schrödinger equation

i~
d

dt
|Ψt〉 = Ĥ|Ψt〉 (2.20)

where |Ψt〉 is the QM vector of state. Hereafter we set ~ = 1 as common in QFT.
Usually we write down the Schrödinger equation (2.20) is so-called coordinate repre-

sentation where |φ〉 are eigenstates of the coordinate operator φ̂

φ̂|φ〉 = φ|φ〉 (2.21)

In this representation the state vector is given by the Schrödinger wave function

〈φ|Ψt〉 = Ψ(t, φ) (2.22)

where the wave function Ψ(t, φ) is the amplitude to discover harmonic oscillator at the
position φ at the time t. The operators φ and π in the coordinate representation have the
form

〈φ|φ̂|Φt〉 = φ̂Ψ(t, φ) = φ(t)Ψ(t, φ), π̂Ψ(t, φ) = − i ∂
∂φ

Ψ(t, φ) (2.23)

where the first equation is the trivial consequence of the definition (2.20) and the second
follows from the commutation relation [φ̂, π̂] = i:

[φ̂, π̂]Ψ(t, φ) = φ̂π̂Ψ(t, φ)− π̂φ̂Ψ(t, φ) = φ̂
(
− i ∂

∂φ

)
Ψ(t, φ) + i

∂

∂φ

(
φΨ(t, φ)

)
= − iφ ∂

∂φ
Ψ(t, φ) + i

∂

∂φ

(
φΨ(t, φ)

)
= iΨ(t, φ) (2.24)
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With operators φ̂ and π̂ in the form (2.22) we get the familiar for of the Schrödinger equation

i
∂

∂t
Ψ(t, φ) =

( π̂2

2
+
ω2φ̂2

2

)
Ψ(t, φ) = − 1

2

∂2Φ(t, φ)

∂φ2
+
ω2

2
φ2(t)Φ(t, φ) (2.25)

For the stationary states
Ψ(t, φ) = e−iEtΨ(φ) (2.26)

so the stationary Schrödinger equation turns to

ĤΨ(φ) = EΨ(φ) (2.27)

or, in the explicit form,

− 1

2

∂2Φ(φ)

∂φ2
+
ω2

2
φ2Φ(φ) = EΨ(φ) (2.28)

Such scheme of quantization (when vector of state depends on time and the operators φ̂ and
π̂ do not) is called the Schrödinger picture. It is very convenient in quantum mechanics,
but, as we shall see below, extremely inconvenient in quantum field theory.

2.2.2 Quantization in the Heisenberg picture

In Heisenberg picture vector of state |Ψ〉 does not depend on time but operators φ̂ and π̂
do.

We take Schrödinger vector of state at t = 0 and define

|Ψ〉Heis ≡ |Ψt〉Schro|t=0

φ̂(t) ≡ eiĤtφ̂e−iĤt, π̂(t) ≡ eiĤtπ̂e−iĤt, (2.29)

In this picture instead of Schrödinger equation for vector of state (2.20) we have two Heisen-
berg equations for operators φ̂(t) and π̂(t)

d

dt
φ̂(t) = i[Ĥ, φ̂(t)],

d

dt
π̂(t) = i[Ĥ, π̂(t)] (2.30)

It is instructive to see that the commutation relation between φ̂ and π̂ does not depend on
time

[φ̂(t), π̂(t)] = φ̂(t)π̂(t)− π̂(t)φ̂(t) = eiĤtφ̂e−iĤteiĤtπ̂e−iĤt − eiĤtπ̂e−iĤteiĤtφ̂e−iĤt

= eiĤtφ̂π̂e−iĤt − eiĤtπ̂φ̂e−iĤt = eiĤt[φ̂, π̂]e−iĤt = eiĤtie−iĤt = i (2.31)

As we shall see below, the Heisenberg quantization picture easily generalizes to quantum
field theory.
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3 Classical theory of a scalar Klein-Gordon field

For simplicity, we start the discussion of the field theory using a simplest scalar field φ(x)

as an example. We denote 4-dimensional vectors by Latin letters x ≡ (ct, ~x) and, in what
follows, we set c = 1 as usual in QFT.

The Lagrangian of the scalar Klein-Gordon field has the form

L(t) =

∫
d3x L(t, ~x) (3.1)

where L(~x, t) is the Largangian density

L(~x, t) = L
(
φ(t, ~x)∂µφ(t, ~x)

)
=

1

2
∂µφ∂

µφ(x)− m2

2
φ2(x) (3.2)

The corresponding action takes the form

S(φ) =

∫
dt L(t) =

∫
dtd3xL(t, ~x) =

∫
d4xL(x) =

∫
d4xL

(
φ(x), ∂µφ(x)

)
(3.3)

Canonical coordinates and canonical momenta are

φ(t, x) and π(t, x) ≡ ∂L
∂φ̇

(t, x) = φ̇(t, x) (3.4)

so the classical Hamiltonian for the KG field takes the form

H =

∫
d3xπ(t, x)φ̇(t, x)− L(t) =

∫
d3x
[
π(t, x)φ̇(t, x)− φ̇2(t, x)

2
+
|∇φ(t, x)|2

2
+
m2

2
φ2(t, x)

]
=

∫
d3x
[π2(t, x)

2
+

∣∣∇φ(t, x)
∣∣2

2
+
m2

2
φ2(t, x)

]
(3.5)

3.1 Least action principle for Klein-Gordon field

Given the initial and final field configurations

φ(t1, ~x) = φi(~x), φ(t2, ~x) = φf (~x) (3.6)

the classical field φ̄(x) varies in such a way that the action S(φ̄) is minimal of all possible
field configurations. In other words, if we take the trial field configuration φ(t, ~x) with the
same initial and final conditions φ(t1, ~x) = φi(~x) and φ(t2, ~x) = φf (~x) and compare its
action to that of classical field φ̄(x) we will get

S(φ) ≥ S(φ̄) (3.7)

similarly to equation in Fig. 1 for classical mechanics.
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3.1.1 Classical field equations from least action principle

Similarly to the case of harmonic oscillator (see Fig. 1) we consider trial field configuration

φ(x) = φ̄(x) + δφ(x) (3.8)

where δφ(x) is a small deviation from the classical field φ̄(x), and expand in powers of δφ:

S(φ) = S(φ̄) +

∫ t2

t1

dt

∫
d3x δφ(x)

δS(φ)

δφ

∣∣∣∣
φ(x)=φ̄(x)

+O(δφ2) (3.9)

If S(φ) ≥ S(φ̄) the linear term in the r.h.s. of Eq. (3.9) must vanish (and the quadratic
term must be positive, but this is a separate issue which we will not discuss now) so we
obtain ∫ t2

t1

dt

∫
d3x δφ(x)

δS(φ)

δφ

∣∣∣∣
φ(x)=φ̄(x)

= 0 (3.10)

Since the above equation holds true at any δφ(x) we get

δS(φ)

δφ

∣∣∣∣
φ(x)=φ̄(x)

= 0 − classical field equation (3.11)

Let us find now the explicit form of δS(φ)
δφ for the action (3.3).

S(φ+ δφ)− S(φ) =

∫ t2

t1

dt

∫
d3x

[
L(φ+ δφ, ∂αφ+ ∂αδφ)− L(φ, ∂αφ)

]
=

∫ t2

t1

dt

∫
d3x

[
δφ(x)

∂L(φ, ∂αφ)

∂φ
+ ∂µδφ(x)

∂L(φ, ∂αφ)

∂∂µφ
+O(δφ2)

]
(3.12)

The second term in the r.h.s. may be integrated by parts similarly to Eq. (2.9):∫ t2

t1

dt

∫
d3x ∂µδφ(x)

∂L(φ, ∂αφ)

∂∂µφ
(3.13)

=

∫ t2

t1

dt

∫
d3x

[ d
dt
δφ(x)

∂L(φ, ∂αφ)

∂φ̇
+

∂

∂xi
δφ(x)

∂L(φ, ∂αφ)

∂∂iφ
+O(δφ2)

]
=

∫
d3xδφ(t, ~x)

∂L(φ, ∂αφ)

∂φ̇

∣∣∣∣t1
t1

−
∫ t2

t1

dt

∫
d3x

[ d
dt
δφ(x)

∂L(φ, ∂αφ)

∂φ̇
+ δφ(x)

∂

∂xi
∂L(φ, ∂αφ)

∂∂iφ
+O(δφ2)

]
Since δφ(t1, ~x) = δφ(t2, ~x) = 0 the first (boundary) term in the r.h.s of the above equation
vanishes and we obtain

S(φ̄+ δφ)− S(φ̄) =

=

∫ t2

t1

dt

∫
d3x δφ(x)

[∂L(φ, ∂αφ)

∂φ
− ∂

∂xµ
∂L(φ, ∂αφ)

∂∂µφ

]
+ O(δφ2) (3.14)

By definition, the expression in square brackets is δS
δφ so we get

δS(φ)

δφ
=

∂L(φ, ∂αφ)

∂φ
− ∂

∂xµ
∂L(φ, ∂αφ)

∂∂µφ
(3.15)
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and the classical field equation (3.11) takes the familiar Euler-Lagrange form

∂L(φ, ∂αφ)

∂φ

∣∣∣∣
φ=φ̄

=
∂

∂xµ

( ∂L(φ, ∂αφ)

∂∂µφ

∣∣∣∣
φ=φ̄

)
(3.16)

For the Klein-Gordon field L = 1
2∂

µφ∂µφ− m2

2 φ
2 so

∂L(φ, ∂αφ)

∂φ
= −m2φ,

∂L(φ, ∂αφ)

∂∂µφ
= ∂µφ (3.17)

and the equation (3.15) takes the form

∂

∂xµ
∂µφ = ∂µ∂

µφ = −m2φ (3.18)

or, in short,
(∂2 +m2)φ(x) = 0 (3.19)

This is the Klein-Gordon equation studied in the AQM course. (Right now m2 is just a
parameter in this equation but it will be a mass of the scalar particle after quantization of
the Klein-Gordon field.)

Part II

4 Quantization of the Klein-Gordon field

For simplicity consider (1+1) dimensional Klein-Gordon field φ(t, x). Lagrangian for this
field is

L(t) =

∫
dx L(t, x) (4.1)

L(t, x) =
φ̇2

2
− φ′2

2
− m2φ2

2

where φ′ ≡ ∂φ(t,x)
∂x and φ̇′ ≡ ∂φ(t,x)

∂t as usual).
Similarly to the case of (3+1) dimensions one can get the Euler-Lagrange equation in

the form of Klein-Gordon equation

φ̈(t, x)− φ′′(t, x) = m2φ(t, x) (4.2)

4.1 Lattice model for the KG field

Lattice model: a harmonic oscillator in each point of the grid and similar interaction between
two adjacent oscillators:

L(t) =
∞∑

n=−∞

[a
2
φ̇2
n(t)− a

2
m2φ2

n(t)− 1

2a
[φn+1(t)− φn(t)]2

]
(4.3)
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a
x

Figure 2. Lattice model: a harmonic oscillator in each point on the grid and similar interaction
between two adjacent oscillators. The lattice spacing a is the same for all oscillators.

The classical Euler-Lagrange equations for the set of oscillators are

d

dt

∂L

∂φ̇
=

∂L

∂φ
⇔ φ̈n = −m2φn +

φn+1 + φn−1 − 2φn
a2

(4.4)

The normal modes are

φp(xn, t) = αpe
ianp−iωpt + α∗pe

−ianp+iωpt (4.5)

where p is a real number, αp is an arbitrary complex number, and

ω2
p = m2 +

4

a2
sin2 ap

2
(4.6)

so the general solution has the form

φn(t) =

∫ π/a

−π/a
d−p (αpe

ianp−iωpt + α∗pe
−ianp+iωpt) (4.7)

Let us now label each point on the grid not by its number, but by the position of the
corresponding point on the lattice xn = na

L(t) =
1

2

∞∑
n=−∞

a
[
φ̇2(t, xn)−m2φ2(t, xn)−

(φ(t, xn+1)− φ(t, xn)

a

)2]
(4.8)

In the “continuum limit” a→ 0 the above sum turns into integral

L(t) =
1

2

∫ ∞
−∞

dx
[
φ̇2(t, x)− φ′2(t, x)−m2φ(t, x)2

]
(4.9)

which is KG lagrangian (3.2) (for 1+1 dimensions).
Thus, the classical Lagrangian for our lattice model turn to the Lagrangian of KG field

in the continuum limit a → 0. It is therefore natural to assume that quantization of our
model will give a theory of quantum KG field in the limit a→ 0.
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4.2 Quantization of the set of harmonic osciillators.

First we need to identify canonical momenta for the lattice Lagrangian (4.3).

πn(t) =
∂L

∂φ̇n
(t) = aφ̇n(t) (4.10)

Let us now label πn by the point on the lattice xn = na and define

π(t, xn)) ≡ 1

a
πn(t) = φ̇n(t) = φ̇(t, xn) (4.11)

(recall that π(t, x) = φ̇(t, x) in the continuum limit, see Eq. (3.4).
Hamiltonian of our set of harmonic oscillators reads

H(t) =
∞∑

n=−∞

[
πn(t)φ̇n(t)− L(t)

]∣∣∣
φ̇n=πn

=
∞∑

n=−∞

[ 1

2a
π2
n(t) +

1

2a
[φn+1(t)− φn(t)]2 +

a

2
m2φ2

n(t)
]

(4.12)

In the notations φ(t, xn) and π(t, xn) (see Eq. (4.10) it takes the form

H(t) =
a

2

∞∑
n=−∞

[
π2(t, xn) +

(φ(t, xn+1)− φ(t, xn)

a

)2
+m2φ(t, xn)2

]
(4.13)

which reduces to the classical KG lagrangian in the continuum limit a→ 0∫
dx
[π2(t, x)

2
+

(
∇φ(t, x)

)2
2

+
m2

2
φ2(t, x)

]
(4.14)

(cf. Eq. (3.5) for three space dimensions).
As usual, to quantize a set of harmonic oscillators we promote φn and πn to operators

φ̂n and π̂n satisfying the canonical commutation relations

[φn, πn] = i, [φm, πn]
∣∣∣
m 6=n

= [φm, φn] = [πm, πn] = 0 (4.15)

and solve the corresponding Schrödinger equaton

i
d

dt
|Ψ〉 = Ĥ|Ψ〉 (4.16)

where

Ĥ =
a

2

∞∑
n=−∞

[
π̂2(xn) +

( φ̂(xn+1)− φ̂(xn)

a

)2
+m2φ̂(xn)2

]
(4.17)

and |Φ〉 is a vector of state for this system. In coordinate representation |Ψ〉 is described
by a wave function depending on all coordinates:

〈...φ−n...φ−1, φ0, φ1...φn...|Φt〉 = Φ(t, ...φ−n...φ−1, φ0, φ1...φn...) = Ψ(t, {φn}) (4.18)
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As usual, |Ψ(t, {φn})|2 is the probability to find the zeroth oscillator at the position φ0, the
first oscillator at the position φ1, the (-1) oscillator at the position φ−1 etc. at time t.

The action of canonical operators φ̂n and π̂n on the wave function in the coordinate
representation is given by

φ̂nΨ(t, {φk}) = φn(t)Ψ(t, {φk}), π̂nΨ(t, {φk}) = − i ∂

∂φn
Ψ(t, {φk}), (4.19)

It is easy to check the canonical commutation relations:

[φ̂m, π̂n]Ψ(t, {φn}) = − iφm
∂

∂φn
Ψ(t, {φn}) + i

∂

∂φn
φmΨ(t, {φk}) = iδmnΨ(t, {φk})

[φ̂m, φ̂n]Ψ(t, {φn}) = (φmφn −m↔ n)Ψ(t, {φn}) = 0

[π̂m, π̂n]Ψ(t, {φn}) = − i
( ∂

∂φm

∂

∂φn
− (m↔ n)

)
Ψ(t, {φn}) = 0 (4.20)

4.2.1 Normal modes for the set of oscillators

To find a solution to Schrödinger equation (4.16) we need to rewrite Hamiltonian in terms
of normal modes (4.5). A general solution to classical equations for the set of oscillators is
given by (4.7), the corresponding set of canonical momenta (4.7) have the form

π(xn, t) = − i
∫ π/a

−π/a
d−p ωp(αpe

ianp−iωpt − α∗pe−ianp+iωpt) (4.21)

and therefore the classical Hamiltonian (4.13) rewritten in terms of normal modes looks
like

H(t) =

∫ π/a

−π/a
d−p ωpα

∗
pαp (4.22)

where we have used the formula
∞∑

n=−∞
eian(p−p′) = 2πδ(a(p− p′)) =

2π

a
δ(p− p′) (4.23)

The r.h.s. of Eq. (4.22) does not depend on time which reflects the conservation of energy.
For the operators φ̂(xn) and π̂(xn) the expansion in normal modes reads

φ̂(xn) =

∫ π/a

−π/a

d−p√
2ωp

(α̂pe
ianp + α̂†pe

−ianp)

π̂(xn) = − i
∫ π/a

−π/a

d−p√
2ωp

ωp(α̂pe
ianp − α̂†pe−ianp) (4.24)

where the factor
√

2ωp is for convenience and ωp is given by Eq. (4.6). The inverse formulas
are

α̂p = a

∞∑
n=−∞

ωpφ̂(xn) + iπ̂(xn)√
2ωp

e−ianp

α̂†p = a
∞∑

n=−∞

ωpφ̂(xn)− iπ̂(xn)√
2ωp

eianp (4.25)
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It is easy to see that the operators α̂p satisfy the canonical commutation relations

[ap, a
†
p′ ] = 2πδ(p− p′), [ap, ap′ ] = [a†p, a

†
p′ ] = 0 (4.26)

One can check self-consistency

[φ̂(xm), π̂(xn)] = − i
∫ π/a

−π/a

d−p√
2ωp

d−p′√
2ωp′

ωp′ [α̂pe
iamp + α̂†pe

−iamp, α̂p′e
ianp′ − α̂†p′e

−ianp′ ]

= i

∫ π/a

−π/a
d−p cos a(m− n)p =

i

a
δmn ⇔ [φ̂m, π̂n] = iδmn (4.27)

Similarly, one can check that [φ̂m, φ̂n] = [π̂m, π̂n] = 0.

4.3 Quantum KG field as a continuum limit of the set of harmonic osciillators.

In the continuum limit a→ 0 the lattice Hamiltonian (4.9) reduces to

Ĥ =
a

2

∞∑
n=−∞

[
π̂2
n(x) +

( φ̂(xn+1)− φ̂(xn)

a

)2
+m2φ̂(xn)2

]
a→0
=

1

2

∫
dx
[
π̂2(x) + φ̂′

2
(x) +m2φ̂2(x)

]
(4.28)

(recall that π̂(xn) = 1
aπn), see Eq. (4.7).

In the continuum limit the wave function (4.14) depends on the continuum set of
coordinates φ(x) (each of φ(x) is an independent coordinate) so Ψ(t, φ(x)) is actually a
wave functional.

Let us find the explicit form of the canonical operators φ̂ and π̂ in this “coordinate
representation” of wave functional Ψ(t, φ(x)).

For the operator φ̂ the limit a→ 0 is trivial:

φ̂(xn)Ψ(t, {φ(xk)}) = φ(xn)Ψ(t, {φ(xk)})
a→0→ φ̂(x)Ψ(t, φ(z)) = φ(x)Ψ(t, φ(z)) (4.29)

For the operator π̂ the limit a→ 0 is more subtle.
Let us prove that

lim
a→0

π̂(xn)Ψ(t, {φ(xk)}) =
δΨ(t, φ(z))

δφ(x)
(4.30)

where the r.h.s. is a variational derivative defined in a usual way

Ψ(t, φ(z) + h(x))−Ψ(t, φ(z)) =

∫
dx h(x)

δΨ(t, φ(z))

δφ(x)
+ O(h2) (4.31)

as a linear part of the deviation of the value of functional Ψ due to the small deviation of
the argument of the functional Ψ(t, φ(z)), same as in the Eq. (2.6) (here h(x) ≡ δφ(x)) in
Eq. (2.6)).

Proof: consider

Ψ(t, {φ(xk) + h(xk)})−Ψ(t, φ(xk)) =

∞∑
n=−∞

h(xn)
∂Ψ(t, {φ(xk)})

∂φ(xn)
+ O(h2) (4.32)
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The canonical momentum operator is defined as

π̂(xn)Ψ(t, {φ(xk)}) =
1

a
π̂nΨ(t, {φ(xk)}) = − i

a

∂Ψ(t, {φ(xk)})
∂φ(xn)

(4.33)

so

Ψ(t, {φ(xk) + h(xk)})−Ψ(t, {φ(xk)}) = i
∞∑

n=−∞
ah(xn)π̂(xn)Ψ(t, {φ(xk)})

a→0→ Ψ(t, φ(z) + h(z))−Ψ(t, φ(z)) = i

∫
dx h(x)π̂(x)Ψ(t, φ(z)) (4.34)

Comparing the above formula to Eq. (4.43) we see that

π̂(x)Ψ(t, φ(z)) = − iδΨ(t, φ(z))

δφ(x)
, Q.E.D. (4.35)

Let us now demonstrate that the canonical commutation relation (CCR)

[φ̂(xm), π̂(xn)] =
i

a
δmn (4.36)

turns to
[φ̂(x), π̂(y)] = iδ(x− y) (4.37)

in the limit a→ 0. Indeed, from Eq. (4.36) we see that if x 6= y we get [φ̂(x), π̂(y)] = 0. In
addition,

∞∑
m=−∞

a[φ̂(xm), π̂(xn)] = i
a→0→

∫
dx′ [φ(x′), π̂(x)] = i (4.38)

which means that [φ̂(x), π̂(y)] = δ(x− y) by definition of δ-function (1.2).
Check of self-consistency of our formulas: CCR (4.37) in the coordinate representation

of vector of state

[φ̂(x), π̂(y)]Ψ(t, {φ(z)}) = − iφ(x)
δ

δφ(y)
Ψ(t, {φ(z)}) + i

δ

δφ(y)

(
φ(x)Ψ(t, {φ(z)})

)
= iΨ(t, {φ(z)})

( δ

δφ(y)
φ(x)

)
= iδ(x− y)Ψ(t, {φ(z)}) (4.39)

To find δ
δφ(y)φ(x) let us note that for the functional F (φ) =

∫
dx′f(x−x′)φ(x′) the definition

of variational derivative (2.6) gives

δ

δφ(y)
F (φ) =

δ

δφ(y)

∫
dx′ φ(x′)f(x′ − x) = f(x− y) (4.40)

Next, because by definition (1.2) of δ-function

φ(x) =

∫
dx′ φ(x′)δ(x′ − x) (4.41)

we can use Eq. (4.28) for the functional F (φ) = φ(x) =
∫
dx′ φ(x′)δ(x′ − x) and get

δ

δφ(y)
φ(x) = δ(x− y) (4.42)
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so the commutation relation (4.41) turns to CCR

[φ̂(x), π̂(y)]Ψ(t, {φ(z)}) = iδ(x− y)Ψ(t, {φ(z)}) (4.43)

Now we are in a position to write down the Schrödinger equation for the wave functional
Φ(t, φ(z))

i
d

dt
Ψ(t, {φ(z)}) = ĤΨ(t, {φ(z)}) =

1

2

∫
dx
[
π̂2(x) + φ̂′

2
(x) +m2φ̂2(x)

]
Ψ(t, {φ(z)}) =

=
1

2

∫
dx
[( δ

δφ(x)

)2
+ φ′

2
(x) +m2φ2(x)

]
Ψ(t, {φ(z)}) (4.44)

For the stationary states Ψ(t, {φ(z)}) = e−iEtΨE({φ(z)}) so the Schrödinger equation
(4.44) takes the form

1

2

∫
dx
[ δ

δφ(x)

δ

δφ(x)
+ φ′

2
(x) +m2φ2(x)

]
ΨE(t, {φ(z)}) = EΨE(t, {φ(z)}) (4.45)

4.3.1 3-dimensional KG field

At this point it is convenient to remember that our Universe has three spatial dimensions so
the KG field φ is a function of x = (t, ~x). To quantize the 3d KG field φ(t, ~x) we can repeat
the steps discussed in the previous Section: consider 3d lattice of harmonic oscillators with
nearest-neighbor interactions, quantize this grid of oscillators and take the limit of lattice
spacing a→ 0. The wave functional Ψ(t, φ(x) satisfies the Schrödinger equation

i
d

dt
Ψ(t, φ(x) = ĤΨ(t, φ(x) (4.46)

Ĥ =
1

2

∫
d3x[π̂2(t, ~x) + |∇φ(t, ~x)|2 +m2φ2(t, ~x)]

where operators of canonical coordinate and canonical momentum

φ̂(~x)Ψ(t, φ) = φ(~x)Ψ(t, φ) (4.47)

π̂(~x) = − i δ

δφ(~x)
Ψ(t, φ)

Check of the canonical commutation relation :

[φ̂(~x), π̂(~y)] = i
δ

δφ(~y)
φ(~x) = iδ(3)(~x− ~y) (4.48)

The Schrödinger equation for stationary states

Ψ(t, φ) = e−iEtΨE(φ)

takes the form

ĤΨE(φ) = EΨE(φ) ⇔ 1

2

∫
d3x

[
−
( δ

δφ(~x)

)2
+ |∇φ(~x)|2 +m2φ2(~x)

]
ΨE(φ) = EΨE(φ)

(4.49)
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Part III

4.3.2 Trivial solution of QFT Schrödinger equation: vacuum state

For the harmonic oscillator
〈φ|0〉 ∼ e−ω

φ2

2 (4.50)

(Educated) guess: for the Klein-Gordon field the vacuum wave function(al) should be similar

〈φ(~x)|0〉 ∼ e−
1
2

∫
d3x (ω?) φ2(~x) (4.51)

Q: What is the analog of ωφ2?
A: φ(~x)

√
m2 +∇2φ(~x)

Motivation:
For the oscillator: the classical path is φ(t) = e±iωt.
For the KG field: the classical solution is 1

φ(x) ∼
∫
d−3p ei~p·~x±iωpt, ωp =

√
m2 + ~p2) (4.52)

The Eq. (4.52) looks like a superposition of oscillators with frequencies depending on |~p|
⇒
Our guess for the wave functional of vacuum state for the KG field is a product of wave
functions for these oscillators:

Πxe
− 1

2
φ(~x)ωpφ(~x) ∼ e−

1
2

∫
d3xφ(~x)ωpφ(~x) = e−

1
2

∫
d3xφ(~x)

√
m2−∇2φ(~x) (4.53)

because√
m2 −∇2φ(~x) =

√
m2 −∇2

∫
d3p ei~p·~xφ(~p) =

∫
d−3p

√
m2 + ~p2ei~p·~xφ(~p) (4.54)

Thus, our guess for the KG wave functional for the vacuum state |Ω〉 is

〈φ(~x)|Ω〉 = Ψvac

(
φ(~x)

)
= N−1e−

1
2

∫
d3xφ(~x)Ŵφ(~x) (4.55)

where W is a differential operator (4.54) defined as

Wφ(x) ≡
√
m2 −∇2φ(~x) =

∫
d−3p

√
m2 + ~p2ei~p·~xφ(~p) (4.56)

and N−1 is some normalization factor. In the momentum representation it is even more
simple

〈φ(~p)|Ω〉 = Ψvac

(
φ(~p)

)
= N−1e−

1
2

∫
d−3p ωpφ(~p)φ(~p) (4.57)

Let us now prove our guess (4.55). To this end we need to check that the Eq. (4.55) satisfies
Schrödinger equation (4.49)

ĤΨvac(φ) ≡ 1

2

∫
d3x

[
−
( δ

δφ(~x)

)2
+ |∇φ(~x)|2 +m2φ2(~x)

]
Ψvac(φ) = EvacΨvac(φ)

(4.58)
1Note that ωp from Eq. (4.6) turns to

√
m2 + ~p2 in the continuum limit a→ 0. This is relation between

energy and momentum of a Klein-Gordon scalar particle as we shall see below.
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Second two terms are evident so we need to find
(

δ
δφ(~x)

)2
Ψvac(φ). A first step is to find

δ

δφ(~x)
Ψvac

(
φ
)

= ? (4.59)

According to general definition of variational derivative (4.31)

Ψvac(φ+ δφ)−Ψvac(φ) = exp
[
− 1

2

∫
d3x (φ+ δφ)Ŵ (φ+ δφ)

]
− exp

[
− 1

2

∫
d3x φŴφ

]
= exp

[
− 1

2

∫
d3x

(
φŴφ+ δφŴφ+ φŴδφ+ δφŴδφ

)]
− exp

[
− 1

2

∫
d3x φŴφ

]
' exp

[
− 1

2

∫
d3x φŴφ

]{
1−
∫
d3x δφ(~x)Ŵφ(~x) +O(δφ2)

}
− exp

[
− 1

2

∫
d3x φŴφ

]
= −

∫
d3x δφ(~x)Ŵφ(~x)Ψvac(φ) +O(δφ2) (4.60)

so
δ

δφ(~x)
Ψvac

(
φ
)

= − Ŵφ(~x)Ψvac

(
φ
)

(4.61)

Now ( δ

δφ(~x)

)2
Ψvac

(
φ
)

= − δ

δφ(~x)

[
Ŵφ(~x)Ψvac

(
φ
)]

= −
[ δ

δφ(~x)
Ŵφ(~x)

]
Ψvac

(
φ
)
−
[
Ŵφ(~x)

] δ

δφ(~x)
Ψvac

(
φ
)

(4.62)

Let us find first δ
δφ(~x)

δ
δφ(~y)Ψvac

(
φ
)
at x 6= y

δ

δφ(~x)

δ

δφ(~y)
Ψvac

(
φ
)

= −
[ δ

δφ(~x)
Ŵφ(~y)

]
Ψvac

(
φ
)

+
[
Ŵφ(~x)

][
Ŵφ(~y)

]
Ψvac

(
φ
)
(4.63)

and take the limit x→ y afterwards.
To get the first term let us find δ

δφ(~x)Ŵφ(~y)

Ŵφ(~y) =

∫
d3p ωpφ(~p)ei~p·~y =

∫
d3p ωpe

i~p·~y
∫
d3z e−i~p·~zφ(~z) =

∫
d3z φ(~z)

∫
d3p ωpe

i~p·(~y−~z)

(4.64)
and therefore

Ŵ
(
φ(~y) + δφ(~y)

)
=

∫
d3z [φ(~z) + δφ(~z)]

∫
d3p ωpe

i~p·(~y−~z)

⇒ δ

δφ(~x)
Ŵ
(
φ(~y)) =

∫
d3p ωpe

i~p·(~y−~x) (4.65)

Finally

− δ

δφ(~x)

δ

δφ(~y)
Ψvac(φ) =

{∫
d3p ωpe

i~p·(~y−~x) − [Ŵφ(~x)][Ŵφ(~y)]
}

Ψvac(φ) (4.66)

Now let us take the limit ~y → ~x

− δ

δφ(~x)

δ

δφ(~x)
Ψvac(φ) =

{∫
d3p ωp − [Ŵφ(~x)][Ŵφ(~x)]

}
Ψvac(φ) (4.67)
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and integrate over ~x. We get

−
∫
d3x

δ

δφ(~x)

δ

δφ(~x)
Ψvac(φ) =

{∫
d3x

∫
d3p ωp −

∫
d3x[Ŵφ(~x)][Ŵφ(~x)]

}
Ψvac(φ)

=

∫
d3x

∫
d3p ωp −

∫
d3x [m2φ2(~x) + |~∇φ(~x)|2] (4.68)

where we used∫
d3x[Ŵφ(~x)][Ŵφ(~x)]

}
=

∫
d3x

∫
d−3p ωpe

i~p·~xφ(~p)

∫
d−3p′ ωp′e

i~p·~xφ(~p′) (4.69)

=

∫
d−3p

∫
d−3p′ ωpωp′φ(~p)φ(~p′)(2π)3δ(~p+ ~p′) =

∫
d−3p ω2

pφ(~p)φ(−~p)

=

∫
d−3p (m2 + ~p2)φ(~p)φ(−~p) =

∫
d−3p (m2 + ~p2)

∫
d3y e−i~p·~yφ(~y)

∫
d3z ei~p·~zφ(~z)

= m2φ2(~x) +

∫
d−3p

∫
d3y

∂

∂yi
e−i~p·~yφ(~y)

∫
d3z

∂

∂zi
ei~p·~zφ(~z) = m2φ2(~x) + ∂iφ(~x)∂iφ(~x)

Thus, we get Eq. (4.58)

ĤΨvac(φ) ≡ 1

2

∫
d3x

[
−
( δ

δφ(~x)

)2
+ |∇φ(~x)|2 +m2φ2(~x)

]
Ψvac(φ) = EvacΨvac(φ)

(4.70)

with eigenvalue being the vacuum energy

Evac =

∫
d3x

∫
d−3p

ωp
2

= V

∫
d3p

ωp
2

(4.71)

where V is the volume of the 3-dimensional space. The vacuum energy density

Evac =

∫
d−3p

ωp
2

= V

∫
d3p

ωp
2

(4.72)

is a sum of energies of oscillators with different momenta and each oscillator brings ωp
2 .

This sum (strictly speaking, integral) diverges. It is a general feature of all QFTs except
the supersymmetric ones where the vacuum energy vanishes.

4.3.3 Perturbation series for QFT Schrödinger equation

The perturbative series for a quantum theory is constructed like that: suppose we have a
Hamiltonian of the form

Ĥ = Ĥ0 + λĤI with λ� 1 (4.73)

The task is to find the spectrum of Ĥ and the probabilities of transitions between different
states as a series in small parameter λ (in QFT, these probabilities are expressed in terms
of cross sections of particle scattering).

For example, let us consider the interaction Hamiltonian of the form

λĤI = λ

∫
d3x φ̂4(~x) (4.74)
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The usual procedure to get a perturbative series would be to solve the Schrödinger equation
by iterations, namely write down

Ψ(φ) = Ψ0(φ) + λΨ1(φ) + λ2Ψ2(φ) + ... (4.75)

(Ĥ0 + λĤI)(Ψ0(φ) + λΨ1(φ) + λ2Ψ2(φ) + ...) = (E0 + λE1 + λ2E2 + ...)(Ψ0(φ) + λΨ1(φ) + λ2Ψ2(φ) + ...)

and solve:

Ĥ0Ψ0(φ) = E0Ψ0(φ),

(Ĥ0 − E0)Ψ1(φ) = E1Ψ0(φ)− ĤIΨ0(φ) ⇒ E1 =
〈Ψ0|ĤI |Ψ0〉
〈Ψ0|Ψ0〉

(4.76)

Ψ1(φ) =
1

Ĥ0 − E0

(E1Ψ0 − ĤIΨ0)

The first equation for E1 for wave functional reads

E1 =

∫
Dφ(~x)Ψ0(φ(~x))ĤIΨ0(φ(~x))∫
Dφ(~x)Ψ0(φ(~x)Ψ0(φ(~x)

(4.77)

for wave functionals Ψ0(φ(~x). If somebody will calculate this ratio (with functional integrals
insted of usual integrals) he will definitely be lost of the second step of inverting of a
variational derivative operator. Probably, this procedure can be implemented on the lattice,
but in this case people just calculate functional integrals for the full Hamiltonian (4.73).
Bottom line: standard construction of QM perturbative series does not easily generalize to
QFT. Fortunately, there is another way - the QM ladder operator formalism can be easily
generalized to QFT.

5 Ladder formalism

5.1 Ladder operator formalism for harmonic oscillator

Reminder: we define
â = ωφ̂+iπ̂√

2ω

â† = ωφ̂−iπ̂√
2ω

 ladder operators (5.1)

Commutation relation for these operators reads

[â, â†] =
1

2ω
(−iω[φ̂, π̂] + iω[π̂, φ̂]) = 1 (5.2)

Hamiltonian

Ĥ =
π̂2

2
+
ω2

2
φ̂2 = ωâ†â+

ω

2
(5.3)

Property:

â|0〉 =
ωφ̂+ iπ̂√

2ω
e−

ω
2
φ2 = 0 (5.4)

so â is called an “annihilation operator”. This equation

â|0〉 = 0 (5.5)
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may serve as a definition of the vacuum state |0〉.
Excited states:

|n〉 = cn(â†)n|0〉, En = ω(n+
1

2
) (5.6)

where cn = 1√
n!

- normalization factor. Let us check that Eq. (5.6) is an eigenstate of the
Hamiltonian (5.3). First, note that

[Ĥ, â†] = ωâ† (5.7)

⇒ [Ĥ, (â†)n] = [Ĥ, â†](â†)n−1 + â†[Ĥ, â†](â†)n−1 + ...+ (â†)n−1[Ĥ, â†] = nω(â†)n

and therefore

Ĥ|n〉 = cnĤ(â†)n|0〉 = cn[Ĥ, (â†)n]|0〉+cn(â†)nĤ|0〉 = cn(nω+
1

2
)(â†)n|0〉 = (nω+

1

2
)|n〉

(5.8)
so |n〉 is an eigenstate with energy En = ω(n + 1

2). (The normalization factor cn = 1√
n!

is
derived in QM courses but we will not need its explicit form in what follows).

Thus, the state |0〉 is the vacuum state, the state â†|0〉 is the first excited state,
1√
2
(â†)2|0〉 is the second excited state etc. For this reason the operator â† is called a

“creation operator”.
Similarly to Eq. (5.7) one can show that [Ĥ, â] = − ωâ. Note also that

â†|n〉 =
√
n+ 1|n+ 1〉, â|n〉 =

√
n|n− 1〉 (5.9)

which justifies the name “ladder operators” (you climb up and down a ladder |n〉).
So, why these operators are more convenient that φ̂ and π̂? Let us consider an example:

shift of vacuum state energy for anharmonic oscillator with ĤI = λφ̂4. Conventional
calculation reads

〈0|ĤI |0〉 =

√
ω

π

∫
dφ e−

ω
2
φ2λφ4e−

ω
2
φ2 = λ

√
ω

π

∫
dφ φ4e−ωφ

2
=

3λ

4ω2
(5.10)

On the other hand, in terms of ladder operators we get (recall that a|0〉 = 〈0|a† = 0)

〈0|ĤI |0〉 =
λ

4ω2
〈0|(â+ â†)4|0〉 =

λ

4ω2
〈0|(â+ 6â†)(â+ â†)2( 6â+ â†)|0〉 (5.11)

=
λ

4ω2
〈0|(â2 + [â, â†] + 6â†â)((â†)2 + [â, â†] + â† 6â)|0〉 =

λ

4ω2
〈0|â2(â†)2 + 1|0〉

=
λ

4ω2
〈0|â([â, â†] + â†â)â† + 1|0〉 =

λ

4ω2
〈0|ââ† + ââ†ââ† + 1|0〉

=
λ

4ω2
〈0|[â, â†] + [â, â†][â, â†] + 1 =

3λ

4ω2
(5.12)

We see that the integration over φ is replaced by commuting various ladder operators. For
harmonic oscillator, it is about equally difficult (or equally easy). However, in QFT we
have an infinite (and worse, continuous) set of coordinates φ(x) so we will have an infinite
and continuous number of integrations if we try to generalize Eq. (5.10) to QFT. On the
contrary, as we shall see in below, the ladder operator formalism easily generalizes to QFT.
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5.2 Ladder operator formalism in quantum field theory

To generalize ladder operator formalism to QFT we consider the lattice model for Klein-
Gordon field and take the limit a→ 0. The expansion (4.24) in normal modes turns to

φ̂(x) =

∫
d−p√
2ωp

(â~pe
i~p~x + â†~pe

−i~p~x) =

∫
d−p√
2ωp

(â~p + â†−~p)e
i~p~x (5.13)

π̂(x) = − i
∫

d−p√
2ωp

ω~p(âpe
i~p~x − â†~pe

−i~p·~x) = − i
∫

d−p√
2ωp

ω~p(âp − â†−~p)e
i~p·~x

where we relabeled the normal modes as âp and â†p. The inverse formulas can be obtained
by taking the limit a→ 0, n→∞ in Eq. (4.25)

â~p =

∫
d3x

1√
2ωp

[φ̂(~x) + iπ̂(~x)]e−i~p·~x

â†~p =

∫
d3x

1√
2ωp

[φ̂(~x)− iπ̂(~x)]ei~p·~x (5.14)

From Eq. (4.26) we see that [â~p, â
†
~p′ ] = (2π)3δ(~p− ~p′).

Self-consistency check:

[â~p, â
†
~p′ ] =

∫
d3xd3y ei~p·~x−i~p

′·~y 1

2
√
ωpωp′

(−iωp[φ̂(~x), π̂(~y)] + iωp′ [π̂(~x), φ̂(~y)]) (5.15)

=

∫
d3xd3y ei~p·~x−i~p

′·~y ωp + ωp′

2
√
ωpωp′

δ(~x− ~y) =
ωp + ωp′

2
√
ωpωp′

∫
d3x ei(~p−~p

′)·~x = (2π)3δ(~p− ~p′)

Similarly, one can demonstrate that [â~p, â
†
~p′ ] = [â†~p, â

†
~p′ ] = 0.

Lets summarize CCR in ladder formalism

[â~p, â
†
~p′ ] = (2π)3δ(~p− ~p′)

[â~p, â~p′ ] = [â†~p, â
†
~p′ ] = 0 (5.16)

Hamiltonian in terms of ladder operators

Ĥ =
1

2

∫
d3x [π̂2(~x) + |∇φ̂(~x)|2 +m2φ̂2(x)]

=
1

2

∫
d3xd−3pd−3p′ ei(~p+~p

′)·~x
[
− 1

2

√
ωpωp′(â~p − â†−~p)(â~p′ − â

†
−~p′) +

−~p · ~p′ +m2

√
ωpωp′

(â~p + â†−~p)(â~p′ + â†−~p′)
]

=
1

2

∫
d−3p

[
− ωp

2
(â~p − â†−~p)(â~p′ − â

†
−~p′) +

ωp
2

(â~p + â†−~p)(â~p′ + â†−~p′)

=

∫
d−3p

ωp
2

(â~pâ
†
~p + â†~pâ~p) =

∫
d−3p

ωp
2

(2â†~pâ~p + [â~p, â
†
~p]) =

∫
d−3p {ωpâ†~pâ~p +

ωp
2

(2π)3δ(0)}

=

∫
d−3p ωpâ

†
~pâ~p + V

∫
d−3p

ωp
2

(5.17)

where (2π)3δ(0) =
∫
d3x = V where V is the total volume of 3-dim space. This

(last) term in Eq. (5.17) is the infinite total vacuum energy (4.71) which does not affect
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any transition amplitudes (cross sections). In what follows we omit this term so for our
purposes the KG Hamiltonian in terms of ladder operators has the form

Ĥ =

∫
d−3p ωpâ

†
~pâ~p (5.18)

Commutators of Ĥ with ladder operators

[Ĥ, â†~p] =

∫
d−3k ωk[â

†
~k
â~k, â

†
~p] =

∫
d−3k ωkâ

†
~k
[â~k, â

†
~p] =

∫
d−3k ωkâ

†
~k
(2π)3δ(~p− ~k) = ωpâ

†
~p

[Ĥ, â~p] =

∫
d−3k ωk[â

†
~k
â~k, â~p] =

∫
d−3k ωk[â

†
~k
, â~p]â~k = −

∫
d−3k ωkâ~k(2π)3δ(~p− ~k) = − ωpâ~p

(5.19)

Similarly to the case of harmonic oscillator, âp is an “annihilation operator” in a sense that

â~p|0〉 = 0 (5.20)

Proof: from Eqs. (4.55) and (4.35) we see that

〈{φ(~z)}|â~p|0〉 = 〈{φ(~z)}|
∫
d3x

e−i~p·~x√
2ωp

[ωpφ̂(~x) + iπ̂(~x)]|0〉 =

∫
d3x

e−i~p·~x√
2ωp
〈{φ(~z)}|ωpφ̂(~x) + iπ̂(~x)|0〉

=

∫
d3x

e−i~p·~x√
2ωp

(
ωpφ(~x) +

δ

δφ(~x)

)
〈{φ(~z)}|0〉 =

∫
d3x

e−i~p·~x√
2ωp

(
ωpφ(~x) +

δ

δφ(~x)

)
N−1e−

1
2

∫
d3zφ(~z)Ŵφ(~z)

= N−1e−
1
2

∫
d3zφ(~z)Ŵφ(~z)

∫
d3x

e−i~p·~x√
2ωp

[
ωpφ(~x)− Ŵφ(~x)] = 0 (5.21)

because∫
d3x

e−i~p·~x√
2ωp

Ŵφ(~x) =

∫
d3x

e−i~p·~x√
2ωp

∫
d−3k ωke

i~k·~xφ(~k) =

√
ωp
2
φ(p) =

∫
d3x

e−i~p·~x√
2ωp

ωpφ(~x)

(5.22)
Please note that Ŵ is a usual differential operator (4.64) rather than the quantum operator
like φ̂ and π̂.

We have defined vacuum state as a solution of Schrödinger equation (4.58). Alterna-
tively, one can define a vacuum state as a state annihilated by operators â~p (see Eq. (5.20)).
It turns out that for the purpose of calculation of cross sections of particle scattering one
does not need to know the explicit form of the vacuum state Ψ0(φ) = 〈{φ(~x}|0〉 - the rule
(5.20) is sufficient. (For that reason, the explicit form of wave functionals is rarely discussed
in QFT textbooks).

Thus, vacuum state is a state annihilated by â~p (for any ~p). The excited states are

|p〉 = â†~p |0〉 (5.23)

Let us prove that â†~p |0〉 is a one-particle state - the eigenstate of the KG Hamiltonian (5.18)
with momentum ~p and energy Ep = ωp =

√
m2 + ~p2.
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It is easy to start with the energy of the state (5.23). From Eq. (5.19) we see that

Ĥ|p〉 = Ĥâ†~p |0〉 = [Ĥ, â†~p]|0〉+ â†~pĤ|0〉 = [Ĥ, â†~p]|0〉 = ωpâ
†
~p |0〉 = ωp|p〉 (5.24)

so (5.23) is an eigenstate of Hamiltonian with energy Ep = ωp =
√
m2 + p2. But what

about the momentum of the state |~p〉? For now, ~p in the definition (5.23) is just a label
and we need to demonstrate that it has a meaning of the momentum. To this end we need
to construct momentum operator for quantized KG field.

Part IV

5.3 Momentum operator in a quantum field theory

5.3.1 Reminder: momentum in a classical field theory

A momentum of the classical system (particles or fields) describes the response of the system
with respect to translations.

Suppose we make an infinitesimal translation xµ → xµ + εµ. 2 The change in the
Lagrangian (density) is L(x+ ε) = L(x) + εµ dL

dxµ where

d

dxµ
L(φ, ∂αφ) =

∂L
∂φ

∂φ

∂xµ
+

∂L
∂∂νφ

∂∂νφ

∂xµ
(5.25)

From Euler-Lagrange equations ∂L
∂φ = ∂µ

∂L
∂∂µφ

we get

dL
dxµ

=
∂φ

∂xµ

∂

∂xν
∂L
∂∂νφ

+
∂2φ

∂xµ∂xν
∂L
∂∂νφ

=
∂

∂xν

( ∂φ
∂xµ

∂L
∂∂νφ

)
⇒ ∂

∂xν

(
∂µφ

∂L
∂∂νφ

− gµνL
)

= 0 ⇔ ∂νT
µν = 0

(5.26)

where
Tµν = ∂µφ

∂L
∂∂νφ

− gµνL = ∂µφ∂νφ−
gµν
2

(∂αφ∂αφ−m2φ2) (5.27)

is a stress-energy tensor of the scalar field φ(x).
Conservation of energy∫ t1

t2

∫
d3x ∂νTν0 =

∫ t1

t2

∫
d3x (∂0T00 + ∂iTi0) =

∫ t1

t2

∫
d3x ∂0T00 = 0 (5.28)

⇒
∫
d3x T00(t1, ~x) =

∫
d3x T00(t2, ~x)

⇒
∫
d3x T00(t, ~x) =

∫
d3x

(1

2
(∂0φ(t, ~x))2 +

1

2
|∇φ(t, ~x)|2 +

m2

2
φ2(t, ~x)

)
= const

2Throughout these notes the Greek letters will denote components of 4-vectors aµ while Latin indices
will mean components of 3-dim vectors ~ai. (I try to avoid notation ai since it can mean both the covariant
component of 4-vector a and usual component of 3-vector ~a which differ in sign)
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Since ∂0φ(t, ~x) = π(t, ~x)∫
d3x T00(t, ~x) =

∫
d3x

(1

2
π2(t, ~x) +

1

2
|∇φ(t, ~x)|2 +

m2

2
φ2(t, ~x)

)
= const (5.29)

The expression in the r.h.s. is the classical Hamiltonian (3.5). Thus, we reobtained the
conservation of energy for the Klein-Gordon field.

Conservation of momentum∫ t1

t2

∫
d3x ∂νTνi =

∫ t1

t2

∫
d3x (∂0T0i + ∂kTki) =

∫ t1

t2

∫
d3x ∂0T0i = 0 (5.30)

⇒
∫
d3x T0i(t1, ~x) =

∫
d3x T0i(t2, ~x)

⇒
∫
d3x T0i(t, ~x) =

∫
d3x ∂0φ(t, ~x))∂iφ(t, ~x) =

∫
d3x π(t, ~x)∂iφ(t, ~x) = const

The expression in the r.h.s.

Pi ≡
∫
d3x T0i(t, ~x) =

∫
d3x π(t, ~x)∂iφ(t, ~x) (5.31)

is the (conserved) classical momentum of the KG field φ(t, ~x).

5.3.2 Quantum momentum operator

Now we construct the corresponding quantum operator. As usual, we take t = 0 and
promote φ(0, ~x) and π(0, ~x) to operators φ̂(~x) and π̂(~x). We get

P̂ i =

∫
d3x π̂(~x)∂iφ̂(~x) (5.32)

This is the quantum operator of momentum. In terms of ladder operators

P̂ i =

∫
d3xd−3p (−i)

√
ωp
2
ei~p·~x(â~p − â†−~p)

∫
d−3p′

−ip′i√
2ω~p′

ei~p
′·~x(â~p′ + â†−~p′) (5.33)

~p′=−~p
=

1

2

∫
d−3p pi(â~p − â†−~p)(â−~p + â†~p) =

1

2

∫
d−3p pi[âpâ−~p − â†−~pâ−~p + â~pâ

†
~p − â

†
−~pâ

†
~p]

~p↔−~p
=

1

2

∫
d−3p pi[â†~pâ~p + â~pâ

†
~p] =

∫
d−3p pi(â†~pâ~p +

1

2
(2π)3δ(~0)) =

∫
d−3p piâ†~pâp~+ V

∫
d−3p pi

The integral
∫
d−3p pi is formally divergent but it should be put to zero since there is no

preferred direction of “vacuum momentum” due to rotational invariance:

P̂i|0〉 =

∫
d−3p pi|0〉 = should be 0 (5.34)

Finally, the quantum operator of momentum for the KG field has the form

P̂i =

∫
d−3p piâ

†
~pâ~p (5.35)

(cf. Eq. (5.18) for the Hamiltonian: P̂0 = Ĥ =
∫
d−3p ωpâ

†
~pâ~p).
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Commutators:

[P̂ i, â†~p] =

∫
d−3p′ p′

i
[â†~p′ â~p′ , â

†
~p] (5.36)

=

∫
d−3p′ p′

i
â†~p′ [â~p′ , â

†
~p] =

∫
d−3p′p′

i
â†~p′(2π)3δ(~p− ~p′) = piâ†~p

[P̂ i, â~p] =

∫
d−3p′ p′

i
[â†~p′ â~p′ , â~p]

=

∫
d−3p′ p′

i
[â†~p′ , â~p]â~p′ = −

∫
d−3p′p′

i
â~p′(2π)3δ(~p− ~p′) = − piâ~p

⇒

[P̂ i, φ̂(~x)] =

∫
d−p√
2ωp

([P̂ i, â~p]e
i~p~x + [P̂ i, â†~p]e

−i~p~x) =

∫
d−p√
2ωp

(−~piâ~pei~p~x + ~piâ
†
~pe
−i~p~x)

= i
∂

∂~xi

∫
d−p√
2ωp

(â~pe
i~p~x + â†~pe

−i~p~x) = i
∂

∂xi
φ̂(~x) = i∂iφ̂(~x) = − i∂iφ̂(~x) (5.37)

Let us check that the momentum operator commutes with the Hamiltonian

[Ĥ, P̂i] =

∫
d−3pd−3q ωpqi[â

†
~pâ~p, â

†
~qâ~q] (5.38)

=

∫
d−3pd−3q ωpqi(â

†
~pâ~q[â~p, â

†
~q] + â~pâ

†
~q[â
†
~p, â~q])

=

∫
d−3pd−3q ωpqi(2π)3δ(~p− ~q)(â†~pâ~q − â~pâ

†
~q) =

∫
d−3pd−3q ωpqi[â~p, â

†
~p] = 0

Now we are in a position to check that the state â†~p has a definite momentum ~p

P̂iâ
†
~p|0〉 = â†~pP̂i|0〉+ [P̂i, â

†
~p]|0〉 = piâ

†
~p|0〉 (5.39)

so â†~p|0〉 is an eigenstate of the momentum operator P̂i with eigenvalue pi ⇒ |~p〉 ≡ â†~p|0〉
is a state with momentum ~p.

Thus, the state |~p〉 is an eigenstate of both Hamiltonian and the momentum operator

Ĥ|~p〉 = ωp|~p〉 = Ep|~p〉, P̂i|~p〉 = pi|~p〉 (5.40)

and the relation between energy and momentum of the state is a characteristic of a rela-
tivistic particle with mass m
⇒
|~p〉 is a state of a (scalar) particle with momentum ~p and energy Ep = ωp =

√
m2 + ~p2.

Next, from commutators (5.19) and (5.36) we see that

P̂iâ
†
~pâ
†
~q|0〉 = [P̂i, â

†
~p]â
†
~q|0〉+ â†~p[P̂i, â

†
~q]|0〉+ â†~pâ

†
~q 6P̂i|0〉 = (pi + qi)â

†
~pâ
†
~q|0〉

Ĥâ†~pâ
†
~q|0〉 = [Ĥ, â†~p]â

†
~q|0〉+ â†~p[Ĥ, â

†
~q]|0〉+ â†~pâ

†
~q 6Ĥ|0〉 = (Ep + Eq)â

†
~pâ
†
~q|0〉 (5.41)

(here Ep ≡ ωp =
√
m2 + ~p2)

⇒ the state â†~pâ
†
~q|0〉 is a two-particle state which we will denote

|~p, ~q〉 ≡ â†~pâ
†
~q|0〉 (5.42)
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Note that â†~pâ
†
~q|0〉 = â†~qâ

†
~p|0〉 ⇒ Bose-Einstein statistics.

Similarly one can define a n-particle state

|~p1, ~p2, ...~pn〉 ≡ â†~p1 â
†
~p2
....â†~pn |0〉 (5.43)

This is a state of n particles with momenta ~p1, ~p2, ...~pn.

6 Heisenberg picture in QFT

Reminder: in quantum mechanics
Schrödinger picture:

Ψ(t) − vector of state depends on time
φ̂ − canonical coordinate does not depend on time
π̂ − canonical momentum does not depend on time

(6.1)

Dynamics is governed by Schrödinger equation

i
dΨ(t)

dt
= ĤΨ(t) (6.2)

Heisenberg picture

Ψ = ΨSchro(t)|t=0 − vector of state does not depend on time

φ̂(t) = eiĤtφ̂e−iĤt − canonical coordinate depends on time

φ̂(t) = eiĤtφ̂e−iĤt − canonical coordinate depends on time
(6.3)

Dynamics is governed by Heisenberg equations

dφ̂(t)

dt
= i[Ĥ, φ̂(t)],

dπ̂(t)

dt
= i[Ĥ, π̂(t)] (6.4)

Schrödinger picture in QFT:

Ψ(t, {φ(~x)}) − vector of state depends on time
φ̂(~x) − canonical coordinate does not depend on time
π̂(~x) − canonical momentum does not depend on time

(6.5)

Dynamics: Schrödinger equation (4.44)

i
d

dt
Ψ(t, {φ(~z)}) =

1

2

∫
d3x
[( δ

δφ(~x)

)2
+ |∇φ(~x)|2(x) +m2φ2(~x)

]
Ψ(t, {φ(~z)}) (6.6)

Transition to Heisenberg picture in QFT: same as in QM

Ψ({φ(~x)}) = ΨSchro(t, {φ(~x)})|t=0 − vector of state does not depend on time

φ̂(t, ~x) = eiĤtφ̂(~x)e−iĤt − canonical coordinate depends on time

φ̂(t) = eiĤtπ̂(~x)e−iĤt − canonical coordinate depends on time
(6.7)

(for example, vacuum state is Ψvac({φ(~x)}) = N−1e−
1
2

∫
d3xφ(~x)

√
m2−∇2φ(~x))

Dynamics is governed by Heisenberg equations

dφ̂(t, ~x)

dt
= i[Ĥ, φ̂(t, ~x)],

dπ̂(t, ~x)

dt
= i[Ĥ, π̂(t, ~x)]) (6.8)
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NB: instead of the variational derivatives in Eq. (6.6) we have ordinary derivatives in
Heisenberg equations (7.13).

In terms of ladder operators

φ̂(x) =

∫
d−p√
2Ep

(â~pe
−ipx + â†~pe

ipx) (6.9)

π̂(x) = − i
∫

d−p√
2Ep

Ep(â~pe
−ipx − â†~pe

ipx)

Proof of Eq. (6.9)

eiĤtâ~pe
−iĤt =

∞∑
n=0

in
tn

n!
[Ĥ, [Ĥ, ....[Ĥ, â~p]]] =

∞∑
n=0

in
tn

n!
(−Ep)nâ~p = â~pe

−iEpt

eiĤtâ†~pe
−iĤt =

∞∑
n=0

in
tn

n!
[Ĥ, [Ĥ, ....[Ĥ, â†~p]]] =

∞∑
n=0

in
tn

n!
(Ep)

nâ~p = â†~pe
iEpt (6.10)

(recall that [Ĥ, â~p] = − Epâ~p, [Ĥ, â†~p] = Epâ
†
~p where Ep ≡ ωp =

√
m2 + ~p2).

From Eq. (5.13) we see that

eiĤtφ̂(~x)e−iĤt =

∫
d−p√
2Ep

(eiĤtâ~pe
−iĤtei~p~x + eiĤtâ†~pe

−iĤte−i~p~x) =

∫
d−p√
2Ep

â~pe
−iEptei~p~x + â†~pe

iEpte−i~p~x)

eiĤtπ̂(~x)e−iĤt =

∫
d−p

i

√
Ep
2

(eiĤtâ~pe
−iĤtei~p~x − eiĤtâ†~pe

−iĤte−i~p·~x) =

∫
d−p

i

√
Ep
2

(â~pe
−iEptei~p~x − â†~pe

iEpte−i~p·~x)

(6.11)

which coinsides with Eq. (6.9).
Heisenberg equations:

∂

∂t
φ̂(t, ~x) =

∂

∂t

∫
d−p√
2Ep

(â~pe
−iEptei~p~x + â†~pe

iEpte−i~p~x) = − i
∫
d−p

√
Ep
2

(â~pe
−iEptei~p~x − â†~pe

iEpte−i~p~x) = π̂(t, ~x)

∂

∂t
π̂(t, ~x) =

∂

∂t

∫
d−p

i

√
Ep
2

(â~pe
−iEptei~p~x − â†~pe

iEpte−i~p·~x) = −
∫

d−p√
2Ep

E2
p (â~pe

−iEptei~p~x + â†~pe
iEpte−i~p~x)

= −
∫

d−p√
2Ep

(m2 + ~p2) (â~pe
−iEptei~p~x + â†~pe

iEpte−i~p~x) = −
∫

d−p√
2Ep

(m2 −∇2) (â~pe
−iEptei~p~x + â†~pe

iEpte−i~p~x)

= (−m2 +∇2)

∫
d−p√
2Ep

(â~pe
−iEptei~p~x + â†~pe

iEpte−i~p~x) = − (m2 −∇2)φ̂(t, ~x)

(6.12)

Combining these two equations we get the Klein-Gordon equation for the operator φ̂(t, ~x)

∂2

∂t2
φ̂(t, ~x) =

∂

∂t
π̂(t, ~x) = (−m2 +∇2)φ̂(t, ~x) ⇒ (∂2 +m2)φ̂(x) = 0 (6.13)

which has the same form as the KG equation for the classical field φ(x).
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Part V

6.1 Momentum operator and shifts of coordinates

We define
P̂µ = (Ĥ,

~̂
P ) − operator of 4−momentum (6.14)

In terms of ladder operators it has the form (p0 = Ep =
√
m2 + ~p2)

P̂µ =

∫
d−3p pµâ†~pâ~p (6.15)

where we combined Eq. (5.18) and (5.35).
Let us prove that

φ̂(x+ a) = eiP̂ aφ̂(x)e−iP̂ a (6.16)

As a first step, we check that

e−i
~̂
P ·~aφ̂(x0, ~x)ei

~̂
P ·~a = φ̂(x0, ~x+ ~a) (6.17)

The r.h.s. can be expanded in commutators

e−i
~̂
P ·~aφ̂(x0, ~x)ei

~̂
P ·~a =

∞∑
n=0

(−i)n

n!
[
~̂
P · ~a, [ ~̂P · ~a, ....[ ~̂P · ~a, φ̂(x0, ~x)]]]

=
∞∑
n=0

1

n!
(~ai

∂

∂~xi
)nφ̂(x0, ~x) =

∞∑
n=0

1

n!
(~a · ~∇)nφ̂(x0, ~x) = φ̂(x0, ~x+ ~a) (6.18)

where we used

[
~̂
Pi, φ̂(x)] = [P̂ i, φ̂(x)] = [P̂ i, eiĤx0 φ̂(~x)e−iĤx0 ] = eiĤx0 [P̂ i, φ̂(~x)]e−iĤx0 = − ieiĤx0∂iφ̂(~x)e−iĤx0

= − i∂ieiĤx0 φ̂(~x)e−iĤx0 = − i∂iφ̂(x) = − i ∂
∂xi

φ̂(x) = i
∂

∂xi
φ̂(x) = i

∂

∂~xi
φ̂(x) (6.19)

see Eq. (5.37) and Eq. (5.38).
Next,

eiĤa0 φ̂(x)e−iĤa0 =
∞∑
n=0

(ia0)n

n!
[Ĥ, [Ĥ, ....[Ĥ, φ̂(x)]]] =

∞∑
n=0

(a0)n

n!
∂n0 φ̂(x) = φ̂(x0 + a, ~x)

(6.20)
because

[Ĥ, φ̂(x)] = [Ĥ, eiĤx0 φ̂(~x)e−iĤx0 ] = eiĤx0 [Ĥ, φ̂(~x)]e−iĤx0 = −ieiĤx0∂0φ̂(~x)e−iĤx0 = −i∂0φ̂(x)

(6.21)
where we used Heisenberg equation (7.13).

Now we are in a position to prove Eq. (6.16). Combining Eqs. (6.18) and (6.21) we
get

eiP̂ aφ̂(x)e−iP̂ a = eiĤa0−i
~̂
P ·~aφ̂(x)e−iĤa0+i

~̂
P ·~a = eiĤa0e−i

~̂
P ·~aφ̂(x)ei

~̂
P ·~ae−iĤa0

= eiĤa0 φ̂(x0, ~x+ ~a)e−iĤa0 = φ̂(x0 + a0, ~x+ ~a), Q.E.D. (6.22)
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Another proof of Eq. (6.16): in terms of ladder operators

eiP̂ aâ~pe
−iP̂ a = eiĤa0e−i

~̂
P ·aâ~pe

i
~̂
P ·~ae−iĤa0 = eiĤa0

∞∑
n=0

(−i)n

n!
[
~̂
P · a, [ ~̂P · a, ...[ ~̂P · a, â~p]]]e−iĤa0

= eiĤa0
∞∑
n=0

(i~p · ~a)n

n!
â~pe
−iĤa0 = ei~p·~aeiĤa0 â~pe

−iĤa0 = ei~p·~a
∞∑
n=0

(ia0)n

n!
[Ĥ, [Ĥ, ...[Ĥ, â~p]]]

= ei~p·~a
∞∑
n=0

(−ia0Ep)
n

n!
â~p = e−iEpa0+i~p·~aâ~p = e−ipaâ~p (6.23)

Similarly,

eiP̂ aâ†~pe
−iP̂ a = eiĤa0e−i

~̂
P ·aâ†~pe

i
~̂
P ·~ae−iĤa0 = eiĤa0

∞∑
n=0

(−i)n

n!
[
~̂
P · a, [ ~̂P · a, ...[ ~̂P · a, â†~p]]]e

−iĤa0

= eiĤa0
∞∑
n=0

(−i~p · ~a)n

n!
â†~pe
−iĤa0 = e−i~p·~aeiĤa0 â†~pe

−iĤa0 = e−i~p·~a
∞∑
n=0

(ia0)n

n!
[Ĥ, [Ĥ, ...[Ĥ, â†~p]]]

= ei~p·~a
∞∑
n=0

(ia0Ep)
n

n!
â†~p = eiEpa0−i~p·~aâ†~p = eipaâ†~p (6.24)

and therefore

eiP̂ aφ̂(x)e−iP̂ a =

∫
d−p√
2Ep

(eiP̂ aâ~pe
−iP̂ ae−ipx + eiP̂ aâ†~pe

−iP̂ aeipx) (6.25)

=

∫
d−p√
2Ep

(â~pe
−ipae−ipx + â†~pe

ipaeipx) =

∫
d−p√
2Ep

(â~pe
−ip(x+a) + â†~pe

ip(x+a)) = φ̂(x+ a), Q.E.D.

For shifts in π̂(x) we have similar formula

eiP̂ aπ̂(x)e−iP̂ a = π̂(x+ a) (6.26)

Indeed, since π̂(x0, ~x) = ∂0φ̂(x0, ~x) we obtain

eiP̂ aπ̂(x)e−iP̂ a = eiP̂ a
∂

∂x0
φ̂(x0, ~x)eiP̂ a =

∂

∂x0
eiP̂ aφ̂(x0, ~x)eiP̂ a =

∂

∂x0
φ̂(x+a) = π̂(x+a)

(6.27)

6.1.1 Quantum operator P̂ and differential operator P (generator of shifts)

Shifts in 4-dim space-time are generated by the differential operator

Pµφ̂(x) ≡ i∂µφ̂(x) = i
∂

∂xµ
φ̂(x), φ̂(x+ a) = e−iPaφ̂(x) (6.28)

where the last equation is easily checked by Taylor expansion. The same formula will be
evidently true for quantum operator φ̂(x)

Pµφ̂(x) ≡ i∂µφ̂(x) = i
∂

∂xµ
φ̂(x), φ̂(x+ a) = e−iPaφ̂(x) (6.29)

so the relation between the action of quantum momentum operator P̂ and differential
operator P is

[P̂µ, φ̂(x)] = −i∂µφ̂(x) = −Pµφ̂(x) ⇒ eiP̂ aφ̂(x)e−iP̂ a = φ̂(x+a) = e−iPaφ̂(x) (6.30)

To avoid confusion, hereafter we mark by hat only quantum operators.
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6.2 Equal-time commutators

By definition
[φ̂(~x), π̂(~y)] = iδ(~x− ~y) (6.31)

Let us compute

[φ̂(t, ~x), π̂(t, ~y)] = [eiĤtφ̂(~x)e−iĤt, eiĤtπ̂(~y)e−iĤt
]

= eiĤt[φ̂(~x), π̂(~y)]e−iĤt = iδ(~x− ~y)

[φ̂(t, ~x), φ̂(t, ~y)] = [eiĤtφ̂(~x)e−iĤt, eiĤtφ̂(~y)e−iĤt
]

= eiĤt[φ̂(~x), φ̂(~y)]e−iĤt = 0

[π̂(t, ~x), π̂(t, ~y)] = [eiĤtπ̂(~x)e−iĤt, eiĤtπ̂(~y)e−iĤt
]

= eiĤt[π̂(~x), π̂(~y)]e−iĤt = 0 (6.32)

⇒ Equal-time commutation relations:

[φ̂(t, ~x), π̂(t, ~y)] = iδ(~x− ~y), [φ̂(t, ~x), φ̂(t, ~y)] = [π̂(t, ~x), π̂(t, ~y)] = 0 (6.33)

6.2.1 Normalization of one-particle state

|p〉 =
√

2Epa
†
~p|0〉 Peskin

|p〉 = a†~p|0〉 Bjorken & Drell
(6.34)

The factor
√

2Ep makes 〈p|p′〉 = 2Ep02π3δ(~p − ~p′) relativistic invariant, see Peskin’s
textbook.

6.3 Propagators

6.3.1 Wightman propagator

We start with the definition of Wightman propagator

D(x, y) ≡ 〈0|φ̂(x)φ̂(y)|0〉 (6.35)

Using formula (6.9)

D(x, y) =

∫
d−3p√
2Ep

d−3p′√
2Ep′

〈0|(â~pe−ipx + 6â†~pe
ipx)(6â~p′e−ip

′y + â†~p′e
ip′y)|0〉

=

∫
d−3p

2Ep
e−ip(x−y)

∣∣∣∣
p0=Ep

=

∫
d−3p

2Ep
e−iEp(x0−y0)+i~p(~x−~y) (6.36)

Large-distance behavior of D(x− y).
First, consider the time-like intervals (x−y)2 > 0. At time-like interval we can find a frame
such that x− y = (t,~0). In this frame

D(x, y) =

∫
d−3p

2Ep
e−iEp(x0−y0) =

1

4π2

∫ ∞
0
dp

p2√
p2 +m2

e−it
√
p2+m2

=
1

4π2

∫ ∞
m
dE

√
E2 −m2e−iEt

E=E+m
=

e−imt

4π2

∫ ∞
0
dE
√

2mE + E2e−iEt

t→∞
=

e−imt

4π2

∫ ∞
0
dE
√

2mE + 6E2e−iEt
t→∞
=

√
m

2(2πit)3/2
e−imt (6.37)
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Figure 3. Contour

At space-like intervals we can find a frame where x− y = (0, ~r). In this frame

D(x, y) =

∫
d−3p

2Ep
ei~p(~x−~y) =

1

8π2

∫ ∞
0
dp

p2√
p2 +m2

∫ π

−π
dθ sin θeipr cos θ

=
1

8π2

∫ ∞
0
dp

p2√
p2 +m2

∫ 1

−1
du eipru =

1

8π2

∫ ∞
0
dp

p2√
p2 +m2

eipr − e−ipr

ipr

=
−i

8π2r

∫ ∞
−∞

dp
p√

p2 +m2
=
−i

8π2r

∫
C
dp

p√
p2 +m2

eipr

= − 1

4π2r

∫ ∞
m
dρ

ρe−ρr√
ρ2 −m2

ρ=λ+m
= − i

8π2r

∫ ∞
0
dλ

(m+ λ)e−λr√
2λm+ λ2

λ∼1/r
= − i

8π2r

∫ ∞
0
dλ

(m+ 6λ)e−λr√
2λm+ 6λ2

r→∞
=

√
m

2(2πr)3/2
e−mr (6.38)

6.3.2 Causality

Causality: no signal should go faster than the speed of light.
In other words: measurement performed at the point x should not affect measurement
performed at the point y if (x− y)2 < 0.

“Elementary measurement” in QFT is [φ̂(x), φ̂(y)]⇒ causality requires that [φ̂(x), φ̂(y)] = 0

for (x− y)2 < 0.
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Check:

[φ̂(x), φ̂(y)] =

∫
d−3p√
2Ep

d−3p′√
2Ep′

[
â~pe
−ipx + â†~pe

ipx, â~p′e
−ip′y + â†~p′e

ip′y
]

=

∫
d−3p√
2Ep

d−3p′√
2Ep′

(
[â~p, â

†
~p′ ]e
−ipx+ip′y + [â†~p, â~p′ ]e

ipx−ip′y)
=

∫
d−3p

2Ep

[
e−ip(x−y) − eip(x−y)

]
= D(x− y)−D(y − x) (6.39)

Now, if (x− y)2 < 0 there exists a frame where x0 = y0 so x− y = (0, ~r) and

D(x−y) =

∫
d−3p

2Ep
e−i~p·~r, D(y−x) =

∫
d−3p

2Ep
ei~p·~r

~p↔−~p
=

∫
d−3p

2Ep
ei~p·~r = D(x−y) (6.40)

which proves [φ̂(x), φ̂(y)] = 0 at (x− y)2 < 0.

6.3.3 Feynman propagator

In AQM course you’ve studied Feynman propagators. In terms of operators the Feynman
propagator reads

DF (x− y) ≡ θ(x0 − y0)D(x− y) + θ(y0 − x0)D(y − x) = 〈0|T{φ̂(x)φ̂(y)}|0〉 (6.41)

where
T{φ̂(x)φ̂(y)} ≡ θ(x0 − y0)φ̂(x)φ̂(y) + θ(y0 − x0)φ̂(y)φ̂(x) (6.42)

is called a“T-product” of operators.
NB: since [φ̂(x), φ̂(y)] = 0 the T-product (6.42) is relativistic invariant → the Feynman
propagator is relativistic invariant.

Proof: if (x − y)2 > 0, θ(x0 − y0) singles out upper cone, θ(x0 − y0) singles out lower
cone, and for (x− y)2 < 0 the order of operators does not matter anyway.

Explicit form of Feynman propagator:

DF (x− y) = lim
ε→0

∫
d−4p

i

1

m2 − p2 − iε
(6.43)

Proof: perform the integration over p0

lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iε
=

∫
d−3p ei~p(~x−~y) lim

ε→0

∫
dp0

2πi

e−ip0(x−y)0

m2 + ~p2 − p2
0 − iε

=

∫
d−3p ei~p(~x−~y) lim

ε→0

∫
dp0

2πi

−e−ip0(x−y)0

(p0 − Ep + iε)(p0 + Ep − iε)
(6.44)

If x0 > y0 we can close the contour of integration over p0 in the lower half-plane and get a
residue at p0 = Ep − iε, see Fig. 4

lim
ε→0

∫
dp0

2πi

−e−ip0(x−y)0

(p0 − Ep + iε)(p0 + Ep − iε)
=

1

2Ep
e−iEp(x0−y0) (6.45)
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Figure 4. Contour for Feynman propagator

and therefore

lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iε
=

∫
d−3p

2Ep
e−ip0(x−y)0+i~p(~x−~y) = D(x− y) (6.46)

Similarly, if x0 < y0 we can close the contour of integration over p0 in the upper half-plane
and get a residue at p0 = − Ep + iε so

lim
ε→0

∫
dp0

2πi

−e−ip0(x−y)0

(p0 − Ep + iε)(p0 + Ep − iε)
=

1

2Ep
eiEp(x0−y0) (6.47)

and therefore

lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iε
=

∫
d−3p

2Ep
eip0(x−y)0+i~p(~x−~y) ~p↔−~p

= D(y − x) (6.48)

so we get DF (x− y) = θ(x0− y0)D(x− y) + θ(y0−x0)D(y−x) as in the definition (6.41).
Mathematically, the Feynman propagator (6.43) is a Green function of the KG equation:

lim
ε→0

(∂2
x +m2)

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iε
= lim

ε→0

∫
d−4p

i
(m2 − p2)

e−ip(x−y)

m2 − p2 − iε

=

∫
d−4p

i
e−ip(x−y) = − iδ(4)(x− y) (6.49)

6.3.4 Retarded, advanced and Feynman Green functions

A green function of the KG operator is a function satisfying the equation

(∂2
x +m2)DG(x− y) = − iδ(4)(x− y) (6.50)

This equation can be solved by Fourier transformation and the answer is

DG(x− y) =

∫
d−4p

i

1

m2 − p2
(6.51)
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However, this answer is ill-defined since there is a singularity on the path of integration over
p0 which need to be circumvent one way or another. There are 3 possible ways to go around
the singularity. They correspond to retarded, advanced and Feynman Green functions.

Retarded propagator (retarded Green function)

DR(x− y) ≡ θ(x0 − y0)〈[φ̂(x), φ̂(y)]〉 (6.52)

let us demonstrate that

DR(x− y) = lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iεp0
(6.53)

Indeed,

x x

p0

x  >y00

pE  -ip-E  - i

0x  <y0

Figure 5. Contour for retarded Green function

lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iεp0
= lim

ε→0

∫
d−3p ei~p(~x−~y) lim

ε→0

∫
dp0

2πi

e−ip0(x−y)0

m2 + ~p2 − p2
0 − iεp0

=

∫
d−3p ei~p(~x−~y) lim

ε→0

∫
dp0

2πi

−e−ip0(x−y)0

(p0 − Ep + iε)(p0 + Ep + iε)
(6.54)

Now both poles in the integral over p0 lie in the lower half-plane (see Fig. 5) so at x0 < y0

one can close the contour in the upper half-plane and get 0 while at x0 > y0 one gets a sum
of two residues:

lim
ε→0

∫
dp0

2πi

−e−ip0(x−y)0

(p0 − Ep + iε)(p0 + Ep + iε)
= θ(x0 − y0)

1

2Ep

[
e−iEp(x0−y0) − eiEp(x0−y0)

]
(6.55)
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Thus,

lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iεp0
= θ(x0 − y0)

∫
d−3p

2Ep
ei~p(~x−~y)

[
e−iEp(x0−y0) − eiEp(x0−y0)

]
= θ(x0 − y0)[D(x− y)−D(y − x)] = θ(x0 − y0)〈[φ̂(x), φ̂(y)]〉, Q.E.D. (6.56)

Similarly one can prove that the advanced Green function

DA(x− y) ≡ θ(y0 − x0)〈[φ̂(y), φ̂(x)]〉 (6.57)

can be represented as

DA(x− y) = lim
ε→0

∫
d−4p

i

e−ip(x−y)

m2 − p2 + iεp0
(6.58)

(Actually, the easiest way to prove the above equation is to make a change of variables
p↔ −p in the integral (6.53) which corresponds to x↔ y).

Part VI

7 Self-interacting KG field

In classical physics

L =
1

2
∂µφ∂µφ−

m2

2
φ2 − λ

4!
φ4 (7.1)

Euler-Lagrange equation

∂L
∂φ

= −m2φ− λ

3!
φ3,

∂L
∂∂µφ

= ∂µφ,
∂L
∂φ

= ∂µ
∂L
∂∂µφ

⇒ −m2φ− λ

3!
φ3 = ∂2φ(x) (7.2)

⇒ the equation of motion is non-linear

(∂2 +m2)φ(x) = − λ

3!
φ3(x) (7.3)

In classical physics, we try to solve the non-linear equation (7.3). In QFT, the exact
solutions were found only for some simple 1 + 1-dimensional models. Instead

• Perturbation theory at small λ� 1.

• Semiclassical methods (analog of WKB method in QM).

• Calculations of functional integrals by lattice simulations.

In this course we will discuss only the perturbation theory (in KG model, then in
Yukawa theory, in QED and finally in QCD).
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7.1 Perturbation theory for self-interacting KG scalar field in QFT

The Lagrangian density:

L =
1

2
∂µφ∂µφ−

m2

2
φ2 − λ

4!
φ4 (7.4)

The canonical momentum:
π =

∂L
∂∂0φ

= ∂0φ (7.5)

The Hamiltonian density is given by

H = π∂0φ− L =
π2

2
+

1

2
|~∇φ|2 +

m2

2
φ2 +

λ

4!
φ4 (7.6)

7.1.1 Quantization (at t = 0)

As usually, we promote φ and π to operators

φ(t, ~x) → φ̂(~x), π(t, ~x) → π̂(~x), (7.7)

satisfying the canonical commutation relations (CCRs)

[φ̂(~x), π̂(~y)] = iδ(~x− ~y), [φ̂(~x), φ̂(~y)] = [π̂(~x), π̂(~y)] = 0 (7.8)

The quantum Hamiltonian is

Ĥ =

∫
d3x
[1
2
π̂2(~x) +

1

2
|~∇φ̂(~x)|2 +

m2

2
φ̂2(~x) +

λ

4!
φ̂4(~x)

]
(7.9)

We define vacuum state |Ω〉 as an eigenstate of Ĥ with the lowest energy (we suppose that
it is non-degenerate).

Ĥ|Ω〉 = Evac|Ω〉 − stationary Schrodinger equation (7.10)

In the explicit form it reads∫
d3x

[
− 1

2

( δ

δφ(~x)

)2
+

1

2
|∇φ(~x)|2 +

m2

2
φ2(~x) +

λ

4!
φ4(~x)

]
Ψvac(φ) = EvacΨvac(φ)

(7.11)

(here 〈{φ(~x)}|Ω〉 = Ψvac(φ(~x) as usual).
Heisenberg picture
We start with Ψ({φ(~x)}) = ΨSchro(t = 0, {φ(~x)}) and time-dependent canonical

operators

φ̂(x) ≡ eiĤtφ̂(~x)e−iĤt

π̂(x) ≡ eiĤtπ̂(~x)e−iĤt (7.12)

where x = (t, ~x) and Ĥ is given by Eq. (7.9). Note that formulas (7.12) look like Eqs.
(6.7), only Ĥ now means the Hamiltonian (7.9) with the interaction term.
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The Heisenberg equations look similarly to Eq. (6.3) (with Ĥ given by (7.9))

dφ̂(t, ~x)

dt
= i[Ĥ, φ̂(t, ~x)],

dπ̂(t, ~x)

dt
= i[Ĥ, π̂(t, ~x)]) (7.13)

Let us prove equal-time commutators

[φ̂(t, ~x), π̂(t, ~y)] = [eiĤtφ̂(~x)e−iĤt, eiĤtπ̂(~y)e−iĤt
]

= eiĤt[φ̂(~x), π̂(~y)]e−iĤt = iδ(~x− ~y)

[φ̂(t, ~x), φ̂(t, ~y)] = [eiĤtφ̂(~x)e−iĤt, eiĤtφ̂(~y)e−iĤt
]

= eiĤt[φ̂(~x), φ̂(~y)]e−iĤt = 0

[π̂(t, ~x), π̂(t, ~y)] = [eiĤtπ̂(~x)e−iĤt, eiĤtπ̂(~y)e−iĤt
]

= eiĤt[π̂(~x), π̂(~y)]e−iĤt = 0 (7.14)

which is identical to Eq. (6.32) albeit with different Ĥ. From this equation it is easy to see
that

Ĥ(t) ≡
∫
d3x
[1
2
π̂2(t, ~x) +

1

2
|~∇φ̂(t, ~x)|2 +

m2

2
φ̂2(t, ~x) +

λ

4!
φ̂4(t, ~x)

]
(7.15)

=

∫
d3x
[1
2
eiĤtπ̂2(~x)e−iĤt +

1

2
eiĤt|~∇φ̂(~x)|2e−iĤt +

m2

2
eiĤtφ̂2(~x)e−iĤt +

λ

4!
eiĤtφ̂4(~x)e−iĤt

]
= eiĤt

∫
d3x
[1
2
π̂2(~x) +

1

2
|~∇φ̂(~x)|2 +

m2

2
φ̂2(~x) +

λ

4!
φ̂4(~x)

]
e−iĤt = eiĤtĤe−iĤt = Ĥ

so Ĥ(t) does not actually depend on t.
Let us prove now that the quantum operator φ̂(x) satisfies the same KG equation (7.3)

as the classical field
(∂2 +m2)φ̂(x) = − λ

3!
φ̂3(x) (7.16)

Proof: first, consider ∂
∂t φ̂(t, ~x). Due to Eqs. (7.13) and (7.15) we get

∂

∂t
φ̂(t, ~x) = i[Ĥ, φ̂(t, ~x)] (7.17)

= i

∫
d3z
[1
2
π̂2(t, ~z) +

1

2
|~∇φ̂(t, ~z)|2 +

m2

2
φ̂2(t, ~z) +

λ

4!
φ̂4(t, ~z), φ̂(t, ~x)

]
= i

∫
d3z
[1
2
π̂2(t, ~z), φ̂(t, ~x)

]
=

∫
d3z π̂(t, ~z)δ(~x− ~z) = π̂(t, ~x)

Next,

∂2

∂t2
φ̂(t, ~x) =

∂

∂t
π̂(t, ~x) = i[Ĥ, π̂(t, ~x)] (7.18)

= i

∫
d3z
[1
2
π̂2(t, ~z) +

1

2
|~∇φ̂(t, ~z)|2 +

m2

2
φ̂2(t, ~z) +

λ

4!
φ̂4(t, ~z), π̂(t, ~x)

]
= i

∫
d3z
[1
2
|~∇φ̂(t, ~z)|2 +

m2

2
φ̂2(t, ~z) +

λ

4!
φ̂4(t, ~z), π̂(t, ~x)

]
= ∇2φ̂(t, ~x)−m2φ̂(t, ~x)− λ

3!
φ̂3(t, ~x) ⇒ (∂2 +m2)φ̂(x) = − λ

3!
φ̂3(x)
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where we used formulas∫
d3z
[m2

2
φ̂2(t, ~z), π̂(t, ~x)

]
= m2

∫
d3z φ̂2(t, ~z)

[
φ̂(t, ~z), π̂(t, ~x)

]
= im2φ̂(t, ~x)∫

d3z
[ λ
4!
φ̂4(t, ~z), π̂(t, ~x)

]
=

λ

3!

∫
d3z φ̂3(t, ~z)

[
φ̂(t, ~z), π̂(t, ~x)

]
= i

λ

3!
φ̂3(t, ~x)∫

d3z
[1
2
|~∇φ̂(t, ~z)|2, π̂(t, ~x)

]
=

∫
d3z ~∂iφ̂(t, ~z)[~∂iφ̂(t, ~z), π̂(t, ~x)

]
= i

∫
d3z ~∂iφ̂(t, ~z)

∂

∂~zi
δ(~x− ~z)

= − i
∫
d3z ∇2φ̂(t, ~z)δ(~x− ~z) = − i∇2φ̂(t, ~x) (7.19)

7.2 Green functions

Definition of the n-point Feynman Green function

〈Ω|T{φ̂(x1)φ̂(x2)...φ̂(xn)}|Ω〉 (7.20)

= θ(x10 > x20 > ...xn0)〈Ω|φ̂(x1)φ̂(x2)...φ̂(xn)|Ω〉 + permutations

Examples:
1. Two-point Geeen function

〈Ω|T{φ̂(x1)φ̂(x2)}|Ω〉
= θ(x10 − x20)〈Ω|φ̂(x1)φ̂(x2)|Ω〉 + θ(x20 − x10 >)〈Ω|φ̂(x2)φ̂(x1)|Ω〉 (7.21)

2. 3-point Green function

〈Ω|T{φ̂(x1)φ̂(x2)φ̂(x3)}|Ω〉 (7.22)

= θ(x10 − x20)θ(x20 − x30)〈Ω|φ̂(x1)φ̂(x2)φ̂(x3)|Ω〉 + θ(x20 − x10)θ(x10 − x30)〈Ω|φ̂(x2)φ̂(x1)φ̂(x3)|Ω〉
+ θ(x20 − x30)θ(x30 − x10)〈Ω|φ̂(x2)φ̂(x3)φ̂(x1)|Ω〉 + θ(x10 − x30)θ(x30 − x20)〈Ω|φ̂(x1)φ̂(x3)φ̂(x2)|Ω〉
+ θ(x30 − x10)θ(x10 − x20)〈Ω|φ̂(x3)φ̂(x1)φ̂(x2)|Ω〉 + θ(x30 − x20)θ(x20 − x10)〈Ω|φ̂(x3)φ̂(x2)φ̂(x1)|Ω〉

Later we will prove that the Green function (7.20) can be represented by a sum of Feynman
diagrams with n tails, but at first we discuss the relation between Green functions and
scattering amplitudes.

8 LSZ reduction formula

8.1 In- and out- states

A typical setup for scattering:
Let us define the operator φ̂in by

φ̂in(x) ≡ φ̂(x) + i
λ

3!

∫
d4z G0

R(x− z) φ̂3(z) (8.1)

where G0
R(x− y) is the retarded Green function (6.53)

G0
R(x− y) ≡

∫
d−4p

i

e−ip(x−y)

m2 − p2 − iεp0
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Figure 6. Scattering

satisfying the equation

(∂2 +m2) G0
R(x− y) = − i δ(4)(x− y), G0

R(x− y) = 0 ( if x0 < y0 ) (8.2)

Using this equation one obtains(
∂2 +m2

)
φ̂in(x) = (∂2 +m2)φ̂(x) + i

λ

3!

∫
d4z (∂2

x +m2)G0
R(x− z) φ̂3(z)

= − λ

3!
φ̂3(x) +

λ

3!
φ̂3(x) = 0 (8.3)

so the field φin describes free particles at t→ −∞.
Let us look now at the relation between at φ̂in(t, ~x) and φ̂(t, ~x) as t→ −∞

φ̂in(x) ≡ φ̂(x) + i

∫
d4z G0

R(x− z) φ̂3(z)

= φ̂(x) + i

∫ t

−∞
dz0

∫
d3z G0

R(x− z) φ̂3(z) ⇒ φ̂(x)
t→−∞→ φ̂in(x) (8.4)

so the field φ̂(x) approaches the free field φ̂in(x) in the remote past.
Similarly, we define

φ̂out(x) ≡ φ̂(x) + i
λ

3!

∫
d4z G0

A(x− z) φ̂3(z) (8.5)

where G0
R(x− y) is the advanced Green function (6.58):

G0
A(x− y) ≡

∫
d−4p

i

e−ip(x−y)

m2 − p2 + iεp0

satisfying the equation(
∂2 +m2

)
G0
A(x− y) = − i δ(4)(x− y), G0

A(x− y) = 0 ( if x0 > y0 ) (8.6)
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Using this equation one obtains(
∂2 +m2

)
φ̂out(x) = (∂2 +m2)φ̂(x) + i

λ

3!

∫
d4z (∂2

x +m2)G0
A(x− z) φ̂3(z)

= − λ

3!
φ̂3(x) +

λ

3!
φ̂3(x) = 0 (8.7)

Hence, the wave function φout describes free particles at t → ∞. Similarly to Eq. (8.4)
one obtains

φ̂out(x) ≡ φ̂(x) + i

∫
d4z G0

A(x− z) φ̂3(z)

= φ̂(x) + i

∫ ∞
t
dz0

∫
d3z GAA(x− z) φ̂3(z) ⇒ φ̂(x)

t→∞→ φ̂out(x) (8.8)

so the field φ̂(x) approaches the free field φ̂out(x) in the remote future. 3

In terms of ladder operators:

φ̂in =

∫
d−3p√
2Ep

[
âin(p) e−ipx + â†in(p) eipx

] ∣∣∣∣∣
p0=Ep

with commutation relation [âin(p), â†in(p′)] = (2π)3 δ(~p− ~p′),
and âin(p) |0in〉 = 0, where |0in〉 ≡ ground state of Ĥ0

in.

Similarly,

φ̂out =

∫
d−3p√
2Ep

[
âout(p) e

−ipx + â†out(p) e
ipx
] ∣∣∣∣∣

p0=Ep

with commutation relation [âout(p), â
†
out(p

′)] = (2π)3 δ(~p− ~p′),
and âout |0out〉 = 0, where |0out〉 ≡ ground state of Ĥ0

out.

Main Hypothesis: |0in〉 = |0out〉 = |Ω〉
“In” and “out” states:

|p1, ...pn〉in ≡ Π
√

2Epk a
†
pk
|0in〉

|p1, ...pn〉out ≡ Π
√

2Epk a
†
pk
|0out〉 (8.9)

The amplitude of the m→ n transition is given by the matrix element of S-matrix:

S
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
= out〈p2, p

′
2, ...p

(n)
2 | p1, p

′
1, ..., p

(m)
1 〉in (8.10)

8.2 LSZ reduction formula ( for 2→2 scattering )

S(p1, p
′
1 → p2, p

′
2) = i4 lim

p2i→m2
(m2 − p2

1) (m2 − p2
2) (m2 − p′21) (m2 − p′22) (8.11)

×
∫
dx dx′ dy dy′ e−ip1x1−ip

′
1x
′+ip2y+ip′2y

′ 〈Ω|T{φ̂(x)φ̂(x′)φ̂(y)φ̂(y′)}|Ω〉

3The rigorous statement is φ̂(x)
t→−∞→ Z

1
2 φ̂in(x) and φ̂(x)

t→∞→ Z
1
2 φ̂out(x) where Z is a number (to be

discussed with the theory of renormalization)
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Proof of the LSZ theorem:
For any free KG field √

2Ep â(p) = i

∫
d3x e−i~p~x+iEpt

↔
∂0 φ̂(x)√

2Ep â
†(p) = − i

∫
d3x ei~p~x−iEpt

↔
∂0 φ̂(x) (8.12)

and therefore

out〈p2, p
′
2 | p1, p

′
1〉in = out〈p2, p

′
2 | â

†
in(p1) |p′1〉in

√
2E1 =

= out〈p2, p
′
2 | â

†
out(p1) +

(
â†in(p1)− â†out(p1)

)
|p′1〉in

√
2E1 =

= out〈p2, p
′
2 |
∫
d3x ei~p1~x−iE1t i

↔
∂0

(
φ̂out(x)− φ̂in(x)

)
|p′1〉in (8.13)

The l.h.s. does not depend on t so

out〈p2, p
′
2 |
∫
d3x ei~p1~x−iE1t i

↔
∂0 φ̂out(x) |p′1〉in = take t→∞ =

= out〈p2, p
′
2 |
∫
d3x ei~p1~x−iE1t i

↔
∂0 φ̂(x) |p′1〉in

∣∣∣∣
t=∞

(8.14)

Similarly,

out〈p2, p
′
2 |
∫
d3x ei~p1~x−iE1t i

↔
∂0 φ̂in(x) |p′1〉in = take t→ −∞ =

= out〈p2, p
′
2 |
∫
d3x ei~p1~x−iE1t i

↔
∂0 φ̂(x) |p′1〉in

∣∣∣∣
t=−∞

(8.15)

Using the formula∫
d3x g1(t, ~x)

↔
∂0 g2(t, ~x)

∣∣∣∣t=∞
t=−∞

=

∫
d4x

[
g1(x)

∂2

∂t2
g2(x)− g2(x)

∂2

∂t2
g1(x)

]
(8.16)

for g1(x) ≡ ei~p1~x−iE1t, g2 ≡ φ̂(x) we get:

out〈p2, p
′
2 | p1, p

′
1〉in = out〈p2, p

′
2 | i

∫
d4x e−ip1x

(
E2

1 + ∂2
0

)
φ̂(x) |p′1〉in = (8.17)

= lim
p21→m2

(
m2 − p2

1

)
i

∫
d4x e−ip1xout〈p2, p

′
2 | φ̂(x)|p′1〉in

Next

out〈p2, p
′
2 | φ̂(x) | p′1〉in = out〈p′2 | aout(p2)φ̂(x)− φ̂(x)ain(p2) | p′1〉in

√
2E2 =

= i

∫
d3y e−i~p2~y+iE2t

out〈p′2|
↔
∂

∂t
φ̂out(t, ~y) φ̂(x)|p′1〉in − i

∫
d3y e−i~p2~y+iE2t

out〈p′2|φ̂(x)

↔
∂

∂t
φ̂in(t, ~y)|p′1〉in

= i

∫
d3y e−i~p2~y+iE2t

out〈p′2|
↔
∂

∂t
φ̂(t, ~y)φ̂(x)|p′1〉in

∣∣∣∣∣∣
t=∞

− i

∫
d3y e−i~p2~y+iE2t

out〈p′2|φ̂(x)

↔
∂

∂t
φ̂(t, ~y)|p′1〉in

∣∣∣∣∣∣
t=−∞

= i

∫
d3y e−i~p2~y+iE2t

out〈p′2|T{φ̂(x)

↔
∂

∂t
φ̂(t, ~y)}|p′1〉in

∣∣∣∣∣∣
t=∞

t=−∞

(8.18)
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Using again formula (8.16) for g1(y) = e−i~p2~y+iE2t and g2(y) = T{φ̂(x)φ̂(t, ~y)} we get:

out〈p2, p
′
2|φ̂(x) |p′1〉in = i

∫
d4y eip2y

(
E2

2 + ∂2
0

)
〈p′2|T{φ̂(y)φ̂(x)}|p′1〉in (8.19)

= lim
p22→m2

(m2 − p2
2) i

∫
d4y eip2y out〈p′2|T{φ̂(y)φ̂(x)}|p′1〉in

and therefore

out〈p2, p
′
2 | p1, p

′
1〉in = (8.20)

= lim
p21,p

2
2→m2

(m2 − p2
1)(m2 − p2

2) i2
∫
d4x d4y e−ip1x+ip2y

out〈p′2 | T{φ̂(x)φ̂(y)} |p′1〉in

Repeating this trick two more times, we get

S(p1, p
′
1 → p2, p

′
2) = i4 lim

p2i→m2
(m2 − p2

1) (m2 − p2
2) (m2 − p′21) (m2 − p′22) (8.21)

×
∫
dxdx′dydy′ e−ip1x1−ip

′
1x
′+ip2y+ip′2y

′ 〈Ω|T{φ̂(x)φ̂(x′)φ̂(y)φ̂(y′)}|Ω〉

which is the LSZ formula (8.11.)

8.3 LSZ formula in General Case:

S
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
= out〈p2, p

′
2, ...p

(n)
2 | p1, p

′
1, ..., p

(m)
1 〉in = (8.22)

= im+n lim
p2i→m2

Π(m2 − p2
i )

∫
Πdx

(i)
1 Πdx

(j)
2 e−i

∑
p
(i)
1 x

(i)
1 +i

∑
p
(j)
2 x

(j)
2

〈Ω|T{φ̂(x1) ... φ̂(x
(m)
1 ) φ̂(x2) ... φ̂(x

(n)
2 )}|Ω〉

Part VII

9 Perturbation theory for self-interacting KG scalar field in QFT

Reminder: we define vacuum state |Ω〉 as an eigenstate of Ĥ with the lowest energy

Ĥ|Ω〉 = Evac|Ω〉 − stationary Schrodinger equation (9.1)

In the explicit form it reads∫
d3x

[
− 1

2

( δ

δφ(~x)

)2
+

1

2
|∇φ(~x)|2 +

m2

2
φ2(~x) +

λ

4!
φ4(~x)

]
Ψvac(φ) = EvacΨvac(φ)

(9.2)

(here 〈{φ(~x)}|Ω〉 = Ψvac(φ(~x) as usual).

– 42 –



We split the Hamiltonian in two parts:

H(t) = H0(t) +Hint(t) (9.3)

H0(t) =

∫
d3x H0 =

∫
d3x
[1
2
π2(t, ~x) +

1

2
|~∇φ(t, ~x)|2 +

m2

2
φ2(t, ~x)

]
Hint(t) =

∫
d3x Hint =

∫
d3x

λ

4!
φ4(t, ~x)

Our goal is to develop the perturbation theory at small λ � 1. In QM that would be
stationary perturbation theory given by Eq. (9.4):

Ψ(φ) = Ψ0(φ) + λΨ1(φ) + λ2Ψ2(φ) + ... (9.4)

(Ĥ0 + λĤI)(Ψ0(φ) + λΨ1(φ) + ...) = (E0 + λE1 + ...)(Ψ0(φ) + λΨ1(φ) + ...)

As we discussed above, in QFT it is extremely inconvenient (if only possible) to solve
the Schrödinger equation (9.2) by iterations.
Reminder: two reasons why

• At each intermediate step we have “functional” integral over infinite number of canon-
ical coordinates φ(x)

• Schrödinger equation is not relativistic invariant, the invariance should be restored
for the final results for scattering amplitudes

⇒ In QFT, instead of solution of Schrödinger equation, we use Heisenberg picture and the
formalism of Green functions.

Now we can try to solve the operator equation (7.16) perturbatively

φ̂(x) = φ̂0(x) + λφ̂1(x) + λ2φ̂2(x) + ...

(∂2 +m2)φ̂0(x) = 0

(∂2 +m2)φ̂1(x) = − 1

3!
φ̂3

0(x)

(∂2 +m2)φ̂2(x) = − 1

2
φ̂2

0(x)φ̂1(x)

...

but technically it turns out to be more convenient to develop a perturbation theory for
Green functions - vacuum expectation values (VEVs) of the field operators rather than for
the operators themselves.

Technical trick - “Interaction picture” (somewhere in between Scrödinger and Heisen-
berg pictures)

9.1 The interaction picture

Define
φ̂I(t, ~x) ≡ eiĤ0tφ̂(~x) e−iĤ0t (9.5)
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Expanding φ̂(~x) in ladder operators (5.14) and using Eqs. (6.10) one obtains

φ̂I(t, ~x) =

∫
d−3p√
2Ep

(
a~pe
−iEpt+i~p~x + a†~pe

iEpt−i~p~x) (9.6)

which is identical to Eq. (6.9) for a free KG theory (recall that the Hamiltonian which we
denoted by Ĥ ther is now Ĥ0). Thus, the interaction picture is a Heisenberg picture at
λ = 0.

The relation between φ̂(x) and φ̂I(x)

φ̂(t, ~x) = eiĤtφ̂(~x)e−iĤt = eiĤte−iĤ0t
(
eiĤ0tφ̂(~x)e−iĤ0t

)
eiĤ0te−iĤt

= Û †(t)φ̂I(t)Û(t) (9.7)

where
Û(t) ≡ eiĤ0te−iĤt and Û †(t) ≡ e−iĤ0teiĤt (9.8)

the operator Û(t) in the above equation is defined in terms of operators φ̂(~x) and π̂(~x) since
both Ĥ0 and Ĥ are written in terms of these operators (see Eq. (9.3). Let us write it down
in terms of the operator φ̂I(x) instead.

To do this, we need to prove the following theorem:

eiÂte−i(Â+B̂)t = Texp
{
− i
∫ t

0
dt′B̂(t′)

}
(9.9)

where B̂(t) ≡ eiÂtB̂e−iÂt and T -exponent is defined as follows

Texp
{
− i
∫ t

0
dt′B̂(t′)

}
≡ 1− i

∫ t

0
dt′B̂(t′) + i2

∫ t

0
dt′
∫ t′

0
dt′′B̂(t′)B̂(t′′)

− i3
∫ t

0
dt′
∫ t′

0
dt′′
∫ t′′

0
dt′′′B̂(t′)B̂(t′′)B̂(t′′′) + ... (9.10)

Similarly to the definition of T-product in Eq. (7.22) the operators in Texp are arranged
according to their times.

Proof of Eq. (9.9)
Let us differentiate both sides of Eq. (9.9) with respect to time t. We get

d

dt
(l.h.s.) = eiÂt(iÂ− iÂ− iB̂)e−i(Â+B̂)t = − ieiÂtB̂e−i(Â+B̂)t

= − ieiÂtB̂e−iÂteiÂte−i(Â+B̂)t = − iB̂(t)× (l.h.s.) (9.11)

d

dt
(r.h.s.) = − iB̂(t) + i2

∫ t

0
dt′′B̂(t)B̂(t′′)− i3

∫ t

0
dt′′
∫ t′′

0
dt′′′B̂(t)B̂(t′′)B̂(t′′′) + ... (9.12)

= − iB̂(t)
[
1− i

∫ t

0
dt′′B̂(t′′) + i2

∫ t

0
dt′′
∫ t′′

0
dt′′′B̂(t′′)B̂(t′′′) + ...

]
= − iB̂(t)× (r.h.s.)

In addition,
l.h.s.|t=0 = r.h.s.|t=0 = 1 (9.13)
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Thus, the differential equations and the initial conditions for the l.h.s and the r.h.s. of Eq.
(9.9) are identical ⇒ the l.h.s. of Eq. (9.9) is equal to the r.h.s. of Eq. (9.9), Q.E.D.

In our case Â = Ĥ0 and B̂ = ĤI so

U(t) ≡ eiĤ0te−iĤ0t−iĤI t = Texp
{
− i
∫ t

0
dt′ĤI(t

′)
}
,

ĤI(t) = eiĤ0tĤinte
−iĤ0t (9.14)

Explicit form of ĤI(t)

ĤI(t) = eiĤ0tĤinte
−iĤ0t = eiĤ0t

∫
d3x
[ λ
4!
φ̂4(~x)

]
e−iĤ0t

=
λ

4!

∫
d3x

(
eiĤ0tφ̂(~x)e−iĤ0t)

(
eiĤ0tφ̂(~x)e−iĤ0t)

(
eiĤ0tφ̂(~x)e−iĤ0t)

(
eiĤ0tφ̂(~x)e−iĤ0t)

=

∫
d3x

λ

4!

(
φ̂I(~x, t)

)4 (9.15)

so

Û(t) = Texp
{
− i
∫ t

0
dt′
∫
d3x

λ

4!
φ̂4
I(t
′, ~x)

}
, (9.16)

It is convenient to define
Û(t, t′) ≡ Û(t)Û †(t′) (9.17)

Let us prove that

Û(t1, t2) = Texp
{
− i
∫ t1

t2

dt

∫
d3x

λ

4!
φ̂4
I(t, ~x)

}
, (9.18)

Proof: similarly to Eqs. (9.11) and (9.12) we compare the time derivatives of l.h.s. and
r.h.s. of Eq. (9.18)

d

dt
(l.h.s.) =

( d
dt
Û(t1)

)
Û †(t2) = − iĤI(t1)Û(t1)Û †(t2) = − iĤI(t1)× (l.h.s.)(9.19)

d

dt1
(r.h.s.) =

d

dt1

[
1− i

∫ t1

t2

dt′ĤI(t
′)

+ i2
∫ t1

t2

dt′
∫ t′

t2

dt′′ĤI(t
′)ĤI(t

′′)− i3
∫ t1

t2

dt′
∫ t′

t2

dt′′
∫ t′′

t2

dt′′′ĤI(t
′)ĤI(t

′′)ĤI(t
′′′) + ...

]
= − iĤI(t1) + i2

∫ t1

t2

dt′′ĤI(t1)ĤI(t
′′)− i3

∫ t1

t2

dt′′
∫ t′′

t2

dt′′′ĤI(t1)ĤI(t
′′)ĤI(t

′′′) + ... (9.20)

= − iĤI(t1)
[
1− i

∫ t1

t2

dt′′ĤI(t
′′) + i2

∫ t1

t2

dt′′
∫ t′′

t2

dt′′′ĤI(t
′′)ĤI(t

′′′) + ...
]

= − iĤI(t1)× (r.h.s.)

In addition,

l.h.s. of Eq. (9.18) = r.h.s. of Eq. (9.18) = 1 at t1 = t2

so the l.h.s. of Eq. (9.18) = r.h.s. of Eq. (9.18), Q.E.D.

– 45 –



Group property

Û(t1, t2)Û(t2, t3) = Û(t1)Û †(t2)Û(t2)Û †(t3) = Û(t1)Û †(t3) = Û(t1, t3) (9.21)

Now we can rewrite the two-point Wightman function

〈Ω|φ̂(x)φ̂(y)|Ω〉 = 〈Ω|Û †(x0)φ̂I(~x, x0)Û(x0)Û †(y0)φ̂I(~y, y0)Û(y0)|Ω〉 (9.22)

as
〈Ω|φ̂(x)φ̂(y)|Ω〉 = 〈Ω|Û(0, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0, 0)|Ω〉 (9.23)

All operators in the r.h.s. can be expressed in terms of ladder â~p and â†~p
4, so if we had a

rule â~p|Ω〉 = 0 we could reduce the r.h.s. of Eq. (9.23) to commutators of various â~p’s
and â†~p’s. Unfortunately, we do not know the action of the operator â~p on the vacuum Ω.
(We know that âin

~p |Ω〉 = âout
~p |Ω〉 = 0 but these in- and out- operators are completely

different objects).
Way around this difficulty: define “perturbative vacuum” |0〉 as lowest eigenstate of the

free Hamiltonian Ĥ0. The explicit form is of course Eq. (4.55) but we will need only the
property (5.20)

â~p|0〉 = 0 (9.24)

which, as explained in Sect. 5, can serve as a definition of perturbative vacuum |0〉. Note
that if in Eq. (9.23) we had 〈0|....|0〉 instead of 〈Ω|....|Ω〉 we could easily calculate the r.h.s.
of that equation.

Now comes the central idea: if we take perturbative vacuum |0〉 and wait long enough,
we get true vacuum |Ω〉. Indeed, let us consider the evolution e−iĤT |0〉 and insert full set
of eigenstates |n〉 of full Hamiltonian Ĥ

e−iĤT |0〉 =
∑
{n}

e−iĤT |n〉〈n|0〉 =
∑
{n}

e−iEnT |n〉〈n|0〉

= e−iE0T
[
|Ω〉〈Ω|0〉 +

∑
{n6=Ω}

e−i(En−E0)T |n〉〈n|0〉
]

(9.25)

Now, if we take T = τ(1 − iε) and first take the limit τ → ∞ (and then ε → 0), only the
first term in the r.h.s. of Eq. (9.25) survives:

lim
ε→0

lim
τ→∞

e−iĤτ(1−iε)|0〉 = e−iE0(τ(1−iε))|Ω〉〈Ω|0〉 (9.26)

and therefore
|Ω〉 = lim

ε→0
lim
τ→∞

1

e−iE0τ(1−iε)〈Ω|0〉
e−iĤτ(1−iε)|0〉 (9.27)

Now, since e−iĤ0t|0〉 = 1 for any t (our convention is Ĥ0|0〉 = 0) we can formally insert
e−iĤ0τ(1−iε)|0〉 in the above equation and get

|Ω〉 = lim
ε→0

lim
τ→∞

1

e−iE0τ(1−iε)〈Ω|0〉
e−iĤτ(1−iε)e−iĤ0τ(1−iε)|0〉 (9.28)

4 Recall Eq. (9.6): φ̂I(t, ~x) =
∫ d−3p√

2Ep

(
a~pe
−iEpt+i~p~x + a†~pe

iEpt−i~p~x
)
.
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Since e−iĤ(τ(1−iε))e−iĤ0(τ(1−iε)) = Û †(T ) = Û(0,−T ) one can write down

|Ω〉 = lim
ε→0

lim
τ→∞

1

e−iE0T 〈Ω|0〉
Û(0,−T )|0〉

∣∣∣∣
T=τ(1−iε)

(9.29)

Similarly,

〈Ω| = lim
ε→0

lim
τ→∞

1

e−iE0τ(1−iε)〈0|Ω〉
〈0|e−iĤτ(1−iε) (9.30)

= lim
ε→0

lim
τ→∞

1

e−iE0T 〈0|Ω〉
〈0|eiH0T e−iĤT

∣∣∣
T=τ(1−iε)

= lim
ε→0

lim
τ→∞

1

e−iE0T 〈0|Ω〉
〈0|Û(T, 0)

∣∣∣∣
T=τ(1−iε)

Now we can substitute these expressions in the r.h.s. of Eq. (9.23) and get

〈Ω|φ̂(x)φ̂(y)|Ω〉 = 〈Ω|Û(0, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0, 0)|Ω〉 (9.31)

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|Û(T, 0)Û(0, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0, 0)}U(0,−T )|0〉

∣∣∣
T=τ(1−iε)

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|Û(T, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0,−T )|0〉

∣∣∣
T=τ(1−iε)

where we used the group property (9.21).
Let us consider now Feynman Green function which is a v.e.v. of the T-product of field

operators.
Suppose x0 > y0, then

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 = 〈Ω|φ̂(x)φ̂(y)|Ω〉 (9.32)

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|Û(T, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0,−T )|0〉

∣∣∣
T=τ(1−iε)

Since all φ̂I operators in the evolution operator U(t, t′) are ordered according to their times
(see Eq. (9.18) we can rewrite Eq. (9.33) as

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 (9.33)
x0>y0

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|T{Û(T, x0)φ̂I(x)Û(x0, y0)φ̂I(y)Û(y0,−T )}|0〉

∣∣∣
T=τ(1−iε)

x0>y0
= lim

ε→0
lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|T{Û(T,−T )φ̂I(x)φ̂I(y)}|0〉

∣∣∣
T=τ(1−iε)

(9.34)

Similarly, at y0 > x0

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 (9.35)
y0>x0

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|T{Û(T, y0)φ̂I(y)Û(y0, x0)φ̂I(x)Û(y0,−T )}|0〉

∣∣∣
T=τ(1−iε)

y0>x0
= lim

ε→0
lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|T{Û(T,−T )φ̂I(y)φ̂I(x)}|0〉

∣∣∣
T=τ(1−iε)

(9.36)

so the general formula for Feynman Green function can be written as

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 (9.37)

= lim
ε→0

lim
τ→∞

1

e−2iE0T 〈0|Ω〉〈Ω|0〉
〈0|T{Û(T,−T )φ̂I(x)φ̂I(y)}|0〉

∣∣∣
T=τ(1−iε)
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Let us now consider the denominator. It can be represented as

lim
ε→0

lim
τ→∞

e−2iE0T 〈0|Ω〉〈Ω|0〉 = lim
ε→0

lim
τ→∞

〈0|T{Û(T,−T )|0}〉
∣∣∣
T=τ(1−iε)

(9.38)

Indeed,

〈0|T{Û(T,−T )|0}〉
∣∣∣
T=τ(1−iε)

= 〈0|Û(T,−T )|0〉
∣∣∣
T=τ(1−iε)

= 〈0|e−2iĤ(τ(1−iε))|0〉(9.39)

⇒ lim
ε→0

lim
τ→∞

〈0|T{Û(T,−T )|0}〉
∣∣∣
T=τ(1−iε)

= 〈0|Ω〉e−2iE0T 〈Ω|0〉

Now we are in a position to assemble the final result for the 2-point Green function

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 = lim
ε→0

lim
τ→∞

〈0|T{Û(T,−T )φ̂I(x)φ̂I(y)}|0〉
〈0|T{Û(T,−T )}|0〉

∣∣∣∣∣
T=τ(1−iε)

(9.40)

If we recall Eq. (9.18) Û(t, t′) = Texp
{
− i
∫ t
t′dt
′′ λ

4! φ̂
4
I(t
′′, ~x)

}
we can rewrite this equation

as

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 = lim
ε→0

lim
τ→∞

〈0|T
{
e−i

∫ T
−T dt

∫
d3x λ

4!
φ̂4I(t,~x)φ̂I(x)φ̂I(y)

}
|0〉

〈0|T
{
e−i

∫ T
−T dt

∫
d3x λ

4!
φ̂4I(t,~x)}||0〉

∣∣∣∣∣∣
T=τ(1−iε)

(9.41)

Now we can use the rule âp|0〉 = 0 and reduce the r.h.s. of Eq. (9.41) to commutators.

9.2 Wick’s theorem

First, we separate the operator φ̂I into positive-frequency φ̂+
I and negative-frequency φ̂−I

parts:

φ̂I(x) = φ̂+
I (x) + φ̂−I (x), (9.42)

φ̂+
I (x) ≡

∫
d−3p√
2Ep

â~pe
−ipx, φ̂−I (x) ≡

∫
d−3p√
2Ep

â†~pe
ipx

Next, we define normal product of operators. (You may encounter two different notations
in the textbooks: N(ABC...D) and :ABC...D :).

Definition of : φ̂I(x1)φ̂I(x2)....φ̂I(xn) :

We write down each φ̂I(xi) as φ̂+
I (xi)+φ̂−I (xi), open all parentheses and put all φ̂−I operators

in each term to the left of all φ̂+
I operators:

: φ̂I(x) : ≡ φ̂I(x) (9.43)

: φ̂I(x)φ̂I(y) : = : (φ̂+
I (x) + φ̂−I (x))(φ̂+

I (y) + φ̂−I (y)) :

≡ φ̂+
I (x)φ̂+

I (y) + φ̂−I (x)φ̂+
I (y) + φ̂−I (y)φ̂+

I (x) + φ̂−I (x)φ̂−I (y) (9.44)

: φ̂I(x)φ̂I(y)φ̂I(z) : = : (φ̂+
I (x) + φ̂−I (x))(φ̂+

I (y) + φ̂−I (y)(φ̂+
I (z) + φ̂−I (z)) : ≡

≡ φ̂+
I (x)φ̂+

I (y)φ̂+
I (z) + φ̂−I (x)φ̂+

I (y)φ̂+
I (z) + φ̂−I (y)φ̂+

I (z)φ̂+
I (x) + φ̂−I (z)φ̂+

I (x)φ̂+
I (y)

+φ̂−I (x)φ̂−I (y)φ̂+
I (z) + φ̂−I (y)φ̂−I (z)φ̂+

I (x) + φ̂−I (z)φ̂−I (x)φ̂+
I (y) + φ̂−I (x)φ̂−I (y)φ̂−I (z)
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and so on. Note that since [φ̂−I (xi), φ̂
−
I (xj)] = 0 and [φ̂+

I (xi), φ̂
+
I (xj)] = 0 the relative order

of operators inside the (-) or (+) blocks does not matter.
Property (evident)

〈0| : φ̂I(x1)φ̂I(x2)....φ̂I(xn) : |0〉 = 0 (9.45)

Wick’s theorem is a relation between T-product and N-product of operators. Let us find
this relation for two operators.

T{φ̂I(x)φ̂I(y)} = θ(x0 − y0)(φ̂+
I (x)φ̂+

I (y) + φ̂−I (x)φ̂+
I (y) + φ̂+

I (x)φ̂−I (y) + φ̂−I (x)φ̂−I (y))

+ θ(y0 − x0)(φ̂+
I (y)φ̂+

I (x) + φ̂−I (y)φ̂+
I (x) + φ̂+

I (y)φ̂−I (x) + φ̂−I (y)φ̂−I (x))

= θ(x0 − y0)(: φ̂I(x)φ̂I(y) : +[φ̂+
I (x), φ̂−I (y)]) + θ(y0 − x0)(: φ̂I(x)φ̂I(y) : +[φ̂+

I (y), φ̂−I (x)])

= : φ̂I(x)φ̂I(y) : +θ(x0 − y0)[φ̂+
I (x), φ̂−I (y)] + θ(y0 − x0)[φ̂+

I (y), φ̂−I (x)] (9.46)

Let us take now vacuum expectation value (v.e.v.):

〈0|T{φ̂I(x)φ̂I(y)}|0〉 = 〈0| : φ̂I(x)φ̂I(y) : |0〉+ θ(x0 − y0)[φ̂+
I (x), φ̂−I (y)] + θ(y0 − x0)[φ̂+

I (y), φ̂−I (x)]

= θ(x0 − y0)[φ̂+
I (x), φ̂−I (y)] + θ(y0 − x0)[φ̂+

I (y), φ̂−I (x)] (9.47)

where we used Eq. (9.45). On the other hand, we know that 〈0|T{φ̂I(x)φ̂I(y)}|0〉 = DF (x−
y) (see Eq. (6.41)) so

T{φ̂I(x)φ̂I(y)} = : φ̂I(x)φ̂I(y) : +DF (x− y) (9.48)

A convenient notation:

ˆ̂φI(x)φ̂I(y) = DF (x− y) “contraction′′ (9.49)

Thus,

T{φ̂I(x)φ̂I(y)} = : φ̂I(x)φ̂I(y) : + ˆ̂φI(x)φ̂I(y) (9.50)

Next

T{φ̂I(x)φ̂I(y)φ̂I(z)} − : φ̂I(x)φ̂I(y)φ̂I(z) : = θ(x0 > y0, z0)φ̂I(x)
(

: φ̂I(y)φ̂I(z) : + ˆ̂φI(y)φ̂I(z)
)

+ θ(y0 > x0, z0)φ̂I(y)
(

: φ̂I(x)φ̂I(z) : + ˆ̂φI(x)φ̂I(z)
)

+ θ(z0 > x0, y0)φ̂I(z)
(

: φ̂I(x)φ̂I(y) : + ˆ̂φI(x)φ̂I(y)
)

− : φ̂I(x)φ̂I(y)φ̂I(z) :
(
θ(x0 > y0, z0) + θ(y0 > x0, z0) + θ(z0 > x0, y0)

)
= θ(x0 > y0, z0)

{
[φ̂+
I (x), : φ̂I(y)φ̂I(z) :] + φ̂I(x) ˆ̂φI(y)φ̂I(z)

}
+ (x↔ y) + (x↔ z)

= θ(x0 > y0, z0)
{

[φ̂+
I (x),φ̂−I (y)φ̂+

I (z) +φ̂−I (z)φ̂+
I (y) +φ̂−I (y)φ̂−I (z)] + φ̂I(x) ˆ̂φI(y)φ̂I(z)

}
+ (x↔ y) + (x↔ z)
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= θ(x0 > y0, z0)
{

[φ̂+
I (x),φ̂−I (y)]φ̂I(z) + [φ̂+

I (x),φ̂−I (z)]φ̂I(y) + φ̂I(x) ˆ̂φI(y)φ̂I(z)
}

+ θ(y0 > x0, z0)
{

[φ̂+
I (y),φ̂−I (x)]φ̂I(z) + [φ̂+

I (y),φ̂−I (z)]φ̂I(x) + φ̂I(y) ˆ̂φI(x)φ̂I(z)
}

+ θ(z0 > x0, y0)
{

[φ̂+
I (z),φ̂−I (y)]φ̂I(x) + [φ̂+

I (z),φ̂−I (x)]φ̂I(y) + φ̂I(z) ˆ̂φI(x)φ̂I(y)
}

= φ̂I(z)
{
θ(x0 > y0 > z0)[φ̂+

I (x),φ̂−I (y)] + θ(x0 > z0 > y0)[φ̂+
I (x),φ̂−I (y)] + θ(y0 > z0 > x0)[φ̂+

I (y),φ̂−I (x)]

+ θ(y0 > x0 > z0)[φ̂+
I (y),φ̂−I (x)] + θ(x0 > y0, z0) ˆ̂φI(x)φ̂I(y)

}
+ (z ↔ x) + (z ↔ y)

= φ̂I(z)
{
θ(x0 > y0, z0) ˆ̂φI(x)φ̂I(y) + θ(x0, y0 > z0)

(
θ(x0 − y0)[φ̂+

I (x),φ̂−I (y)] + θ(y0 − x0)[φ̂+
I (y),φ̂−I (x)]

)
+
(
1− θ(x0, y0 > z0)− θ(z0 > x0, y0)

)(
θ(x0 − y0)[φ̂+

I (x),φ̂−I (y)] + θ(y0 − x0)[φ̂+
I (y),φ̂−I (x)]

)}
+ (z ↔ x, y)

= φ̂I(z)
{
θ(x0 > y0, z0) ˆ̂φI(x)φ̂I(y) + θ(x0, y0 > z0) ˆ̂φI(x)φ̂I(y)

+
(
1− θ(x0, y0 > z0)− θ(z0 > x0, y0)

)
ˆ̂φI(x)φ̂I(y)

}
+ (z ↔ x) + (z ↔ y)

= φ̂I(z) ˆ̂φI(x)φ̂I(y) + φ̂I(x) ˆ̂φI(y)φ̂I(z) + φ̂I(y) ˆ̂φI(x)φ̂I(z) (9.51)

where I used formulas

θ(x0 > z0 > y0) = θ(x0 − y0)
[
1− θ(x0, y0 > z0)− θ(z0 > x0, y0)

]
,

θ(y0 > z0 > x0) = θ(y0 − x0)
[
1− θ(x0, y0 > z0)− θ(z0 > x0, y0)

]
(9.52)

Thus, we get

T{φ̂I(x)φ̂I(y)φ̂I(z)} = : φ̂I(x)φ̂I(y)φ̂I(z) : +φ̂I(z) ˆ̂φI(x)φ̂I(y)+φ̂I(x) ˆ̂φI(y)φ̂I(z)+φ̂I(y) ˆ̂φI(x)φ̂I(z)

(9.53)
In a similar way one can prove that

T{φ̂1φ̂2φ̂3φ̂4} = : φ̂1φ̂2φ̂3φ̂4 :

+ :
̂̂
φ1φ̂2φ̂3φ̂4 + ̂̂φ1φ̂2φ̂3φ̂4 + ̂φ̂1φ̂2φ̂3φ̂4 +φ̂1

̂̂
φ2φ̂3φ̂4 + φ̂1

̂̂φ2φ̂3φ̂4 + φ̂1φ̂2
̂̂
φ3φ̂4 :

+
̂̂
φ1φ̂2

̂̂
φ3φ̂4 +

̂̂
φ1φ̂3

̂̂
φ2φ̂4 +

̂̂
φ1φ̂4

̂̂
φ2φ̂3 (9.54)

where φ̂i ≡ φ̂I(xi) and :
̂̂
φiφ̂jφ̂kφ̂l :≡

̂̂
φiφ̂j : φ̂kφ̂l :.

Wick’s theorem in general case

T{φ̂I(x1)φ̂I(x2)...φ̂I(xn)} = : φ̂I(x1)φ̂I(x2)...φ̂I(xn) : + all possible contractions (9.55)

is proved by induction.
Taking v.e.v. we get a version of Wick’s theorem convenient for conversion of Green

functions into a set of Feynman diagrams:

〈0|T{φ̂I(x1)φ̂I(x2)...φ̂I(xn)}|0〉 = ˆ̂φI(x1)φ̂I(x2) ˆ̂φI(x3)φ̂I(x4)... ̂φ̂I(xn−1)φ̂I(xn) (9.56)

+ ˆ̂φI(x1)φ̂I(x3) ˆ̂φI(x2)φ̂I(x4)... ̂φ̂I(xn−1)φ̂I(xn) + ...(all possible contractions of all operators)
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Some examples:

〈0|T{φ̂I(x1)φ̂I(x2)}|0〉 = ˆ̂φI(x1)φ̂I(x2) = DF (x1 − x2) (9.57)

〈0|T{φ̂I(x1)φ̂I(x2)φ̂I(x3)}|0〉 = 0

〈0|T{φ̂I(x1)φ̂I(x2)φ̂I(x3)φ̂I(x4)}|0〉

= ˆ̂φI(x1)φ̂I(x2) ˆ̂φI(x3)φ̂I(x4) + ˆ̂φI(x1)φ̂I(x3) ˆ̂φI(x2)φ̂I(x4) + ˆ̂φI(x1)φ̂I(x4) ˆ̂φI(x2)φ̂I(x3)

= DF (x1 − x2)DF (x3 − x4) +DF (x1 − x3)DF (x2 − x4) +DF (x1 − x4)DF (x2 − x3)

Feynman diagrams: a line for each ˆ̂φI(x)φ̂I(y) = DF (x− y)

Let us apply Wick’s theorem to the calculation of two-point Green function (9.41)

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 =
〈0|T

{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(y)

}
|0〉

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
||0〉

(9.58)

We will discuss the limit T = τ(1− iε)→∞ later and for now I just replaced
∫ T
−Tdt by

∫
dt.

First, let us expand the numerator in Eq. (9.58) in powers of λ

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(y)

}
|0〉

= 〈0|T
{
φ̂I(x)φ̂I(y)

(
1− i λ

4!

∫
d4z φ̂4

I(z)−
1

2

( λ
4!

)2∫
d4z φ̂4

I(z)

∫
d4z′ φ̂4

I(z
′) + ...

)}
|0〉

= 〈0|T
{
φ̂I(x)φ̂I(y)

}
|0〉 − i λ

4!

∫
d4z〈0|T

{
φ̂I(x)φ̂I(y)φ̂4

I(z)
}
|0〉 − 1

2

( λ
4!

)2∫
d4zd4z′〈0|T

{
φ̂I(x)φ̂I(y)φ̂4

I(z)φ̂
4
I(z
′)
}
|0〉

= 〈0|T
{
φ̂I(x)φ̂I(y)

}
|0〉 − i λ

4!

∫
d4z〈0|T

{
φ̂I(x)φ̂I(y)φ̂I(z)φ̂I(z)φ̂I(z)φ̂I(z)

}
|0〉

− 1

2

( λ
4!

)2∫
d4zd4z′〈0|T

{
φ̂I(x)φ̂I(y)φ̂I(z)φ̂I(z)φ̂I(z)φ̂I(z)φ̂I(z

′)φ̂I(z
′)φ̂I(z

′)φ̂I(z
′)
}
|0〉 + O(λ3)

Wick′s theorem
= ˆ̂φI(x)φ̂I(y)− i λ

4!

∫
d4z
[
ˆ̂φI(x)φ̂I(y)× 3 ˆ̂φI(z)φ̂I(z)

ˆ̂φI(z)φ̂I(z) + 4 ˆ̂φI(x)φ̂I(z)× 3 ˆ̂φI(z)φ̂I(y) ˆ̂φI(z)φ̂I(z)
]

− λ2

2(4!)2

∫
d4zd4z′

[
2× 4 ˆ̂φI(x)φ̂I(z)× 4 ˆ̂φI(z′)φ̂I(y)× 6

(
ˆ̂φI(z)φ̂I(z

′)
)3

+ ...
]

= ˆ̂φI(x)φ̂I(y)− iλ
∫
d4z
[1
8

ˆ̂φI(x)φ̂I(y) ˆ̂φI(z)φ̂I(z)
ˆ̂φI(z)φ̂I(z) +

1

2
ˆ̂φI(x)φ̂I(z)

ˆ̂φI(z)φ̂I(y) ˆ̂φI(z)φ̂I(z)
]

− λ2

2(4!)2

∫
d4zd4z′

[1
6

ˆ̂φI(x)φ̂I(z)
ˆ̂φI(z′)φ̂I(y)

(
ˆ̂φI(z)φ̂I(z

′)
)3

+ ...
]

(9.59)

=

1
6 x

z
yz�’

{ 8
1

x xy y z 1
2 x

z+
y }+ ( i  )

{2 z z�’
+ ... } + 3(    )

yx
1+ ( i  ) 48+
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Thus,

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(y)

}
|0〉 = sum of all possible diagrams with two external legs

(9.60)

Part VIII

9.3 Vacuum bubbles

Vacuum bubble is a Feynman diagram (or sub-diagram) without external legs. For example,
in the second term in the r.h.s. of Eq. (9.59)

−iλ
∫
d4z
[1
8

ˆ̂φI(x)φ̂I(y) ˆ̂φI(z)φ̂I(z)
ˆ̂φI(z)φ̂I(z) = ˆ̂φI(x)φ̂I(y)×

[
−iλ

8

∫
d4z ˆ̂φI(z)φ̂I(z)

ˆ̂φI(z)φ̂I(z)
]

(9.61)
the expression in

[
...
]
is a vacuum bubble:

−iλ
8

∫
d4z ˆ̂φI(z)φ̂I(z)

ˆ̂φI(z)φ̂I(z) = − iλ
8

∫
d4z

(
DF (z, z)

)2
= − iλ

8

∫
d4z

(
DF (0)

)2
= − iλ

8
V
(
DF (0)

)2 (9.62)

where V ≡
∫
d4z is a 4-volume of the space-time. Two disconnected bubbles will give V2,

for example

=

−iλ
8

∫
d4x ˆ̂φI(x)φ̂I(x) ˆ̂φI(x)φ̂I(x)

(−iλ)2

16

∫
d4z ˆ̂φI(z)φ̂I(z)

ˆ̂φI(z)φ̂I(z
′) ˆ̂φI(z)φ̂I(z

′) ˆ̂φI(z′)φ̂I(z
′)

= − iλ
8
V
(
DF (0)

)2 (−iλ)2

16

(
DF (0)

)2∫
d4zd4z′D2

F (z − z′) (9.63)

= − iλ
8
V
(
DF (0)

)2 (−iλ)2

16
V
(
DF (0)

)2∫
d4zD2

F (z) =
(−iλ)3

128
V2
(
DF (0)

)4[∫
d4zD2

F (z)
]

Similarly one can show that three disconnected bubbles give the contribution ∼ V3, and so
on.

9.3.1 Exponentiation of vacuum bubbles

A typical diagram:

x y

– 52 –



Vk - value of k-th vacuum bubble, nk is a number of such vacuum bubbles.

V   =1 V   =2 V   =3 V   =4

Sum of all diagrams is ({ni} ≡ n1, n2...nk)∑
connected parts

∑
all {ni}

(
Value of connected part

) (∏ 1

nk!
V nk

)
(9.64)

=
∑

connected parts

(
Value of connected part

)(∑
n1

1

n1!
V n1

1

)(∑
n2

1

n2!
V n2

1

)
...
(∑

nk

1

nk!
V nk

1

)
...

=
∑

connected parts

(
Value of connected part

) ∞∏
k=0

eVk =
∑

connected parts

(
Value of connected part

)
× e

∑∞
k=0 Vk

Thus, the numerator in Eq. (9.58) is

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(y)

}
|0〉 = (9.65)

}

x yx
z

y
= x y + + ...+

+exp + ...+ +

{ }

{

Let us now consider the denominator in the Eq. (9.58). Repeating the same steps, we
get

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
|0〉 = exp

{
sum of all vacuum bubbles} (9.66)

= +exp + +{ + ... }
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so the sums of vacuum bubbles in the numerator and in the denominator cancel and we
obtain

〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 =
〈0|T

{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(y)

}
|0〉

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
||0〉

+ x yx
z

y
= x y + + ...

⇒ 〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 = sum of all connected diagrams with two external legs

(9.67)

NB: Sum of vacuum bubbles is actually a shift of the ground state energy

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
|0〉 = lim

T→∞
〈0|U(T,−T )|0〉 (9.68)

= lim
T→∞

〈0|eiĤ0T e−iĤT e−iĤT eiĤ0T |0〉 = lim
T→∞

〈0|e−2iĤT |0〉 = lim
τ→∞
〈0|e−2iĤτ(1−iε)|0〉

= e−iE0T
[
|〈Ω|0〉|2 +

∑
{n6=Ω}

e−i(En−E0)T |〈n|0〉|2
]

= |〈Ω|0〉|2e−iE0T = |〈Ω|0〉|2e−iVE0

where E0 =
∫
d3x E0(x) = L3E0 and 2TL3 = V. Thus, the shift of vacuum state energy

does not affect the Green functions (and hence the cross sections due to LSZ theorem).
That is why it is consistent to set Ĥ0|0〉 = 0: if Ĥ0|0〉 = E′0, the contribution e−2E′T will
be cancelled in the ratio in l.h.s of Eq.

9.4 Feynman rules for φ4 theory in the coordinate space

Feynman rules for the n-point Green function in the coordinate representation

G(x1, x2, ...xn) (9.69)

≡ 〈Ω|T{φ̂(x1)φ̂(x2)...φ̂(xn)}|Ω〉 =
〈0|T

{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x1)φ̂I(x2)...φ̂(xn)

}
|0〉

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
||0〉

are:

1. Propagator: x y = ˆ̂φI(z)φ̂I(z
′) = DF (x− y)

2. Vertex: −iλ
∫
d4z

3. Divide by symmetry coefficient
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.

x
z

y x y
x y

S=12S=6S=2

=

Feynman rules in the coordinate space.

x y
(x)    (y) =   D (x y)F1.   Propagator 

i2.   Vertex =
4d  zz

3.   Divide by symmetry factor  S:

      

9.5 Feynman rules for λφ4 theory in the momentum space

In the momentum representation

G(p1, p2, ...pn) ≡
∫
d4x1d

4x2...d
4xne

ip1x1+ip2x2+...ipnxnG(x1, x2, ...xn)

The set of Feynman rules for the Green function G(p1, p2, ...pn) in the momentum space
is as follows:
I. Draw all possible (but different!) diagrams with proper symmetry combinatorial factors.
II. Put G0(p) = 1

i(m2−p2−iε) for each line with momentum p.
III. Put −iλ(2π)4δ(

∑
pj) in each vertex (where pj are the momenta flowing into this ver-

tex).
IV. Integrate over the momenta of internal lines (an internal line is any line that is not the
tail). Each integration over momenta comes with (2π)4 in the denominator.
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4

1

4
p

p3

p
2 (p  + p  + p  + p  )41 2 3

Feynman rules in the momentum space.

p
=

= i (2   )
4 (4)

2.   Vertex

1.   Propagator 

3.   Integrate over all momenta

4.   Divide by symmetry factor

2
i
2m  p  i

i
d  p4

(2   )
i

p

9.5.1 About the limit T →∞

At each vertex we get

(2π)4δ(p1 + p2 + p3 + p4) =

∫
d4z ei(p1+p2+p3+p4)z (9.70)

Before the limit T →∞ we had∫ τ(1−iε)

−τ(1−iε)
dz0

∫
d3z eiz0

∑
i pi0−i~z·

∑
i ~pi = (2π)3δ

(∑
i

~pi
)∫ τ(1−iε)

−τ(1−iε)
dz0 e

iz0
∑
i pi0 (9.71)

To ensure convergence of the integral over z0 in the r.h.s. of Eq. (9.72) we can take
p0 = (real) × (1 + iε) and therefore in Feynman rules in the momentum space we must
integrate over slightly imaginary p0 = (real)× (1 + iε). This is equivalent to taking poles
p0 = ±Ep slightly off the real axis as shown in Fig. 7 We get

p 0

Ep E   ip

E  +ipE p  = (real)(1+i  )

Figure 7. Shift of integration contour

∫ τ(1−iε)

−τ(1−iε)
dz0 e

iz0(1+iε)
∑
i pi0 =

∫ τ

−τ
dz0 e

iz0(1−iε)(1+iε)
∑
i pi0

'
∫ τ

−τ
dz0 e

iz0
∑
i pi0

τ→∞→
∫ τ

−τ
dz0 e

iz0
∑
i pi0 = 2πδ

(∑
i

pi0
)

(9.72)

– 56 –



Thus, one should use Feynman propagators with poles at ±(Ep − iε) and write down the
full integral

∫
dz0 (or

∫
dp0) over the real axis.

9.5.2 Feynman rules for reduced Green functions

Feynman rules in the momentum space can be simplified even more by performing the
integration using δ-functions coming from momentum conservation in each vertex. After
taking into account the momentum conservation in each vertex there is only non-trivial
integrations corresponding to loops. On the other hand, if one considers the so-called tree
diagrams (≡ without loops) the value of these diagrams in momentum representation is ac-
tually already fixed by simply drawing the diagram with taking into account the momentum
conservation in each vertex.

Let us formulate the final set of rules for calculation of so-called reduced Green function
in the momentum representation. The definition of reduced Green function G(p1, p2, ...pn)

has the form

G(x1, x2, ...xn) =

∫
d4p1

(2π)4

d4p2

(2π)4
...
d4pn
(2π)4

e−ip1x1−ip2x2...−ipnxnG(p1, p2, ...pn)

G(p1, p2, ...pn) = (−i)n−1(2π)4δ(p1 + p2 + ...+ pn)G(p1, p2, ...pn) (9.73)

The set of Feynman rules for G(p1, p2, ...pn) is:
I. Draw all different connected diagrams taking into account the symmetry (combina-

torial) factors.
II. Draw momenta flow for each diagram taking into account conservation of the mo-

mentum in each vertex.
III. Each line with momentum p brings factor G0(p) = 1

m2−p2−iε and each vertex factor
(−λ)

IV. There is an integration
∫

d4k
(2π)4i

for each loop.

1

p3

2
p

p
=

2.   Vertex

1.   Propagator 

4.   Divide by symmetry factor

2 2m  p  i

4
p = p p p

=

1

1 2 3

Feynman rules for reduced Green functions

3.  Integrate over all loop momenta p
4(2   )  i
l

l l
d  p4

p
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9.5.3 Reduced Green functions and invariant martix elements M(pi → pj)

LSZ theorem (9.74) states that

S
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
(9.74)

= im+n lim
p2i→m2

Π(m2 − p2
i ) G

(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
The relation between S-martix and invariant transition matrixM

(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
is (see AQM course)

S
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
= {1}+ (2π)4iδ

(∑
p

(i)
1 −

∑
p

(j)
2

)
M
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
where {1} denotes combination of δ(3)

(
p

(i)
1 −

∑
p

(j)
2 ) corresponding to process without

scattering (if m = n). Looking at the relation (9.73) between G and reduced function G we
see that

M
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
= lim

p2i→m2
Π(m2 − p2

i ) G
(
p1, p

′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2

)
(9.75)

Part IX

10 Feynman diagrams for S-matrix

Consider two-particle elastic scattering

1

p’
2

p
2

p’
1

p

Figure 8. Two-particle elastic scattering

10.1 First order of perturbation theory

LSZ theorem for two-particle scattering (8.11):

S(p1, p
′
1 → p2, p

′
2) = i4 lim

p2i→m2
(m2 − p2

1) (m2 − p2
2) (m2 − p′21) (m2 − p′22) (10.1)

×
∫
dxdx′dydy′ e−ip1x1−ip

′
1x
′+ip2y+ip′2y

′
G(x, x′; y, y′)

= lim
p2i→m2

(m2 − p2
1) (m2 − p2

2) (m2 − p′21) (m2 − p′22)G(p1, p
′
1 → p2, p

′
2) ≡ Gamp(p1, p

′
1 → p2, p

′
2)

– 58 –



(here we use better-looking notation G(p1, p
′
1 → p2, p

′
2) ≡ G(−p1,−p′1, p2, p

′
2))

where

G(x, x′; y, y′) =
〈0|T

{
e−i

∫
d4z λ

4!
φ̂4I(z)φ̂I(x)φ̂I(x

′)φ̂(y)φ̂(y′)
}
|0〉

〈0|T
{
e−i

∫
d4z λ

4!
φ̂4I(z)

}
||0〉

= set of connected Feynman diagrams with four tails (10.2)

In the trivial order in perturbation theory we get
so ∫

dzdz′ e−iqz+ikz
′ 1

m2 − p2
1 − iε

=
(2π)4δ(4)(q − k)

m2 − q2 − iε
= 0 (10.3)

if p1, p
′
1 6= p2, p

′
2. If momenta are equal LSZ theorem is not applicable since we assumed

p1, p
′
1 6= p2, p

′
2 throughout the proof in Sect. 8.

S(p1, p
′
1 → p2, p

′
2) = (2π)3δ(~p1 − ~p2)(2π)3δ(~p′1 − ~p′2) + (2π)3δ(~p1 − ~p′2)(2π)3δ(~p′1 − ~p2))

(10.4)
The first non-trivial contribution to the r.h.s. of Eq. (10.2) is

G(1)(x, x′, y.y′) = − iλ

4!

∫
d4z 〈0|T{φ̂I(x)φ̂I(x

′)φ̂I(y)φ̂I(y
′)φ̂4

I(z)
}
|0〉

−iλ
∫
d4z ˆ̂φI(x)φ̂I(z)

ˆ̂φI(x′)φ̂I(z)
ˆ̂φI(y)φ̂I(z)

ˆ̂φI(y′)φ̂I(z)

= − iλ
∫
d4z DF (x− z)DF (x′ − z)DF (y − z)DF (y′ − z) (10.5)

⇒ G(1)(p1, p
′
1 → p2, p

′
2)) =

∫
dxdx′dydy′ e−ip1x1−ip

′
1x
′+ip2y+ip′2y

′
G(1)(x, x′; y, y′)

−iλ
∫
d4z ˆ̂φI(x)φ̂I(z)

ˆ̂φI(x′)φ̂I(z)
ˆ̂φI(y)φ̂I(z)

ˆ̂φI(y′)φ̂I(z)

= − iλ (2π)4δ(p1 + p′1 − p2 − p′2)

(m2 − p2
1 − iε)(m2 − p′21 − iε)(m2 − p2

2 − iε)(m2 − p′22 − iε)
(10.6)

From Eq. (10.1) we get

S(1)(p1, p
′
1 → p2, p

′
2) = − iλ(2π)4δ(p1 + p′1 − p2 − p′2) (10.7)

From the AQM course we know that

S(p1, p
′
1 → p2, p

′
2) = (2π)6[δ(~p1 − ~p2)δ(~p′1 − ~p′2) + (~p′2 ↔ ~p2)]

+ (2π)4iδ(p1 + p′1 − p2 − p′2)M(p1, p
′
1 → p2, p

′
2)

⇒ M (1)(p1, p
′
1 → p2, p

′
2) = − λ (10.8)

This can be derived directly from the Feynman rules for the reduced Green functions in
Sect. (9.5.3) and formula (10.14).

Finally, the cross section of meson-meson scattering in this model is given by the
standard formula

dσ

dΩ
=
|M|2

64π2s
=

λ2

64π2s
+ O(λ4) (10.9)
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and the total cross section is

σtot =
1

2

∫
dΩ

dσ

dΩ
=

λ2

32πs
+ O(λ4) (10.10)

(1
2 is due to identical particles in the final state, see the AQM course).

10.2 Second order of perturbation theory

G(2)(x, x′, y, y′) (10.11)

= − 1

2

( λ
4!

)2∫
d4zd4z′〈0|T

{
φ̂I(x)φ̂I(x

′)φ̂I(y)φ̂I(y
′)φ̂4

I(z)φ̂
4
I(z
′)
}
|0〉connected

The set of (connected) Feynman diagrams is shown in Fig. ??.

z

x

y’x’

y
x

x’ y’

yx

y’x’
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z z’
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z z’
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y’x’

y x

y’x’

y x

y’x’

y x

y’x’

y
z’ z’

z’ z’
z

z z

Figure 9. Set of second-order Feynman diagrams for two-particle scattering
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In the momentum space these diagrams look like so the set of corresponding amputated
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2
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1

p
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p
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p

Figure 10. Second-order Feynman diagrams for two-particle scattering in the momentum space
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Figure 11. Amputated Feynman diagrams for two-particle scattering
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2
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G(2)
amp(p1, p

′
1 → p2, p

′
2) =

∫
d−k

i

1

(m2 − k2 − iε)(m2 − (p1 + p′1 − k)2 − iε
(10.12)

+

∫
d−k

i

1

(m2 − k2 − iε)(m2 − (p1 − p2 − k)2 − iε
+

∫
d−k

i

1

(m2 − k2 − iε)(m2 − (p1 − p′2 − k)2 − iε

+
1

m2 − p2
1 − iε

∫
d−k

i

1

m2 − k2 − iε
+

1

m2 − p′21 − iε

∫
d−k

i

1

m2 − k2 − iε

+
1

m2 − p2
2 − iε

∫
d−k

i

1

m2 − k2 − iε
+

1

m2 − p′22 − iε

∫
d−k

i

1

m2 − k2 − iε
(10.13)

First three terms are OK but we have a problem with last four ones: when we calculate the
cross section

M(p1, p
′
1 → p2, p

′
2) = lim

p2i→m2
Π(m2 − p2

i ) G(p1, p
′
1 → p2, p

′
2)

(10.14)

we have, for example, the contibution

lim
p21→m2

1

m2 − p2
1 − iε

∫
d−k

i

1

m2 − k2 − iε

which is infinite as p2
1 → m2!

Q: What happened?
A: mass renormalization

10.3 Renormalization of the mass of scalar particle

Let us draw the (connected) diagrams for the 2-point Green function

p p

p
p

p

++
p

+ + + ...

and let us rewrite this sum of diagrams as follows:

p
+ + +

p
+ ...

= + +

where

+ ...
p

p
p p

p p
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is called a one-particle irreducible (1PI) part. Let us denote it it −Σ(p2)

2

= + + + ...
p

p
p(p)  =

1k  +k 2k

p
p k 1

p k 

Σ(p2) = λ

∫
d−4k

i

1

m2 − k2 − iε
(10.15)

+
λ2

6

∫
d−4k1

i

d−4k2

i

1

[m2 − (k1 + k2)2 − iε][m2 − (p− k1)2 − iε][m2 − (p− k2)2 − iε]
+ ...

We get

G(p2) =
1

p2
− 1

m2 − p2
Σ(p2)

1

m2 − p2
+

1

m2 − p2
Σ(p2)

1

m2 − p2
Σ(p2)

1

m2 − p2
+ ... =

1

m2 − p2 + Σ(p2)

(10.16)

We see that G(p2) no longer has a pole at p2 = m2. Indeed,

G(p2)
∣∣
p2=m2 =

1

m2 − p2 + Σ(p2)

∣∣∣∣
p2=m2

=
1

Σ(m2)
= finite (10.17)

Instead, it has a pole at some other value p2 where

m2 − p2 + Σ(p2) = 0 (10.18)

Let us denote the solution of this equation m2
ph, then

m2−p2+Σ(p2) = m2
ph−p2+Σ(p2)−Σ(m2

ph)
p2→m2

ph' (m2
ph−p2)

(
1− dΣ

dp2

∣∣∣∣
p2=m2

ph

)
(10.19)

The factor 1− dΣ
dp2

∣∣∣
p2=m2

ph

is denoted as Z−1

Z−1 ≡ 1− dΣ

dp2

∣∣∣∣
p2=m2

ph

(10.20)

Let us denote

δm2 ≡ m2
ph −m2 = Σ(m2

ph) mass counterterm (10.21)

(the last “=” is due to Eq. (10.18)). Next, we introduce free propagator with physical mass

G̃0(p2) ≡ 1

m2
ph − p2 − iε

(10.22)

and rewrite the exact propagator (10.16) as
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+

m2

p p

m2

m2

p

m2m2

p p

m2

p

p
m2

pp

p
+ + + +

p + + ++

+ +
+ ...

=
1

m2
ph − p2 + (Σ(p2)− δm2)− iε

(10.23)

As p2 → m2
ph we get

Σ(p2)− δm2 ' Σ(m2)− δm2 + (p2 −m2
ph)

dΣ

dp2

∣∣∣∣
p2=m2

ph

+O(p2 −m2
ph)2

= (p2 −m2
ph)

dΣ

dp2

∣∣∣∣
p2=m2

ph

+O(p2 −m2
ph)2 (10.24)

(recall that δm2 = Σ(m2
ph)) and therefore

1

m2
ph − p2 + Σ(p2)− δm2

p2→m2
ph→ 1

m2
ph − p2 + (p2 −m2

ph) dΣ
dp2

∣∣∣
p2=m2

ph

=
Z

m2
ph − p2

,

Z−1 ≡ 1− (p2 −m2
ph)

dΣ

dp2

∣∣∣∣
p2=m2

ph

= 1 + z1λ+ z2λ
2 + ... (10.25)

Let us demonstrate that mph is a physical mass of the scalar boson. Consider the two-point
Green function at large time

G(t, ~x)
t→∞
= Z

∫
d−p

i

e−ip0t+i~p·~x

m2
ph − p2

= Z

∫
d−p

i

e−ip0t+i~p·~x

m2
ph + ~p2 − p2

0 − iε

= Z

∫
d−3p

2Ep
e−iEpt+i~p·~x, Ep =

√
m2

ph + ~p2 (10.26)

⇒ mph is a mass of the particle.
Let us prove now that the same Z-factor relates φ̂ to φ̂in and φ̂out (see the footnote at

p.40)
φ̂(x)

t→−∞→ Z
1
2 φ̂in(x), φ̂(x)

t→∞→ Z
1
2 φ̂out(x) (10.27)

Proof: suppose φ̂(x)
t→−∞→ c1φ̂in(x) and φ̂(x)

t→∞→ c2φ̂out(x) with some constants c1 and
c2. First, from time reversal invariance of the theory one sees that c1 = c2 = c. Second,
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consider the two-point Green function G(x − y) = 〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 as x0 → ∞ and
y0 → −∞

G(x− y) = 〈Ω|T{φ̂(x)φ̂(y)}|Ω〉 =
∑

{n}=all in−states

〈Ω|φ̂(x)|nin〉〈nin|φ̂(y)|Ω〉 (10.28)

=

∫
d−3p

2Ep
〈Ω|φ̂(x)|pin〉〈pin|φ̂(y)|Ω〉 +

∑
{n}=2+ particles states

〈Ω|φ̂(x)|n〉〈nφ̂(y)|Ω〉

→ c2

∫
d−3p

2Ep
〈Ω|φ̂out(x)|p〉〈p|φ̂in(y)|Ω〉 +

∑
{n}=2+ particles states

〈Ω|φ̂out(x)|nin〉〈nin|φ̂in(y)|Ω〉

(recall that one-particle state is the same for “ins” and “outs”: |pin〉 = |pout〉 = |p〉). Now,
since

φ̂in(x) =

∫
d−3p√
2Ep

[
âin
p e
−ipx + â†inp eipx

] ∣∣∣
p0=Ep

(10.29)

we see that

in〈p2, p
′
2|φ̂in|Ω〉 ∼

∫
d−3p√
2Ep
〈Ω|ain

p2a
in
p′2

[
âin
p e
−ipx + â†inp eipx

]
|Ω〉 = 0 (10.30)

and similarly for in〈p2, p
′
2, p
′′
2| and states with larger number of particles. Thus, as x0 →∞

and y0 → −∞

G(x− y) → c2

∫
d−3p

2Ep
〈Ω|φ̂out(x)|p〉〈p|φ̂in(y)|Ω〉 = c2

∫
d−3p

2Ep
e−iEp(x0−y0)+i~p(~x−~y)

(10.31)

Comparing this to Eq. (10.26) we see that c2 = Z so c = Z
1
2 , Q.E.D.

Let us now revisit LSZ theorem in terms of physical mass. Because of Eq. (10.27) the
formula (8.11) will look like

S(p1, p
′
1 → p2, p

′
2) =

( i√
Z

)4
lim

p2i→m2
(m2

ph − p2
1) (m2

ph − p2
2) (m2

ph − p′
2
1) (m2

ph − p′
2
2)

×
∫
dx dx′ dy dy′ e−ip1x1−ip

′
1x
′+ip2y+ip′2y

′ 〈Ω|T{φ̂(x)φ̂(x′)φ̂(y)φ̂(y′)}|Ω〉

=
( i√

Z

)4
lim

p2i→m2
(m2

ph − p2
1)(m2

ph − p2
2)(m2

ph − p′
2
1)(m2

ph − p′
2
2)

× Z

m2
ph − p2

1

Z

m2
ph − p′

2
1

Z

m2
ph − p2

2

Z

m2
ph − p′

2
2

G1PI
amp(p1, p

′
1 → p2, p

′
2)

= (
√
Z)4G1PI

amp(p1, p
′
1 → p2, p

′
2) (10.32)

where G1PI is a one-particle irreducible diagram (1PI diagram is a diagram which cannot
be reduced to two disconnected parts by removing one propagator).

Let us ignore for now the factor
(

i√
Z

)4 (it will lead to proper renormalization of the
coupling constant λ) and summarize the final rule for matrix elements of the transition
matrix

M(p1, p
′
1 → p2, p

′
2) = Gamp

1PI (p1, p
′
1 → p2, p

′
2)
∣∣
p2i→m2

ph
(10.33)
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Figure 12. Amputated Feynman diagrams for two-particle scattering

10.4 Peskin’s mnemonic rule

In Peskin’s textbook there is a handy mnemonic rule for calculation of matrix elements of
S-matrix

S(p1, p
′
1, ...p

(m)
1 → p2, p

′
2, ...p

(n)
2 ) ≡ out〈p2, p

′
2, ...p

(n)
2 |p1, p

′
1, ...p

(n)
1 〉in

= 〈p2, p
′
2, ...p

(n)
2 |T

{
ei
∫
d4z LI(φ̂(z))

}
|p1, p

′
1, ...p

(m)
1 〉1PI

connected (10.34)

where in the r.h.s. everything is in the interaction representation:

〈p2, p
′
2, ...p

(n)
2 = 〈0|âp2 âp′2 ...âp(n)2

, |p1, p
′
1, ...p

(m)
1 〉 = â†p1 â

†
p′1
...a†

p
(m)
1

|0〉,

LI(φ̂(z)) = − λ

4!
φ̂4
I(z), φ̂I(z) =

∫
d−3p√
2Ep

[
âpe
−ipz + â†pe

ipz
] ∣∣∣

p0=Ep
(10.35)

and contractions of ladder operators with the field operators are defined as follows

̂̂
apφ̂I(z) ≡ 〈0|âpφ̂I(z)|0〉 = 〈0|âp

∫
d−3p′√
2Ep′

[
âp′e

−ip′z + â†p′e
ip′z
] ∣∣∣

p′0=Ep′
|0〉 =

eipz√
2Ep

,

̂̂
φ(z)â†p ≡ 〈0|φ̂(z)â†p|0〉 = 〈0|

∫
d−3p′√
2Ep′

[
âp′e

−ip′z + â†p′e
ip′z
] ∣∣∣

p′0=Ep′
â†p|0〉 =

e−ipz√
2Ep

(10.36)

This mnemonic rule can be justified by the LSZ theorem. Let us illustrate this rule for
the elastic two-particle scattering in the first order in λ

S(1)(p1, p
′
1 → p2, p

′
2) = 4

√
Ep2Ep′2Ep1Ep′1〈0|âp2 âp′2

(−iλ)

4!

∫
d4z φ̂4

I(z)â
†
p1 â
†
p′1
|0〉

= − 4iλ
√
Ep2Ep′2Ep1Ep′1

∫
d4z

̂̂
ap2 φ̂I(z)

̂̂
ap′2 φ̂I(z)

ˆ̂φ(z)â†p1 ˆ̂φ(z)â†
p′1

= − iλ
∫
d4z e−ip1z−ip

′
1z+ip2z+ip

′
2z = − iλ(2π4)δ(4)(p1 + p′1 − p2 − p′2) (10.37)
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and therefore we get the same result (10.8) for the matrix element of transition matrix.

Part X

11 Complex Klein-Gordon field

Consider a set of two non-interacting scalar Klein-Gordon fields φ1(x) and φ2(x) and define
the complex KG field φ(x) ≡ 1√

2
[φ1(x) + iφ2(x)] satisfying the KG equation

(∂2 +m2)φ(x) = 0 (11.1)

Obviously, the complex conjugate field φ∗(x) satisfies the same KG equation. It turns out
that for the description of interactions with the electromagnetic fields it is convenient to
consider φ(x) and φ∗(x) as independent canonical coordinates (instead of φ1(x) and φ2(x)).
The Lagrangian for the free complex KG field is

L(t) =

∫
d3x L(~x, t)

L(x) = ∂µφ
∗(x)∂µφ(x)−m2φ∗(x)φ(x) (11.2)

Note that the Largangian density for the set of non-interacting fields φ1 and φ2 can be
written as

L(φ1) + L(φ2) =
1

2
∂µ(φ1 − iφ2)∂µ(φ1 + iφ2)− m2

2
(φ1 − iφ2)(φ1 + iφ2)

which coincides with L(φ(x)) given by Eq. (11.2) so one free complex KG field describes
two free real KG fields which do not interact with each other.

The canonical momenta for complex KG field are

π(t, x) ≡ ∂L
∂φ̇

(t, x) = φ̇∗(t, x)

π∗(t, x) ≡ ∂L
∂φ̇∗

(t, x) = φ̇(t, x) (11.3)

so the classical Hamiltonian for the KG field takes the form

H =

∫
d3x
[
π(t, ~x)φ̇(t, ~x) + π∗(t, ~x)φ∗(t, ~x)

]
−
∫
d3x
[
φ̇∗(t, ~x)φ̇∗(t, ~x)− ~∇φ∗(t, ~x) · ~∇φ(t, ~x)−m2φ∗(t, ~x)φ(t, ~x)

]
=

∫
d3x
[
π(t, x)φ̇(t, x) + π∗(t, x)φ̇∗(t, x)− φ̇∗(t, ~x)φ̇∗(t, ~x) + ~∇φ∗(t, ~x) · ~∇φ(t, ~x) +m2φ∗(t, ~x)φ(t, ~x)

]
=

∫
d3x
[
π∗(t, ~x)π(t, ~x) + ~∇φ∗(t, ~x) · ~∇φ(t, ~x) +m2φ∗(t, ~x)φ(t, ~x)

]
(11.4)

Again, it is east to see that H(φ, φ∗;π, π∗) = H(φ1;π1) + H(φ2;π2) (note that φ =
1√
2
(φ1 + iφ2) but π = 1√

2
(π1 − iπ2) according to our definition (11.3)).

– 67 –



The classical energy-momentum tensor has the form (cf. Eq. (11.7)

Tµν = ∂µφ
∂L
∂∂νφ

+ ∂µφ
∗ ∂L
∂∂νφ∗

− gµνL = ∂µφ
∗∂νφ+ ∂µφ∂νφ

∗ − gµν(∂αφ∗∂αφ−m2φ2)

(11.5)
and the classical momentum of complex KG field can be written as

Pi ≡
∫
d3x T0i(t, ~x) =

∫
d3x

[
π(t, ~x)∂iφ(t, ~x) + π∗(t, ~x)∂iφ

∗(t, ~x)
]

(11.6)

11.1 Quantization of the complex KG field

As usual, we promote classical coordinates φ, φ∗ and classical momenta π, π∗ to operators
φ̂(~x), φ̂†(~x) and π̂(~x), π̂†(~x) satisfying the canonical commutation relations 5

[φ̂(~x), π̂(~y)] = [φ̂†(~x), π̂†(~y)] = iδ(~x− ~y), all other commutators vanish (11.7)

The corresponding quantum Hamiltonian has the form

Ĥ =

∫
d3x
[
π̂†(~x)π̂(~x) + ~∇φ̂†(~x) · ~∇φ̂(~x) +m2φ̂†(~x)φ̂(~x)

]
(11.8)

Again, it is easy to check that

Ĥ(φ̂, φ̂†; π̂, π̂†) = Ĥ(φ̂1, π̂1) + Ĥ(φ̂2, π̂2) (11.9)

Now we can construct Heisenberg picture of quantization following usual rules in Sect. 6:
First, we define vacuum in Heisenberg picture as Schrödinger vacuumat t = 0. Due to Eq.
(11.7) this vacuum state is a direct product of vacuum states |0〉1 and |0〉2

|0〉 ≡ |0〉1|0〉2 (11.10)

The explicit form is the product of wave functionals (4.55) which can be written as

〈{φ(~x), φ∗(~x)}|Ψ〉 = e−
∫
d3xφ∗(~x)Ŵφ(~x) (11.11)

where the differential operator W is defined in Eq. (??)
Next, we define the time-dependent operators

φ̂(t, ~x) ≡ eiĤtφ̂(~x)e−iĤt, φ̂†(t, ~x) ≡ eiĤtφ̂†(~x)e−iĤt,

π̂(t, ~x) ≡ eiĤtπ̂(~x)e−iĤt, π̂†(t, ~x) ≡ eiĤtπ̂†(~x)e−iĤt (11.12)

satisfying Heisenberg equations

∂φ̂(t, ~x)

∂t
= i[Ĥ, φ̂(t, ~x)],

∂φ̂†(t, ~x)

∂t
= i[Ĥ, φ̂†(t, ~x)],

∂π̂(t, ~x)

∂t
= i[Ĥ, π̂(t, ~x)],

∂π̂†(t, ~x)

∂t
= i[Ĥ, π̂†(t, ~x)] (11.13)

5 These commutation relations are in agreement with [φ̂1(~x), π̂1(~y)] = [φ̂2(~x), π̂2(~y)] = iδ(~x− ~y), for
example [φ̂(~x), π̂(~y)] = 1

2
[φ̂1(~x) + iφ̂2(~x), π̂1(~x)− iπ̂2(~x)] = iδ(~x− ~y).
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Similarly to Eq. (6.33) one can prove the equal-time commutation relations

[φ̂(t, ~x), π̂(t, ~y)] = [φ̂†(t, ~x), π̂†(t, ~y)] = iδ(~x− ~y), (11.14)

[φ̂(t, ~x), φ̂(t, ~y)] = [φ̂(t, ~x), π̂†(t, ~y)] = [π̂(t, ~x), π̂(t, ~y)] = [π̂(t, ~x), φ̂†(t, ~y)] = 0

Let us consrtuct the expansion of field operators in ladder operators. Since the com-
plex field is defined as φ̂(x) = 1√

2

(
φ̂1(x) + iφ̂2(x)

)
(and φ̂†(x) = 1√

2

(
φ̂†1(x) − iφ̂†2(x)

)
,

π̂(x) = 1√
2

(
π̂1(x)− iπ̂2(x)

)
, π̂†(x) = 1√

2

(
π̂†1(x) + iπ̂†2(x)

)
) we can use ladder expansion

(6.9) for φ̂1 and φ̂2

φ̂1(x) =

∫
d−p√
2Ep

(â1~pe
−ipx + â†1~pe

ipx), π̂1(x) = − i
∫

d−p√
2Ep

E~p(â1~pe
−ipx − â†1~pe

ipx),

φ̂2(x) =

∫
d−p√
2Ep

(â2~pe
−ipx + â†2~pe

ipx), π̂2(x) = − i
∫

d−p√
2Ep

E~p(â2~pe
−ipx − â†2~pe

ipx)

(11.15)

and get

φ̂(x) =

∫
d−p√
2Ep

(â~pe
−ipx + b̂†~pe

ipx), π̂(x) = − i
∫

d−p√
2Ep

E~p(b̂~pe
−ipx − â†~pe

ipx),

φ̂†(x) =

∫
d−p√
2Ep

(b̂~pe
−ipx + â†~pe

ipx), π̂†(x) = − i
∫

d−p√
2Ep

E~p(â~pe
−ipx − b̂†~pe

ipx)

(11.16)

where
â~p ≡

1√
2

(â1~p + iâ2~p), b̂~p ≡
1√
2

(â1~p − iâ2~p) (11.17)

(and â†~p = 1√
2
(â†1~p − iâ

†
2~p), b̂

†
~p = 1√

2
(â†1~p + iâ†2~p)). The commutation relations between a’s

and b’s follow from commutation relations between ai and a
†
i :

[â~p, â
†
~p′ ] = [b̂~p, b̂

†
~p′ ] = (2π)3δ(~p− ~p′) (11.18)

[â~p, â~p′ ] = [b̂~p, b̂~p′ ] = [â†~p, â
†
~p′ ] = [b̂†~p, b̂

†
~p′ ] = [â~p, b̂

†
~p′ ] = [b̂~p, â

†
~p′ ] = 0

Let us check that the commutation relations (11.18) for ladder operators lead to CCR
(11.7).

[φ̂(~x), π̂(~y)] = − i

2

∫
d−3pd−3p′

√
Ep′

Ep

[
â~pe

i~p~x + b̂†~p′e
−i~p~x, b̂~pe

i~p~y − â†~p′e
−i~p~y] =

=
i

2

∫
d−3p

(
ei~p(~x−~y) + e−i~p(~x−~y)

)
= iδ(~x− ~y)

[φ̂†(~x), π̂†(~y)] = − i

2

∫
d−3pd−3p′

√
Ep′

Ep

[
b̂~pe
−i~p~x + â†~p′e

i~p~x, â~pe
−i~p~y − b̂†~p′e

i~p~y
]

=

=
i

2

∫
d−3p

(
e−i~p(~x−~y) + ei~p(~x−~y)

)
= iδ(~x− ~y) (11.19)
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The Hamiltonian in terms of ladder operators looks like

Ĥ =
1

2

∫
d−3p Ep(â

†
~pâ~p + â~pâ

†
~p + b̂†~pb̂~p + b̂~pb̂

†
~p) =

∫
d−3p Ep(â

†
~pâ~p + b̂†~pb̂~p) (11.20)

in agreement with Eq. (5.18) and the fact that Ĥ = Ĥ1 + Ĥ2. (As usual, we throw away
the infinite constant, see the discussion after Eq. (5.17)).

Note that both â~p and b̂~p annihilate the vacuum state (11.10). Indeed, since a1~p|0〉 = a1~p|0〉1|0〉2 = 0

and a2~p|0〉 = |0〉1a2~p|0〉2 = 0, we have

â~p |0〉 = b̂~p|0〉 = 0 (11.21)

(which, as we discussed in Sect. , can serve as a definition of vacuum state |0〉).
Now we can promote the classical momentum (11.23) to the momentum operator

P̂i =

∫
d3x

[
π̂(~x)∂iφ̂(~x) + π̂†(~x)∂iφ̂

†(~x)
]

(11.22)

and check that in terms of ladder operators it reads

P̂i =

∫
d−3p pi(a

†
~pa~p + b†~pb~p) (11.23)

Similarly to Eq. (6.15) we can represent the quantum operator of 4-momentum as

P̂µ ≡ (Ĥ, P̂ i) =

∫
d−3p pµ(a†~pa~p + b†~pb~p) (11.24)

and prove formulas

φ̂(x+ a) = eiP̂ aφ̂(x)e−iP̂ a, φ̂†(x+ a) = eiP̂ aφ̂†(x)e−iP̂ a (11.25)

which are in agreement with the representation (11.16) in terms of ladder operators.
From the explicit form of momentum operator (11.24) we see that

[P̂µ, â†p] = pµâ†p, [P̂µ, b̂†p] = pµb̂†p, [P̂µ, âp] = − pµâp, [P̂µ, b̂p] = − pµb̂p, (11.26)

Using these commutators it is easy to show that â†p|0〉 and b̂†p|0〉 are one-particle states

|p,−〉 ≡
√

2Epâ
†
p|0〉, |p,+〉 ≡

√
2Epb̂

†
p|0〉 (11.27)

with the same mass m (since Ep =
√
m2 + ~p2 for both of them). These states will corre-

spond to states of particle and antiparticle with same masses and opposite charges. 6 One
can formally introduce the charge operator

Q̂ ≡ i

2

∫
d3x

(
π̂(~x)φ̂(~x)− φ̂†(~x)π̂†(~x)) (11.28)

6The name “charge” is formal here since in a free theory there is no physical notion of charge but in the
theory of quantum electrodynamics of scalar particles these states will correspond to states of particle and
antiparticle with same masses and opposite charges like π+ and π− mesons

– 70 –



In terms of ladder operators it looks like

Q̂ =
1

2

∫
d3xd−3pd−3p′

[√
Ep√
Ep′

(b̂~pe
i~p~x − â†~pe

−i~p~x)(â~pe
i~p~x + b̂†~pe

−i~p~x)

−
√
Ep′√
Ep

(b̂~pe
i~p~x + â†~pe

−i~p~x)(â~pe
i~p′~x − b̂†~pe

−i~p′~x)

]

=

∫
d−3p (b̂~pb̂

†
~p − â

†
~pâ~p) =

∫
d−3p (b̂†~pb̂~p − â

†
~pâ~p) (11.29)

where again we dropped the infinite commutator term so the vacuum will have charge zero
Q̂|0〉 = 0 (alternatively one may just define the charge operator Q̂ as the r.h.s. of the
above equation). The commutators of operator Q̂ with ladder operators are

[Q̂, a†~p] = a†~p, [Q̂, a~p] = − a~p; [Q̂, b†~p] = − b†~p, [Q̂, b~p] = b~p (11.30)

From these commutators it is easy to see that the operator Q̂ counts the number of (+)

particles minus the number of (−) particles in an (m+n)-particle state

Q̂|p1, p2, ...pm; k1, k2, ...kn〉 = Πm

√
2EiΠn

√
2EiQ̂â

†
~p1
â†~p2 ...â

†
~pm
b̂†~k1
b̂†~k2
...b̂†~kn

|0〉 (11.31)

= Πm

√
2EiΠn

√
2Ei(m− n)â†~p1 â

†
~p2
...â†~pm b̂

†
~k1
b̂†~k2
...b̂†~kn

|0〉 = (m− n)|p1, p2, ...pm; k1, k2, ...kn〉

From expansion of field operators in ladder operators (11.16) it is easy to get the Feynman
propagator for complex KG field

〈0|T{φ̂(x)φ̂†(y)} = θ(x0 − y0)

∫
d−3pd−3p′

2
√
EpEp′

〈0|(â~pe−ipx + b̂†~pe
ipx)(b̂~p′e

−ip′y + â†~p′e
ip′y)|0〉

+ θ(y0 − x0)

∫
d−3pd−3p′

2
√
EpEp′

〈0|(b̂~p′e−ip
′y + â†~p′e

ip′y)(â~pe
−ipx + b̂†~pe

ipx)|0〉

= θ(x0 − y0)D(x− y) + θ(y0 − x0)D(y − x) = DF (x− y)

which is the same as the propagator for real (“neutral”) KG field. One can also demonstrate
that

〈0|T{φ̂(x)φ̂(y)}|0〉 = θ(x0 − y0)

∫
d−3pd−3p′

2
√
EpEp′

〈0|(â~pe−ipx + b̂†~pe
ipx)(â~p′e

−ip′y + b̂†~p′e
ip′y)|0〉

+ θ(y0 − x0)

∫
d−3pd−3p′

2
√
EpEp′

〈0|(â~p′e−ip
′y + b̂†~p′e

ip′y)(â~pe
−ipx + b̂†~pe

ipx)|0〉 = 0 (11.32)

and similarly 〈0|T{φ̂†(x)φ̂†(y)}|0〉. In accordance with these formulas the propagator of
complex KG field is depicted as a line with an arrow going from φ̂(x) to φ̂†(y)

11.2 Complex KG field with self-interaction

As an example of self-interacting KG field, consider theory with Lagrangian

L = ∂µφ
∗∂µφ−m2φ∗φ− λ

4
(φ∗φ)2 (11.33)
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x<0|T{  (x)    (y)}|0>     = y

Figure 13. Feynman propagator for complex KG field

and independent canonical coordinates φ(x) and φ∗(x). The Euler-Lagrange equations are

∂L
∂φ

= ∂µ
∂L
∂∂µφ

⇒ (∂2 +m2)φ∗ = − λ

2
φ∗2φ,

∂L
∂φ∗

= ∂µ
∂L

∂∂µφ∗
⇒ (∂2 +m2)φ = − λ

2
φ∗φ2 (11.34)

The canonical momenta are the same as in Eq. (11.3

π(t, x) ≡ ∂L
∂φ̇

(t, x) = φ̇∗(t, x)

π∗(t, x) ≡ ∂L
∂φ̇∗

(t, x) = φ̇(t, x) (11.35)

and the classical Hamiltonian for the KG field takes the form (cf. Eq. (11.4))

H =

∫
d3x
[
π∗(t, ~x)π(t, ~x) + ~∇φ∗(t, ~x) · ~∇φ(t, ~x) +m2φ∗(t, ~x)φ(t, ~x) +

λ

4
φ∗2(t, ~x)φ2(t, ~x)

]
(11.36)

11.2.1 Quantization

For quantization, we repeat the same steps as we did for real KG field (see Sect. 7). As
usually, we promote φ, φ∗ and π, π∗ to operators

φ(t, ~x) → φ̂(~x), π(t, ~x) → π̂(~x), (11.37)

satisfying the canonical commutation relations (11.7)

[φ̂(~x), π̂(~y)] = [φ̂†(~x), π̂†(~y)] = iδ(~x− ~y), all other commutators vanish(11.38)

The quantum Hamiltonian is (11.8) plus the interaction term

Ĥ = Ĥ0 + Ĥint, (11.39)

Ĥ0 ≡
∫
d3x
[
π̂†(~x)π̂(~x) + ~∇φ̂†(~x) · ~∇φ̂(~x) +m2φ̂†(~x)φ̂(~x)

]
, Ĥint =

λ

4
φ̂†2(~x)φ̂2(~x)

As usual, we define vacuum state |Ω〉 as an eigenstate of Ĥ with the lowest energy (and
suppose it is non-degenerate).

Ĥ|Ω〉 = Evac|Ω〉 − stationary Schrodinger equation (11.40)

As we saw in Sect. 9.3, the vacuum energy is a sum of (divergent) vacuum bubbles which
cancels in the expressions for physical cross sections
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The Heisenberg picture of quantization is constructed in the same way as for real KG
field in Sect. 9: we start with Ψ({φ(~x)}) = ΨSchro(t = 0, {φ(~x)}) and define time-
dependent canonical operators

φ̂(t, ~x) ≡ eiĤtφ̂(~x)e−iĤt, φ̂†(x) ≡ eiĤtφ̂†(~x)e−iĤt,

π̂(t, ~x) ≡ eiĤtπ̂(~x)e−iĤt, π̂†(x) ≡ eiĤtπ̂†(~x)e−iĤt (11.41)

satisfying Heisenberg equations

dφ̂(t, ~x)

dt
= i[Ĥ, φ̂(t, ~x)],

dπ̂(t, ~x)

dt
= i[Ĥ, π̂(t, ~x)]

dφ̂†(t, ~x)

dt
= i[Ĥ, φ̂†(t, ~x)],

dπ̂†(t, ~x)

dt
= i[Ĥ, π̂†(t, ~x)]) (11.42)

Similarly to Eq. (7.14) one can show that the equal-time commutators are the same as in
free theory (see Eq. (11.43)

[φ̂(t, ~x), π̂(t, ~y)] = [φ̂†(t, ~x), π̂†(t, ~y)] = iδ(~x− ~y), (11.43)

[φ̂(t, ~x), φ̂(t, ~y)] = [φ̂(t, ~x), π̂†(t, ~y)] = [π̂(t, ~x), π̂(t, ~y)] = [π̂(t, ~x), φ̂†(t, ~y)] = 0

Also, following logic of Sect 7.1.1 one can prove that the quantum operators φ̂(x) and φ̂†(x)

(given by Eq. (11.41)) satisfy the same non-linear KG equations (11.34) as their classical
counterparts

(∂2 +m2)φ̂(x) = − λ

2
φ̂†(x)φ̂2(x), (∂2 +m2)φ̂†(x) = − λ

2
φ̂†2(x)φ̂(x) (11.44)

11.2.2 LSZ theorem

The proof of LSZ theorem repeats Sect. 8. We define set of free in- and out- complex KG
fields

φ̂in(x) ≡ φ̂(x) +
iλ

2

∫
d4z G0

R(x− z) φ̂2(z)φ̂†(z)

φ̂†in(x) ≡ φ̂†(x) +
i

2

∫
d4z G0

R(x− z) φ̂(z)φ̂†2(z)

φ̂out(x) ≡ φ̂(x) + i
λ

2

∫
d4z G0

A(x− z)φ̂2(z)φ̂†(z)

φ̂†out(x) ≡ φ̂†(x) +
iλ

2

∫
d4z G0

A(x− z) φ̂(z)φ̂†2(z) (11.45)

and define a set of |p1+, p′1+, ...p
(m+)
1 +, p1−, p′1−, ...p

(m−)
1 −〉in states and a set

of out〈p2+, p′2+, ...p
(n+)
2 +, p2−, p′2−, ...p

(n−)
2 − | states. Let us consider for example the two-

particle scattering of one (+)-particle and one (-)-particle

S(p1+, p′1− → p2+, p′2) ≡ out〈p2+, p′2 − |p1+, p′1−〉in (11.46)

Using formulas√
2Ep âout(p) = i

∫
d3x e−i~p~x+iEpt

↔
∂0 φ̂out(x),

√
2Ep â

†
in(p) = − i

∫
d3x ei~p~x−iEpt

↔
∂0 φ̂in(x)

(11.47)
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and repeating the derivation from Sect. 8.2 we get

out〈p2+, p′2 − |p1+, p′1−〉in = (11.48)

= lim
p21,p

2
2→m2

(m2 − p2
1)(m2 − p2

2) i2
∫
d4x d4y e−ip1x+ip2y

out〈p′2 + |T{φ̂(x)φ̂(y)}|p′1+〉in

To reduce this formula to T-product of four currents we need to use

out〈p′2 + | =
√

2Ep′2〈0|b̂
out
~p′2
, |p′1+〉in =

√
2Ep′2(b̂inp2)†|0〉 (11.49)√

2Ep b̂
out
~p = i

∫
d3x e−i~p~x+iEpt

↔
∂0 φ̂

†
out(x)

√
2Ep b̂

†in
~p = − i

∫
d3x ei~p~x−iEpt

↔
∂0 φ̂

†
in(x)

and repeat the derivation or Sect. 8.2 again. We get

out〈p′2 + |T{φ̂(x)φ̂(y)}|p′1+〉in (11.50)

= lim
p′21,p

′2
2→m2

(m2 − p′21)(m2 − p′22) i2
∫
d4x d4y e−ip

′
1x
′+ip′2y

′ 〈Ω|T{φ̂(x)φ̂†(x′)φ̂(y)φ̂†(y′)}|Ω〉

so the final form of LSZ theorem fot two-particle scattering reads

out〈p2+, p′2 − |p1+, p′1−〉in = lim
p21,p

2
2,p
′
1
2,p′2

2→m2
(m2 − p2

1)(m2 − p2
2)(m2 − p′21)(m2 − p′22)

× i2
∫
d4x d4y e−ip1x−ip

′
1x
′+ip2y+ip′2y

′ 〈Ω|T{φ̂(x)φ̂†(x′)φ̂(y)φ̂†(y′)}|Ω〉 (11.51)

Thus, the only difference with LSZ for real KG field is that |p−〉 and 〈p−| states correspond
to φ† operators (rather than φ operators) in Green functions.

For a general scattering process the LSZ formula gives

S
(
p1+, p′1+, ...p

(m+)
1 +, q1−, q′1−, ...q

(m−)
1 − → p2+, p′2+, ...p

(n+)
2 +, q2−, q′2−, ...q

(n−)
2 −

)
(11.52)

= out〈p2+, p′2+, ...p
(n+)
2 +, p2−, p′2−, ...p

(n−)
2 − |p1+, p′1+, ...p

(m+)
1 +, p1−, p′1−, ...p

(m−)
1 −〉in =

= im++m−+n++n− lim
p2i→m2

Π(m2 − p2
i )

∫
Πdx

(i)
1 Πdx

(j)
2 Πdy

(k)
1 Πdy

(l)
2 e−i

∑
p
(i)
1 x

(i)
1 −i

∑
q
(k)
1 y

(k)
1 +i

∑
p
(j)
2 x

(j)
2 +i

∑
q
(l)
2 y

(l)
2

× 〈Ω|T{φ̂(x1) ... φ̂(x
(m+)
1 )φ̂†(y1) ... φ̂†(y

(m−)
1 )φ̂(x2) ... φ̂(x

(n+)
2 )φ̂†(y2) ... φ̂†(y

(n−)
2 )}|Ω〉

11.2.3 Interaction representation and Feynman diagrams

The construction of interaction representation repeats Sect. 9.1. For example,

〈Ω|T{φ̂(x)φ̂†(y)}|Ω〉 = lim
ε→0

lim
τ→∞

〈0|T
{
ei
∫ T
−T dt

∫
d3z L̂(t,~z)φ̂I(x)φ̂†I(y)

}
|0〉

〈0|T
{
ei
∫ T
−T dt

∫
d3z L̂(t,~z)}|0〉

∣∣∣∣∣∣
T=τ(1−iε)

Feynman poles
=

〈0|T
{
ei
∫
d4z L̂(z)φ̂I(x)φ̂†I(y)

}
|0〉

〈0|T
{
ei
∫
d4z L̂(z)

}
|0〉

(11.53)

where
L̂I(z) = − λ

4
[φ̂†I(z)φ̂I(z)]

2 (11.54)
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is the interaction term in the Lagrangian. Wick’s theorem is also the same with the only
exception: the contraction between φ̂ and φ̂ and between φ̂† and φ̂† vanishes, see Eq. (11.32)

ˆ̂φI(x)φ̂†I(y) = DF (x− y, ) ˆ̂φI(x)φ̂I(y) = ˆ̂φ†I(x)φ̂†I(y) = 0 (11.55)

As we mentioned, the Green function ˆ̂φI(x)φ̂†I(y) is depicted by a line with an arrow, see
Fig. 17. The relavant diagrams for 2-point Green function (11.53) look the same as in Eq.
(9.67)

〈Ω|T{φ̂(x)φ̂†(y)}|Ω〉 =
〈0|T

{
e−i

∫
d4z λ

4
[φ̂†I(z)φ̂I(z)]2 φ̂I(x)φ̂†I(y)

}
|0〉

〈0|T
{
e−i

∫
d4z λ

4
[φ̂†I(z)φ̂I(z)]2

}
||0〉

(11.56)

+ x yx
z

y
= x y + + ...

with the exception of symmetry coefficients

S=1

x
z

y x y
x y

S=2 S=2

Part XI

12 Lorentz transformations

Reminder from E & M:

Metric tensor gµν =

 1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (12.1)

x′
µ

= Λµνx
ν , Λµν = 4× 4 matrix, Λ ν

µ ≡ gµαgνβΛαβ

x′
2

= x2 ⇒ ΛµαΛ β
µ x

αxβ = xαxβδ
α
β ⇒ ΛµαΛ β

µ = δαβ (12.2)

In terms of matrices Λµν ≡ Λ, Λ ν
µ ≡ gΛg

gµαgνβΛαβ ⇒ ΛgΛg = 1, |det g| = 1 ⇒ (det Λ)2 = 1 ⇒ det Λ = ±1 (12.3)

Lorentz transformations: rotations, boosts, and 3 discrete Lorentz transformations (P , T ,
and PT ).
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12.1 Relativistic invariance in a classical field theory

12.1.1 Scalar field

’( ) = 1.23

( ) = 1.23

x’

x
’(x’) =   (x)

µµx’   =        x

Figure 14. Active Lorentz transformation of a scalar field

Scalar field: φ′(x′) = φ(x) (example: temperature in the room)

φ′(x) = φ(Λ−1x) active rotation (12.4)

Action must be relativistic invariant∫
d4x′ L(φ′(x′)) =

∫
d4x L(φ(x)) (12.5)

We know that
x′ = Λx ⇒

∫
d4x′ = | det Λ|

∫
d4x =

∫
d4x (12.6)

so
L(φ′(x′)) = L(φ(x)) (12.7)

⇒ Lagrangian density is relativistic invariant.
Let us check relativistic invariance for a classical KG Lagrangian (3.2)

L(~x, t) = L
(
φ(t, ~x)∂µφ(t, ~x)

)
=

1

2
∂µφ∂

µφ(x)− m2

2
φ2(x) (12.8)

For the mass term the invariance is trivial.
For the kinetic term

∂

∂x′µ
φ′(x′)

∂

∂x′µ
φ′(x′) =

(
Λµα

∂

∂xα
φ′(x′)

)
Λ β
µ

∂

∂xβ
φ′(x′) =

(
Λµα

∂

∂xα
φ(x)

)
Λ β
µ

∂

∂xβ
φ(x)

= (ΛµαΛ β
µ )

∂

∂xα
φ(x)

∂

∂xβ
φ(x) = δβα

∂

∂xα
φ(x)

∂

∂xβ
φ(x) =

∂

∂xµ
φ(x)

∂

∂xµ
φ(x) (12.9)

where we used
∂

∂x′µ
= Λµν

∂

∂xν
,

∂

∂x′µ
= Λ ν

µ

∂

∂xν
(12.10)
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which can be proved as follows

∂

∂x′µ
x′ν = Λµα

∂

∂xα
(Λ β

ν xβ) = ΛµαΛ α
ν = δµν

∂

∂x′µ
x′
ν

= Λ α
µ

∂

∂xα
(Λνβx

β) = Λ α
µ Λνα = δνµ (12.11)

(The self-interacting KG Lagrangian 1
2∂µφ∂

µφ(x) − m2

2 φ
2(x) − λ

4!φ
4(x) is also evidently

relativistic invariant.)
Let us also check explicitly the relativistic invariance of classical KG equation:

∂

∂x′µ

∂

∂x′µ
φ′(x′) = Λµα

∂

∂xα
Λ β
µ

∂

∂xβ
φ′(x′) = Λµα

∂

∂xα
Λ β
µ

∂

∂xβ
φ(x) (12.12)

= ΛµαΛ β
µ

∂

∂xα

∂

∂xβ
φ(x) =

∂

∂xα

∂

∂xα
φ(x) ⇒ (∂′

2
+m2)φ′(x′) = (∂2 +m2)φ(x)

⇒ form of the equation does not depend on frame.

12.1.2 Generators of Lorentz transformations

We will demonstrate that the differential operator

e−
i
2
ωµνJµν , Jµν ≡ i(xµ

∂

∂xν
− µ↔ ν) (12.13)

generates Lorentz transformations

e−
i
2
ωµνJµνφ(x) = φ′(x) = φ(Λ−1x) (12.14)

where the matrix of Lorentz transformation Λ is completely determined by 6 parameters
ωµν corresponding to three boosts and three rotations.

Let us demonstrate that for boosts using the boost in x direction as an example. The
matrix of this boost is 7

Λ(θ) =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

 ⇒ Λ−1(θ) = Λ(−θ) =

 cosh θ − sinh θ 0 0
− sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1


(12.15)

Let us make an (educated) guess: ω01 = θ, ω10 = −θ, all other elements vanish

ωµν =

 0 θ 0 0
−θ 0 0 0

0 0 0 0
0 0 0 0

 (12.16)

We must prove that

e−
i
2
ωµνJµνφ(x) = e−iω01J01

φ(x) = φ(x0 cosh θ − x1 sinh θ,−x0 sinh θ + x1 cosh θ, x2, x3)

(12.17)
7This is the matrix of an active Lorentz boost in positive x direction. Note that all textbooks on Special

Relativity present the matrix of passive Lorentz boost (≡ Lorentz boost of a frame) which differs in sign of
θ from Eq. (12.15).
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Proof: let us rewrite this equation as

e
θ
(
x0 ∂

∂x1
−x1 ∂

∂x0

)
φ(x) = φ(x0 cosh θ − x1 sinh θ,−x0 sinh θ + x1 cosh θ, x2, x3), (12.18)

differentiate l.h.s. and r.h.s. with respect to θ, and compare the differential equations.

d

dθ
(l.h.s.) =

(
x0 ∂

∂x1
− x1 ∂

∂x0

)
(l.h.s.) (12.19)

d

dθ
(r.h.s.) =

d

dθ
φ(x0 cosh θ − x1 sinh θ,−x0 sinh θ + x1 cosh θ, x2, x3) (12.20)

=
d

dθ
(x0 cosh θ − x1 sinh θ)

∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

+
d

dθ
(−x0 sinh θ + x1 cosh θ)

∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

= (x0 sinh θ − x1 cosh θ)
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

+ (−x0 cosh θ + x1 sinh θ)
∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

Now

d

dx0
(r.h.s.) =

d

dx0
φ(x0 cosh θ − x1 sinh θ,−x0 sinh θ + x1 cosh θ, x2, x3) (12.21)

=
d

dx0
(x0 cosh θ − x1 sinh θ)

∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

+
d

dx0
(−x0 sinh θ + x1 cosh θ)

∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

= cosh θ
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

− sinh θ
∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

and

d

dx1
(r.h.s.) = − d

dx1
(r.h.s.) = − d

dx1
φ(x0 cosh θ − x1 sinh θ,−x0 sinh θ + x1 cosh θ, x2, x3)

= sinh θ
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

− cosh θ
∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0=x0 cosh θ−x1 sinh θ,X1=−x0 sinh θ+x1 cosh θ

(12.22)
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and therefore

x0 d

dx1
(r.h.s.)− x1 ∂

∂x0
(r.h.s.) =

= x0
(

sinh θ
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0,X1=...

− cosh θ
∂

∂X1
φ(X0, X1, x2, x3

)∣∣∣
X0,X1=...

− x1
(

cosh θ
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0,X1=...

− sinh θ
∂

∂X1
φ(X0, X1, x2, x3

)∣∣∣
X0,X1=...

= (x0 sinh θ − x1 cosh θ)
∂

∂X0
φ(X0, X1, x2, x3)

∣∣
X0,X1=...

+ (−x0 cosh θ + x1 sinh θ)
∂

∂X1
φ(X0, X1, x2, x3)

∣∣
X0,X1=...

= r.h.s. of Eq. (12.20) =
d

dθ
(r.h.s.) (12.23)

We see that the differential equations (12.19) for l.h.s. and (12.23) for r.h.s. coincide. Also,
the initial conditions at θ = 0 are equal, and therefore the l.h.s. of Eq. (12.18) is equal to
the r.h.s.

Let us now consider rotations, for example the rotation around z axis with the matrix

Λ(ϕ) =

 1 0 0 0
0 cosϕ − sinϕ 0
0 sinϕ cosϕ 0
0 0 0 1

 ⇒ Λ−1(ϕ) = Λ(−ϕ) =

 1 0 0 0
0 cosϕ sinϕ 0
0 − sinϕ cosϕ 0
0 0 0 1


(12.24)

In a similar way one can prove that the matrix

ωµν =

 0 0 0 0
0 0 ϕ 0
0 −ϕ 0 0
0 0 0 0

 (12.25)

generates rotation on angle ϕ around z axis:

e−
i
2
ωµνJµνφ(x) = e−iω12J12

φ(x) = e
ϕ
(
x1 ∂

∂x2
−x2 ∂

∂x1

)
φ(x) = eϕ

(
x2 ∂

∂x1
−x1 ∂

∂x2

)
φ(x)

= φ(x0, x1 cosϕ+ x2 sinϕ,−x1 sinϕ+ x2 cosϕ, x3) (12.26)

For an arbitrary Lorentz transformation formula (12.14) still holds true but the relation
between ωµν and Λµν is more complicated .

Commutation relations between generators of Lorentz transformations

[Pµ, Jλρ] = igµλP ρ − igµρP λ

[Jµν , Jλρ] = − i
(
gµλJνρ − gµρJνλ − gνλJµρ + gνρJµλ

)
(12.27)
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(Pµφ(x) = i∂µφ(x), see Eq. (6.29)) Proof:

[Jµν , Jλρ]

= i2
(
xµ

∂

∂xν
xλ

∂

∂xρ
− xλ ∂

∂xρ
xµ

∂

∂xν

)
− µ↔ ν − λ↔ ρ

= −
(
xµxλ

∂

∂xν

∂

∂xρ
+ gνλxµ

∂

∂xρ
− xµxλ ∂

∂xν

∂

∂xρ
− gµρxλ ∂

∂xν

)
− µ↔ ν − λ↔ ρ

= gµρxλ
∂

∂xν
− gνλxµ ∂

∂xρ
− µ↔ ν − λ↔ ρ

= gµρxλ
∂

∂xν
− gνλxµ ∂

∂xρ
− gνρxλ ∂

∂xµ
+ gµλxν

∂

∂xρ
− gµλxρ ∂

∂xν
+ gνρxµ

∂

∂xλ
+ gνλxρ

∂

∂xµ
− gµρxν ∂

∂xλ

= igµλi
(
xρ

∂

∂xν
− xν ∂

∂xρ

)
+ igµρi

(
xν

∂

∂xλ
− xλ ∂

∂xν

)
+ igνλi

(
xµ

∂

∂xρ
− xρ ∂

∂xµ

)
+ igνρi

(
xλ

∂

∂xµ
− xµ ∂

∂xλ

)
= − igµλJνρ + igµρJνλ + igνλJµρ − igνρJµλ (12.28)

12.2 Vector field

Vector field V µ(x) : the field which transforms like the coordinate. Example: V µ(x) =

xµΦ(x) where Φ(x) is a scalar field.

’( ) = 
µµx’   =        x

µ µµV’  (x’)  =  x’      (x’) =        x     (x)  =        V  (x)µ

µ µV  (x)  =  x      (x)

 ’(x’) =    (x)

x’

x

V

V( ) = 

Figure 15. Active Lorentz transformation of vector field V µ(x) = xµΦ(x)

In general
V ′

µ
(x′) = ΛµνV

ν(x), cf. x′
µ

= Λµνx
ν (12.29)

Equivalent representation
V ′

µ
(x) = ΛµνV

ν(Λ−1x) (12.30)

Example: electromagnetic field Aµ(x).
Let us prove that Maxwell’s equations

∂

∂xµ
Fµν(x) = jν(x), Fµν =

∂

∂xµ
Aν − µ↔ ν (12.31)

are relativistic invariant, i.e. in after Lorentz transformation

A′
µ
(x′) = ΛµνA

ν(x) (12.32)
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they look the same:
∂

∂x′µ
Fµν(x′) = jν(x′). (12.33)

First,let us rewrite Eq. (12.10)

∂

∂x′µ
= Λµν

∂

∂xν
,

∂

∂x′µ
= Λ ν

µ

∂

∂xν
(12.34)

From this equation and Eq. (12.32) we see that

∂

∂x′µ
A′ν(x′) = Λ λ

µ

∂

∂xλ
Λ ρ
ν Aρ(x) = Λ λ

µ Λ ρ
ν

∂

∂xλ
Aρ(x)

⇒ Fµν(x′) = Λ λ
µ Λ ρ

ν Fλρ(x)

⇒ ∂

∂x′µ
Fµν(x′) = ΛµσΛ λ

µ Λ ρ
ν

∂

∂xσ
Fλρ(x) = Λ ρ

ν

∂

∂xλ
Fλρ(x) (12.35)

The current jµ(x) is also 4-vector so it transforms like Eq. (12.32)

j′ν(x′) = Λ ρ
ν jρ(x) (12.36)

and therefore

∂

∂x′µ
Fµν(x′)− j′ν(x′) = Λ ρ

ν

[ ∂

∂xλ
Fλρ(x)− jρ(x)

]
= 0 (12.37)

so Maxwell’s equations retain the form (12.33) after Lorentz transformation.

12.2.1 Generators of Lorentz transformations for vector field

Let us prove that
V ′

µ
(x′) =

(
e−

i
2
ωαβJ αβ

)µ
ν
V ν(x) (12.38)

where (
J αβ

)
µν

= i
(
δαµδ

β
ν − δαν δβµ

)
⇔

(
J αβ

)µ
ν

= i
(
gµαδβν − gµβδαν

)
(12.39)

Let us illustrate that for the boost in x direction. The vector field transforms like the
coordinate (see Eq. (12.15))

x′
µ

= Λµνx
ν ⇔


x′0

x′1

x′2

x′3

 =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1


 x0

x1

x2

x3

 (12.40)

(µ=column, ν=row) so the boost of vector field looks like

V ′
µ
(x′) = ΛµνV

ν(x) ⇔


V ′0(x′)
V ′1(x′)
V ′2(x′)
V ′3(x′)

 =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1


 V 0(x)
V 1(x)
V 2(x)
V 3(x)

 (12.41)
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Let us check that the Lorentz boost (12.41) is described by matrix (12.39) with ω given
by Eq. (13.44) (ω01 = θ, ω10 = −θ, all other elements vanish)(
e−

i
2

(ω01J 01+ω10J 10)
)µ
ν

=
(
e−iω01J 01)µ

ν
=
(
1− iω01J 01 − 1

2
ω2

01J 01J 01 − i3

6
ω3

01.J 01J 01J 01 + ...
)µ
ν

= δνµ − iθ
(
J 01

)µ
ν
− θ2

2

(
J 01

)µ
α

(
J 01

)α
ν

+
iθ3

6

(
J 01

)µ
α

(
J 01

)α
β

(
J 01

)β
ν

+ ... (12.42)

From Eq. (12.39) we see that

(
J 01

)µ
α

(
J 01

)α
ν

= −
(
g0µδ1

α−g1µδ0
α

)(
g0αδ1

ν−g1αδ0
ν

)
= −g0µδ0

ν+g1µδ1
ν = −

 1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


(12.43)

so the matrices
(
(J 01)n

)µ
ν
are

J 01 = i

 0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , (J 01)2 = −

 1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , (J 01)3 = −i

 0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 (12.44)

and therefore

e−iω01J 01
=

 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+

 0 θ 0 0
θ 0 0 0
0 0 0 0
0 0 0 0

+


θ2

2 0 0 0

0 θ2

2 0 0
0 0 0 0
0 0 0 0

+

 0 θ3

6 0 0
θ3

6 0 0 0
0 0 0 0
0 0 0 0

+... =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1


(12.45)

Thus,

V ′
µ
(x′) =

(
e−iω01J 01)µ

ν
V ν(x) ⇔


V ′0

V ′1

V ′2

V ′3

 =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1


 V 0

V 1

V 2

V 3

 (12.46)

which is a Lorentz boost of a vector field (12.41).
NB: We have proved that for the Lorentz boost in x direction

(Λ)µν =

 cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

 =
(
e−iω01J 01

)µ
ν

(12.47)

Similarly, one can prove that in general

(Λ)µν =
(
e−

i
2
ωαβJ αβ

)µ
ν

(12.48)

but the relation between matrix elements of Λ and ωαβ is more complicated.
Combining the formulas (12.14) and (12.48) we get

V ′
µ
(x) = ΛµνV

ν(Λ−1x) =
(
e−

i
2
ωλρJ λρ

)µ
ν
V ν(Λ−1x) =

(
e−

i
2
ωλρJ λρ

)µ
ν
e−

i
2
ωλρJ

λρ
V ν(x)

(12.49)

The first (differential) operator shifts the argument x of vector field to Λ−1x and the second
(matrix) operator makes boost or rotation (or combination thereof) of vector field.
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12.2.2 Lorentz transformation for a general field

For a general field Φa (a is some index) the generator of Lorentz transformation is

Φ′a(x
′) = Mab(Λ)Φb(x) ⇔ Φ′a(x) = Mab(Λ)Φb(Λ

−1x) (12.50)

Mathematically, Mab(Λ) is a representation of Lorentz group. Indeed, let us consider two
successive Lorentz transformations Λ1 and Λ2:

x′ = Λ1x ⇒ Φ′b(x
′) = Mbc(Λ1)Φc(x)

x′′ = Λ2x
′ ⇒ Φ′′a(x

′) = Mbc(Λ2)Φ′c(x
′)

x′′ = Λ2Λ1x ⇒ Φ′′a(x) = Mab(Λ2)Mbc(Λ1)Φc(x) (12.51)

On the other hand

x′′ = Λ2Λ1x ⇒ Φ′′a(x) = Mac(Λ2Λ1)Φc(x) (12.52)

and therefore

Mac(Λ2Λ1) = Mab(Λ2)Mbc(Λ1) (12.53)

so matrices Mab(Λ) form a representation of the Lorentz group.
In terms of generators

M(Λ) = e−
i
2
ωαβMαβ

(12.54)

where matrices Mαβ are the generators of this representation (and, as we discussed, the 6
papameters ωαβ define Lorentz transformation Λ). Mathematically, the matrices Mαβ form
Lie algebra of the Lie group Mab(Λ).

Commutation relations between generators are the same of all representations[
Mµν ,Mλρ

]
= − i(gµλMνρ − gνλMµρ − gµρMνλ + gνρMµλ

)
(12.55)

For example, it is easy to check that[
J µν ,J λρ

]
= − i(gµλJ νρ − gνλJ µρ − gµρJ νλ + gνρJ µλ

)
(12.56)

Check:[
J µν ,J λρ

]ξ
η

= (J µν)ξσ(J λρ)ση − (J λρ)ξσ(J µν)ση

= − (gµξδνσ − µ↔ ν)(gλσδρη − λ↔ ρ) + (gλξδρσ − λ↔ ρ)(gµσδνη − µ↔ ν)

= gµρgλξδην − gµξgνλδρη − µ↔ ν − λ↔ ρ = gµρgλξδην − gνξgµρδλη − µ↔ ν − λ↔ ρ

= igµρi
(
− gλξδην + gνξδλη

)
− µ↔ ν − λ↔ ρ

= i
(
gµρJ νλ

)ξ
η
− µ↔ ν − λ↔ ρ = r.h.s. of Eq. (12.56) (12.57)

For the proof of general Eq. (12.55) we need a mathematical formula: for any two operators
A and B

eAeB = eA+B+ 1
2

[A,B](1 +O([A, [A,B]] +O([B, [B,A]]) (12.58)
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Proof of Eq. (12.55): consider two successive infinitesimal Lorentz transformations with
matrices Λ1 ' 1 + δΛ1 and Λ2 ' 1 + δΛ2, compute

M(Λ1Λ2)−M(Λ2Λ1) = M(Λ1)M(Λ2)−M(Λ2)M(Λ1) (12.59)

and compare the l.h.s. and the r.h.s of this equation.
For infinitesimal Lorentz transformations

(Λ1)µν =
(
e−

i
2
ωαβ1 Jαβ

)µ
ν
' δµν −

i

2
ωαβ1

(
Jαβ

)µ
ν

(Λ2)µν =
(
e−

i
2
ωαβ2 Jαβ

)µ
ν
' δµν −

i

2
ωαβ2

(
Jαβ

)µ
ν

(12.60)

we get (we keep terms up to ω2)

(Λ1Λ2)µν =
(
e−

i
2
ωαβ1 Jαβ

)µ
ξ

(
e−

i
2
ωλρ2 Jλρ

)ξ
ν

=
(
e−

i
2

(ω1+ω2)αβJαβ− 1
8
ωαβ1 ωλρ2 [Jαβ ,Jλρ]

)µ
ν

(
1 +O(ω3)

)
=
(
e−

i
2

(ω1+ω2)αβJαβ+ i
2
gαλω

αβ
1 ωλρ2 Jβρ

)µ
ν

(
1 +O(ω3)

)
= e−

i
2

(ωαβ1 +ωαβ2 −gξηω
αξ
1 ωβη2 )Jαβ

(
1 +O(ω3)

)
(12.61)

From this equation we see that

M(Λ1Λ2) = e−
i
2

(ωαβ1 +ωαβ2 −gξηω
αξ
1 ωβη2 )Mαβ

(
1 +O(ω3)

)
(12.62)

= 1− i

2
(ωαβ1 + ωαβ2 − gξηω

αξ
1 ωβη2 )Mαβ −

1

8
(ω1 + ω2)αβMαβ(ω1 + ω2)λρMλρ + O(ω3)

and therefore

M(Λ1Λ2)−M(Λ2Λ1) =
i

2
gξηω

αξ
1 ωβη2 Mαβ−

i

2
gξηω

αξ
2 ωβη1 Mαβ = igξηω

αξ
1 ωβη2 Mαβ + O(ω3)

(12.63)
Now tet us turn our attention to the r.h.s. of Eq (12.59). We get

M(Λ1) = exp
(
− i

2
ωαβ1 Mαβ

)
' 1− i

2
ωαβ1 Mαβ −

1

8
ωαβ1 Mαβω

αβ
1 Mαβ + O(ω3

1)

M(Λ2) = exp
(
− i

2
ωαβ2 Mαβ

)
' 1− i

2
ωαβ2 Mαβ −

1

8
ωαβ2 Mαβω

αβ
2 Mαβ + O(ω3

2)

(12.64)

and therefore

⇒ M(Λ1)M(Λ2)−M(Λ2)M(Λ1) ' − 1

4
ωαβ1 ωλρ2

(
MαβMλρ −MλρMαβ

)
+ O(ω3)

= − 1

4
ωαβ1 ωλρ2

[
Mαβ,Mλρ

]
+ O(ω3) (12.65)

Comparing Eqs. (12.63) and (12.65) we see that

−1

4
ωαβ1 ωλρ2

[
Mαβ,Mλρ

]
= igξηω

αξ
1 ωβη2 Mαβ ⇒ ωαβ1 ωλρ2

(
− 1

4

[
Mαβ,Mλρ

])
= iωαβ1 ωλρ2 gβρMαλ

⇒ ωαβ1 ωλρ2

[
Mαβ,Mλρ

]
= ωαβ1 ωλρ2

(
− igβρMαλ + igβλMαρ + igαρMβλ − igαλMβρ

)
(12.66)
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Since ωαβ1 and ωαβ2 are arbitrary we get the commutation relation (12.55).

Part XII

13 Dirac field and Dirac equation

13.1 Spinor representations of Lorentz group

We must find a representation of Lorentz group describing particles with spin 1
2 (electron is

historically the first example of such particle). From general formulas (12.50) and (12.54)
we see that we that the fermion field transforms as

ψ′ξ(x
′) =

(
e−

i
2
ωµνSµν

)
ξη
ψη(x) (13.1)

with some matrices S satisfying the commutation relations (12.55)[
Sµν ,Sαβ

]
= − igµαSνβ − µ↔ ν − α↔ β (13.2)

From QM we know that spin-1
2 particle is described by two-dimensional spinors, and there

exist 2× 2 matrices satisfying the commutational relations (13.2):

• Solution #1

Σµν ≡
i

2
σµσ̄ν − µ↔ ν (13.3)

• Solution #2

Σ̄µν ≡
i

2
σ̄µσν − µ↔ ν (13.4)

where σµ and σ̄µ are 4-dimensional Pauli matrices:

σµ ≡ (1, ~σ), σ̄µ ≡ (1,−~σ), ~σ = (σx, σy, σz) (13.5)

The explicit form is

σ0 =
(

1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ0 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(13.6)

and

σ̄0 =
(

1 0
0 1

)
, σ̄1 =

(
0 −1
−1 0

)
, σ̄0 =

(
0 i
i− 0

)
, σ̄3 =

(−1 0
0 1

)
(13.7)

Later we will need the anticommutation relations for these matrices

σµσ̄ν + σν σ̄µ = 2gµν , σ̄µσν + σ̄νσµ = 2gµν (13.8)

Thus, one may consider fermion fields νξ(x) and ν̄ξ(x) which transform as

ν ′ξ(x
′) =

(
e−

i
2
ωαβΣαβ)

ξη
νη(x), ν̄ ′ξ(x

′) =
(
e−

i
2
ωαβΣ̄αβ)

ξη
ν̄η(x) (13.9)
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It turns out that these fields satisfy Weyl equations

σµ
∂

∂xµ
ν(x) = 0, σ̄µ

∂

∂xµ
ν̄(x) = 0 (13.10)

These field are not parity-even: one turns into the other under the parity inversion. Indeed,
let us define the field ν̃(x) ≡ ν(x0,−~x). The first of equations (13.10) can be rewritten as

σ0 ∂

∂x0
ν(x0, ~x) + ~σ · ∇ν(x0, ~x) = 0 (13.11)

so the field ν̃(x) satisfies the equation

σ0 ∂

∂x0
ν̃(x0,−~x) + ~σ · ∇ν̃(x0,−~x) = 0

~x↔−~x→ σ0 ∂

∂x0
ν̃(x0, ~x)− ~σ · ∇ν̃(x0, ~x) = 0 (13.12)

which is the second of equations (13.10). Thus, Weyl equations are not invariant under
parity transformation and therefore are not applicable to parity-even electrons. (Nowadays
we know that they describe neutrino and antineutrino fields.)

Historically, Dirac found the parity-even representation of the Lorentz group realized
by 4×4 Dirac matrices γµ satisfying the anticommutation relation

γµγν + γνγµ = 2gµν (13.13)

The solution of this equation can be written as 8

γµ =
(

0 σµ

σ̄µ 0

)
⇔ γ0 =

(
0 1
1 0

)
, γ1 =

(
0 σx
−σx 0

)
, γ2 =

(
0 σy
−σy 0

)
, γ3 =

(
0 σz
−σz 0

)
(13.14)

where 1 stands for the 2×2 unit matrix and σ’s are 2×2 Pauli matrices, see Eq. (13.5).
Later we will need also the matrix

γ5 ≡ iγ0γ1γ2γ3 =
(−1 0

0 1

)
(13.15)

Note that γ5 anticommutes with all γ-matrices γµγ5 = −γ5γµ.
Using the equation (13.14) is easy to see that if we define

Sµν =
i

4
[γµ, γν ] (13.16)

the matrices S satisfy the commutation relations (12.55)

[Sµν ,Sλρ] = − igµλSνρ − µ↔ ν − λ↔ ρ (13.17)

so they can serve as generators of Lorentz transformations, so

ψ′ξ(x
′) =

(
e−

i
2
ωµνSµν

)
ξη
ψη(x) (13.18)

is a representation of Lorentz group. It remains to be seen that the representation (13.18)
describes particles with spin 1

2 and we will prove this later.
8 There are different representations of γ matrices related by unitary transformations. The matrices in

Eq. (13.14) correspond to so-called spinor representation used in Peskin’s textbook. Another common form
of γ-matrices is called standard representation, see e.g. textbook by Bjorken and Drell
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13.2 Dirac equation

Dirac’s question: suppose ψξ(x) is a 4-component field which transforms according to Eq.
(13.18). How the classical equation for such field may look like?

First, it is clear that the equation of a KG type

(∂2 +m2)ψξ(x) = 0

is possible. Indeed,( ∂

∂x′µ

∂

∂x′µ
+m2

)
ψ′ξ(x

′) =
( ∂

∂x′µ

∂

∂x′µ
+m2

)(
e−

i
2
ωµνSµν

)
ξη
ψη(x) (13.19)

=
(
e−

i
2
ωµνSµν

)
ξη

( ∂

∂x′µ

∂

∂x′µ
+m2

)
ψη(x) =

(
e−

i
2
ωµνSµν

)
ξη

( ∂

∂xµ

∂

∂xµ
+m2

)
ψη(x) = 0

since we can repeat the proof from Eq. (12.12) for each component ψη(x).
However, Dirac wanted the first-order differential equation 9, and his guess was the

famous Dirac equation

(iγµ∂µ −m)ξηψη(x) = 0 ⇔ i(γµ)ξη
∂ψη(x)

∂xµ
= mψξ(x) (13.20)

Let us prove that Eq. (13.20) is relativistic invariant. Introduce the notation

Λ1
2 ξη
≡
(
e−

i
2
ωµνSµν

)
ξη

(13.21)

First, we will prove that (
Λ−1

1
2

)
ξλ

(γµ)λρ
(
Λ1

2

)
ρη
≡ Λµ

ν(γν)ξη (13.22)

or, in explicit form(
e
i
2
ωµνSµν

)
ξλ

(γµ)λρ

(
e−

i
2
ωµνSµν

)
ρη

=
(
e−

i
2
ωαβJ αβ

)µ
ν
(γν)ξη (13.23)

(recall that Λ is given by Eq. (12.48)).
To prove Eq. (13.23) we expand both sides in powers of ω using formula

eABe−A =
∞∑
n=0

1

n!
[A, [A, [A...[A,B]]]...] (13.24)

The l.h.s. of Eq. (13.23) takes the form

(
e
i
2
ωµνSµν

)
ξλ

(γµ)λρ

(
e−

i
2
ωµνSµν

)
ρη

=

∞∑
n=0

(i/2)n

n!
[ωS, [ωS...[ωS, γµ]]]...] (13.25)

9He thought that, similarly to the Schrödinger equation, the first-order differential equation for ψ(x)

would allow probabilistic interpretation at the one-particle level. This proved to be wrong - we know for
the relativistic description we need both electrons and positrons (which were predicted by Dirac!).
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Let us calculate these commutators (spinor indices of Dirac matrices are implied)

[γµ, Sξη] =
(
J ξη

)µ
ν
γν ⇒ [ωξηS

ξη, γµ] =
(
ωξηJ ξη

)µ
ν
γν ⇔ [ωS, γµ] = − (ωJ )µνγ

ν

(13.26)

We get

[ωS, [ωSγµ]] = − (ωJ )µν [ωS, γν ] = (ωJ )µν(ωJ )νλγ
λ =

(
(ωJ )2

)µ
λ
γλ (13.27)

[ωS, [ωS, [ωSγµ]]] = − (ωJ )µν [ωS, [ωS, γν ]] = (ωJ )µν(ωJ )νλ[ωS, γλ]]

= − (ωJ )µν(ωJ )νλ(ωJ )λργ
ρ = −

(
(ωJ )3

)µ
ρ
γρ

...

[ωS, [ωS...[ωS, γµ]]]...] = (−1)n
(
(ωJ )n

)µ
ν
γν

⇒
∞∑
n=0

(i/2)n

n!
[ωS, [ωS...[ωS, γµ]]]...] =

∞∑
n=0

(−i/2)n

n!

(
(ωJ )n

)µ
ν
γν =

(
e−

i
2
ωαβJ αβ

)µ
ν
γν

Now we can prove that Dirac equation is relativistic invariant. Using ∂
∂x′µ = Λ ν

µ
∂
∂xν and

Eq. (13.22) we get(
i(γµ)ξη

∂ψ′η(x
′)

∂x′µ
−mψ′(x′)

)
=
(
iγµΛµα

∂

∂xα
−m

)
ξρ

(Λ1
2
)ρηψη(x) (13.28)

= i(γµ)ξρΛ
µ
α

∂

∂xα
(Λ1

2
)ρηψη(x)−m(Λ1

2
)ξηψη(x)

= (Λ1
2
)ξρ

{
i(Λ−1

1
2

)ρσ(γµ)σφ(Λ1
2
)φηΛ

α
µ

∂

∂xα
−mδρη

}
ψη(x)

= (Λ1
2
)ξρ

{
i(γν)ρηΛ

µ
νΛ α

µ

∂

∂xα
−mδρη

}
ψη(x) = (Λ1

2
)ξρ

{
i(γα)ρη

∂

∂xα
−mδρη

}
ψη(x) = 0

Note that Dirac field satisfies also the KG equation:

(iγµ∂µ +m)ψ(x) = 0 ⇒ (iγν∂ν −m)(iγµ∂µ +m)ψ(x) = 0

= (−γµγν∂µ∂ν −m2)ψ(x) = − (∂2 +m2)ψ(x) = 0 (13.29)

where we used Eq. (13.13).

13.3 Lagrangian of the Dirac field

The Dirac equation (13.20) must follow from some Lagrangian. The Lagrangian is a scalar,
so how we make a scalar combination of spinor fields?

The simplest invariant is ψ̄(x)ψ(x) where ψ̄ ≡ ψ†γ0. Check:

ψ′ξ(x
′) =

(
e−

i
2
ωµνSµν

)
ξη
ψη(x) ⇒ ψ′

†
ξ(x
′)γ0

ξρ = ψ†η(x)
(
e
i
2
ωµνS†µν

)
ηξ
γ0
ξρ (13.30)

(recall that ωµν are real numbers). Now we use formula

γ0γ†µγ
0 = γµ (13.31)
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so

γ0(ωS†)γ0 ≡ ωµνγ0S
†
µνγ0 = ωµνγ0

( i
4

[γµ, γν ]
)†
γ0 (13.32)

= ωµνγ0
i

4
[γµ†, γν†]γ0 = ωµν

i

4
[γ0γ

µ†γ0, γ0γ
ν†γ0] = ωµν

i

4
[γµ, γν ] = ωµνS

µν ≡ (ωS)

and we get

ψ′
†
ξ(x
′)(γ0)ξρ = ψ†η(x)γ0

ηφγ
0
φσ

(
e
i
2
ωµνS†µν

)
σξ
γ0
ξρ = ψ†η(x)γ0

ηζ

(
e
i
2
ωµνSµν

)
ζξ

= ψ̄ζ
(
e
i
2
ωµνSµν

)
ζξ

(13.33)

so ψ̄ψ is a scalar:

ψ̄′ξ(x
′)ψ′ξ(x

′) = ψ̄ζ(x
′)
(
e
i
2

(ωS)
)
ζξ

(
e−

i
2

(ωS)
)
ξη
ψη(x) = ψ̄η(x)ψη(x) (13.34)

In a similar way one can prove that jµ = ψ̄γµψ is a 4-vector (recall notation Λ1
2
≡ e−

i
2

(ωS)):

j′
µ
(x′) = ψ̄′γµψ′(x′) ≡ ψ̄′ξ(x

′)(γµ)ξηψ
′
η(x
′) = ψ̄ξ(x)

(
Λ1

2

)
ξζ

(γµ)ζσ(Λ†1
2

)σηψη(x)

= Λµνψ̄ξ(x)(γµ)ξηψη(x) = Λµνψ̄γ
µψ(x) = Λµνj

ν(x) (13.35)

Now, if ψ̄γµψ(x) is a vector and ∂µ is a (co)vector, their product must be a scalar:

ψ̄′γµ∂′µψ
′(x′) ≡ ψ̄′γµ

∂

∂x′µ
ψ′(x′) = ψ̄ξ(x)

(
Λ−1

1
2

)
ξζ

(γµ)ζσ(Λ1
2
)σηΛ

λ
µ

∂

∂xλ
ψη(x)

= ΛµνΛ λ
µ ψ̄ξ(x)(γν)ξη

∂

∂xλ
ψη(x) = ψ̄ξ(x)(γν)ξη

∂

∂xν
ψη(x) = ψ̄γµ∂µψ(x) (13.36)

where we used Eq. (13.22).
Let us demonstrate that the scalar

LD(x) = ψ̄
(
iγµ∂µ −m

)
ψ(x) (13.37)

may serve as a Dirac Lagrangian. We need to check that Euler-Lagrange equations for the
Lagrangian (13.37) reduce to Dirac equation

∂L
∂ψ̄

= i
(
γµ∂µ −m

)
ψ,

∂L
∂∂µψ̄

= 0 ⇒ ∂µ
∂L
∂∂µψ

=
∂L
∂ψ

⇔ i
(
γµ∂µ −m

)
ψ = 0

∂L
∂ψ

= −mψ̄, ∂L
∂∂µψ

= iψ̄γµ ⇒ ∂µ
∂L
∂∂µψ

=
∂L
∂ψ

⇔ i∂µψ̄γµ = −mψ̄

(13.38)

We see that the first equation is Dirac equation (13.20) and the second is its complex
conjugate.

Part XIII

13.4 Plane wave solutions of Dirac equation

13.4.1 Dirac equation in spinor representation of γ-matrices

Dirac bispinor
ψ =

( ψL
ψR

)
(13.39)
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ψL, ψR - Weyl spinors (two-component spinors)
Dirac equation

iγµ∂µ
( ψL
ψR

)
= m

( ψL
ψR

)
⇒ i

(
0 σµ

σ̄µ 0

)( ψL
ψR

)
= m

( ψL
ψR

)
⇒ iσµ∂µψR = mψL

iσ̄µ∂µψL = mψR
(13.40)

If m = 0 - two Weyl equations for neutrino and antineutrino fields ν̄(x) = ψR(x) and
ν(x) = ψL(x)

iσµ∂µν̄(x) = 0, iσ̄µ∂µν(x) = 0 (13.41)

13.5 Plane waves

Ansatz: ψp(x) = u(p)e−ipx. Dirac equation (common notation 6a ≡ aµγµ):

iγµ∂µψp(x) = 0 ⇒ ( 6p−m)u(p) = 0 (13.42)

We start with particle at rest pr = (m, 0, 0, 0).

(mγ0 −m)u(pr) = 0 ⇒ m
(−1 1

1 −1

)
u(pr) = 0 ⇒ u(pr) =

√
m
( ξ
ξ

)
(13.43)

√
m is introduced for convenient normalization (we assume ξ†ξ = 1)

Next, we boost particle is z direction. The martix of this boost is given by Eq. (12.15)
and the corresponding matrix ωωω by Eq. (13.44)

Λµν(θ) =

 cosh θ 0 0 sinh θ
0 1 0 0
0 0 1 0

sinh θ 0 0 cosh θ

 ωµν =

 0 0 0 θ
0 0 0 0
0 0 0 0
−θ 0 0 0

 (13.44)

where cosh θ = p0

m and sinh θ = |~p|
m . The matrix of Lorentz boost for spinors is given by Eq.

(13.22). In our case ω03 = −ω30 = θ and

S03 =
i

4
[γ0, γ3] = − i

2

(
σz 0
0 −σz

)
(13.45)

so

Λ1
2 ξη

(θ) ≡
(
e−

i
2
ωµνSµν

)
ξη

=
(
e−iω03S03)

ξη
= exp

{
− θ

2

(
σz 0
0 −σz

)}
=
(

cosh θ
2 − sinh θ

2σz 0
0 cosh θ

2 + sinh θ
2σz

)
(13.46)

Since cosh θ
2 =

√
p0+m

2m and sinh θ
2 =

√
p0−m

2m

u(p) = Λ1
2 ξη

(θ)
√
m
( ξ
ξ

)
(13.47)

=
√
m
(

cosh θ
2 − sinh θ

2σz 0
0 cosh θ

2 + sinh θ
2σz

)( ξ
ξ

)
=

1√
2(p0 +m)

(
(p0 +m− pzσz)ξ
(p0 +m+ pzσz)ξ

)
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We see that although bispinor has 4 components, the two lower components are determined
by the two upper components. One may object that if the lower components of bispinor are
defined in an unique way by the upper ones, why is this doubling of writing? The answer
is that this double-writing is convenient since under spatial reflection the upper and lower
components of the bispinor (13.47) simply trade places so if we arrange our formalism to
be symmetric under exchange of upper structures and lower structures, such formalism will
be explicitly parity-even.

For arbitrary boost

u(p) =
1√

2(p0 +m)

(
(p0 +m− ~p · ~σ)ξ
(p0 +m+ ~p · ~σ)ξ

)
(13.48)

This is the plane wave with definite direction of the spin in c.m. frame (ξ =
( 1

0
)
spin up

or ξ =
( 0

1
)
spin down)

Peskin’s notations

√
pσ =

p0 +m− ~p · ~σ√
2(p0 +m)

,
√
pσ̄ =

p0 +m+ ~p · ~σ√
2(p0 +m)

(13.49)

Check (see the definition (13.5)):[ 1√
2(p0 +m)

(p0 +m− ~p · ~σ)
]2

=
(p0 +m)2 − 2(p0 +m)~p · ~σ + |~p|2

2(p0 +m)
= p0 − ~p · ~σ = pσ

[ 1√
2(p0 +m)

(p0 +m+ ~p · ~σ)
]2

=
(p0 +m)2 + 2(p0 +m)~p · ~σ + |~p|2

2(p0 +m)
= p0 + ~p · ~σ = pσ̄

(13.50)

and therefore

u(p) =
(√

pσξ√
pσ̄ξ

)
(13.51)

Plane waves with definite helicity
Sometimes it is convenient to specify not the spin of the particle in the rest frame but

the helicity (=projection of the spin on the direction of motion) of the particle in a certain
frame 10. The spinors of definite helicity have the form 11:

u[ 1
2

](p) =
1√

2(p0 +m)

(
(p0 +m− |~p|)ω(1)

(p0 +m+ |~p|)ω(1)

)
, u[− 1

2
](p) =

1√
2(p0 +m)

(
(p0 +m− |~p|)ω(2)

(p0 +m+ |~p|)ω(2)

)
(13.52)

10 The helicity of the massive particle depends on the frame of reference, since one can always boost to a
frame in which its momentum is in the opposite direction (but spin is unchanged). For a massless particle,
which travels at the speed of light, one cannot perform such a boost so helicity is an inherent property of
a massless particle.

11 In order to distinguish these spinors with helicity ± 1
2
from the spinors with z-component of the spin

equal to ± 1
2
we put the helicity ± 1

2
in square brackets.
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where (θ and φ are polar and azimuthal angles of momentum ~p)

ω(1) =
(
e−iφ cos θ2

sin θ
2

)
, ω(2) =

(−e−iφ sin θ
2

cos θ2

)
(13.53)

The spinors (13.52) are eigenstates of the helicity operator

h ≡ 1

2|~p|

(
~p · ~σ 0

0 ~p · ~σ
)

(13.54)

Check

~p·~σ = |~p|
(

cos θ sin θe−iφ

sin θeiφ cos θ

)
⇒ ~p·~σω[(1) = |~p|ω[(1), ~p·~σω[(2) = −|~p|ω[(2) (13.55)

and therefore

hu[ 1
2

](p) =
1

2
√

2(p0 +m)

(
(p0 +m− |~p|)~p · ~σω(1)

(p0 +m+ |~p|)~p · ~σω(1)

)
=

1/2√
2(p0 +m)

(
(p0 +m− |~p|)ω(1)

(p0 +m+ |~p|)ω(1)

)
=

1

2
u(1)(p)

hu[− 1
2

](p) =
1

2
√

2(p0 +m)

(
(p0 +m− |~p|)~p · ~σω(2)

(p0 +m+ |~p|)~p · ~σω(2)

)
=

−1/2√
2(p0 +m)

(
(p0 +m− |~p|)ω(2)

(p0 +m+ |~p|)ω(2)

)
= −1

2
u(2)(p)

(13.56)
where h = ±1

2 .

13.5.1 Negative-frequency plane waves

Ansatz: ψp(x) = v(p)eipx. Dirac equation:

iγµ∂µψp(x) = 0 ⇒ ( 6p+m)v(p) = 0 (13.57)

Solutions
v(p) =

1√
2(p0 +m)

(
(p0 +m− ~p · ~σ)η

(−p0 −m− ~p · ~σ)η

)
=
( √

pση
−
√
pσ̄η

)
(13.58)

Explicit form of spinors v(p) with definite z-projection in rest frame and definite helicity is
given in by Eqs. (25.12) - (25.21) from the Appendix.

13.5.2 Orthogonality and completeness of spinors

Using the explicit formulas for the Dirac spinors u and v it is easy to check the orthogonality
conditions

ūλ(p)uλ
′
(p) = 2mδλλ′ = −v̄λ(p)vλ

′
(p)

ūλ(p)γµuλ
′
(p) = v̄λ(p)γµvλ

′
(p) = 2pµδλλ′

ūλ(p)vλ
′
(p) = 0 = v̄λ(p)uλ

′
(p) (13.59)

and the conditions of completeness∑
λ=1,2

(
uλα(p)ūλβ(p)− vλα(p)v̄λβ(p)

)
= 2mδαβ∑

λ=1,2 u
λ
α(p)ūλβ(p) = (m+ 6p)αβ∑

λ=1,2 v
λ
α(p)v̄λβ(p) = (6p−m)αβ (13.60)
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Here λ = ±1
2 can be either z-component of the spin in the c.m. frame or helicity. We will

need two more formulas (proven in the Appendix, see Eq. (25.26)

v̄(~p, s)γ0u(−~p, s′) = v†(~p, s)u(−~p, s′) = 0, ū(~p, s)γ0v(−~p, s′) = u†(~p, s)v(−~p, s′) = 0

(13.61)

13.5.3 4-vector of spin

It is instructive to write down the relativistic invariant generalization of the operator of the
spin of the electron in the rest frame. Suppose the spin of the electron in the rest frame is
given by the vector

~s = κ†~σκ (13.62)

where κ is our spinor in the rest frame. Let us intoduce formally the four-vector sµ which
coincides with (0, ~s) in the rest frame 12. Note that s2 = −1 and s · p = 0.

With this notation the non-relativistic equation

1

2
~σ · ~sκ(~s) =

1

2
κ(~s) (13.63)

for the spinor κ(~s) is generalized to

1

2
γ5γµs

µu(p, s) =
1

2
u(p, s) (13.64)

where the spinor u(p, s) ≡ u(~s)(p) is given by usual Lorentz transformation of the (bi)spinor(
κ(~s)

κ(~s)

)
u(p, s) =

1√
2(p0 +m)

(
(m+ p0 − ~p · ~σ)κ(~s)

(m+ p0 + ~p · ~̄σ)κ(~s)

)
(13.65)

Indeed,
γ5γ

µsµ =
(−I 0

0 I

)(
0 σµ

σ̄µ 0

)
sµ =

(
0 −σ · s
σ̄ · s 0

)
(13.66)

so in the rest frame the eq. (13.64) reduces to:

1

2

(
0 ~σ · ~s
~̄ψ · ~s 0

)√
m
(
κ(~s)

κ(~s)

)
= λ
√
m
(
κ(~s)

κ(~s)

)
⇔ 1

2
(~σ · ~s)κ(~s) =

1

2
κ(~s) (13.67)

which coincides with the eq. (13.63).
So, the two equations

pµγµu(p, s) = mu(p, s)

γ5γµs
µu(p, s) = u(p, s) (13.68)

fix the Dirac spinor unambigously.

12 For example, s = (0, 1, 0, 0) for κ = 1√
2

(
1
1

)
, s = (0, 0, 1, 0) for κ = 1√

2

(
1
i

)
, and s = (0, 0, 0, 1) for

κ =
(

1
0

)
, s = (0, 0, 0,−1) for κ =

(
0
1

)
as we already know.
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13.5.4 Dirac field bilinears and Fierz identities

ψ̄ψ is a scalar, ψ̄γµψ is a vector, ψ̄γµγν ....γλψ is a what?
Complete set of γ-matrices

1 1
γµ 4
σµν ≡ i

2 [γµ, γν ] = iγµγν − igµν 6
γ5 1
γµγ5 4

(13.69)

Overall, 16 independent matrices. The rest is expressed in terms of matrices (13.71) with
the help of formula

γµγνγλ = gµνγλ + gνλγµ − gµνγλ − iεµνλργργ5 (13.70)

where εµνλρ is a totally antisymmetric tensor with ε0123 = −1.
NB: I use sign convention from Bjorken & Drell. In Peskin’s book the sign is different:
ε0123
Peskin = 1

Dirac bilinears

ψ̄ψ scalar
ψ̄γµψ vector
ψ̄σµνψ antisymmetric tensor of rank 2
ψ̄γ5ψ pseudoscalar
ψ̄γµγ5ψ pseudovector

(13.71)

For example (see Eq. (13.22)):

ψ̄′(x′)σµνψ′(x′) =
i

2
ψ̄′(x′)γµγνψ′(x′) − µ↔ ν =

i

2
ψ̄(x)Λ−1

1
2

γµγνΛ1
2
ψ(x) − µ↔ ν

=
i

2
ψ̄(x)Λ−1

1
2

γµΛ1
2
Λ−1

1
2

γνΛ1
2
ψ(x) − µ↔ ν =

i

2
ΛµξΛ

ν
ηψ̄(x)γξγηψ − i

2
ΛνξΛ

µ
ηψ̄(x)γξγηψ

=
i

2
ΛµξΛ

ν
ηψ̄(x)γξγηψ − i

2
ΛνηΛ

µ
ξψ̄(x)γηγξψ = ΛµξΛ

ν
ηψ̄(x)σξηψ(x) (13.72)

⇒ ψ̄(x)σξηψ(x) is an (antisymmetric) tensor of rank 2.
Set of matrices (13.71) is complete ⇒ one can expand an arbitrary 4×4 matrix as

Γξη =
1

4
δξηTr{Γ}+1

4
γµξηTr{Γγµ}+

1

4
(γ5)ξηTr{Γγ5}−

1

4
(γµγ5)ξηTr{Γγµγ5}+

1

8
(σµν)ξηTr{Γσµν}

(13.73)
⇒ Fierz identities.
Example:

ψ̄γµψχ̄γµχ = ψ̄γµ
(
ψχ̄ ≡ Γ

)
γµχ = ψ̄γµΓγµχ

= ψ̄χTr{Γ}+
1

4
ψ̄γµγαγµχTr{Γγα} − ψ̄γ5χTr{Γγ5} −

1

4
ψ̄γµγαγ5γµχTr{Γγαγ5}+

1

8
ψ̄γµσαβγµχTr{Γσαβ}

= ψ̄χTr{Γ} − 1

2
ψ̄γαχTr{Γγα} − ψ̄γ5χTr{Γγ5} −

1

2
ψ̄γαγ5χTr{Γγαγ5}

= (ψ̄χ)(χ̄ψ)− 1

2
(ψ̄γαχ)(χ̄γαψ)− (ψ̄γ5χ)(χ̄γ5ψ)− 1

2
(ψ̄γαγ5χ)(χ̄γαγ5ψ) (13.74)
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where we used formulas γµγαγµ = − 2γα and γµγαγβγµ = 4gαβ .

Part XIV

14 Quantization of the Dirac field

14.0.5 Classical Dirac field

Now we can write down the total expression for the classical fermion field satisfying the
Dirac equation:

ψ(x) =
∑
s

∫
d−3p√
2Ep

[
(u(~p, s)e−ipxas~p + v(~p, s)e+ipxbs∗~p

]
(14.1)

where s may be z-projections of the spin in a rest frame or helicities (or any other two inde-
pendent spin states) and as~p and bs∗~p are some numerical functions. The complex conjugate
field looks like

ψ†(x) =
∑
s

∫
d−3p√
2Ep

[
v†(~p, s)bs~pe

−ipx + u†(~p, s)as∗~p e
ipx
]

(14.2)

and the Dirac conjugate ψ̄(x) = ψ†(x)γ0 has the form

ψ̄(x) =
∑
s

∫
d−3p√
2Ep

[
v̄(~p, s)bs~pe

−ipx + ū(~p, s)as∗~p e
ipx
]

(14.3)

The classical fields ψ given by (14.1) and ψ̄ given by (14.3) satisfy the Dirac equation

iγµ
d

dxµ
ψ(x) = mψ(x)

−i d

dxµ
ψ̄(x)γµ = mψ̄(x) (14.4)

(note that the second line is a hermitian conjugation of the first line).
To quantize the Dirac field, let us choose ψ(x) as a canonical coordinate. The Dirac

Lagrangian is given by L = ψ̄(i 6∂ −m)ψ so the canonical momentum is

π(x) =
∂L
∂∂0ψ

= iψ†(x) (14.5)

and the Hamiltonian H ≡
∑
pq̇ − L takes the form

H =

∫
d3x π(t, ~x)

∂

∂t
ψ(t, ~x)−

∫
d3x L(t, ~x)

= i

∫
d3x ψ†(t, ~x)

∂

∂t
ψ(t, ~x)−

∫
d3x ψ†(t, ~x)γ0

[
iγ0 ∂

∂t
+ i~γ · ~∇−m

]
ψ(t, ~x)

=

∫
d3x ψ†(t, ~x)[−iγ0~γ · ~∇+mγ0]ψ(t, ~x) (14.6)

Let us try to quantize Dirac field in the same way as Klein-Gordon field: promote ψ and
π to operators satisfying canonical commutation relations similar to Eq. (11.43) (Spoiler:
we will face trouble pretty soon)
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14.0.6 Attempt to quantize Dirac field with canonical commutation relations

As usual, we promote ψ(t = 0, ~x),π(t = 0, ~x) to operators ψ̂(~x), π̂(~x), then similarly to Eq.
(11.16) as~p and bs~p get promoted to operators âs~p and b̂s~p

ψ̂(~x) =
∑
s

∫
d−3p√
2Ep

[
u(~p, s)ei~p~xâs~p + v(~p, s)e−i~p~xb̂s†~p

]
ˆ̄ψ(~x) =

∑
s

∫
d−3p√
2Ep

[
v̄(~p, s)ei~p~xb̂s~p + ū(~p, s)e−i~p~xâs†~p

]
(14.7)

If we impose canonical commutation relations (CCRs) on the operators on ψ̂(~x) and π̂(~x),
then similarly to Eq. (11.18) the ladder operators will satisfy the following CCRs:

[âs~p, â
s′†
~p′ ] = (2π)3δ(~p− ~p′)δss′ , [b̂s~p, b̂

s′†
~p′ ] = − (2π)3δ(~p− ~p′)δss′ (14.8)

[âs~p, â
s′

~p′ ] = [b̂s~p, b̂
s′

~p′ ] = [âs†~p , â
s′†
~p′ ] = [b̂s†~p , b̂

s′†
~p′ ] = [âs~p, b̂

s′†
~p′ ] = [b̂s~p, â

s′†
~p′ ] = 0

Proof:

[ψ̂(~x), ψ̂†(~y)]

=
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

[
u(~p, s)ei~p~xâs~p + v(~p, s)e−i~p~xb̂s†~p , v̄(~p, s′)ei~p

′~y b̂s
′

~p′ + ū(~p, s′)e−i~p
′~yâs

′†
~p′

]
γ0 =

=
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

(
u(~p, s)ū(~p, s′)ei~p~x−i~p

′~y[âs~p, â
s′†
~p′ ] + v(~p, s)v̄(~p, s′)e−i~p~x+i~p′~y[b̂s†~p , b̂

s′

~p′ ]
)
γ0 =

=
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

(2π)3δ(~p− ~p′)δss′
(
u(~p, s)ū(~p, s)ei~p~x−i~p

′~y + v(~p, s)v̄(~p, s)e−i~p~x+i~p′~y
)
γ0 =

=
∑
s

∫
d−3p

2Ep

(
u(~p, s)ū(~p, s)ei~p(~x−~y) + v(~p, s)v̄(~p, s)e−i~p(~x−~y)

)
γ0 =

∫
d−3p

2Ep

[
(6p+m)ei~p(~x−~y) + ( 6p−m)e−i~p(~x−~y)

]
γ0

=

∫
d−3p

2Ep

[
(γ0Ep − ~γ · ~p+m)ei~p(~x−~y) + (γ0Ep − ~γ · ~p−m)e−i~p(~x−~y)

]
γ0 =

∫
d−3p ei~p(~x−~y) = δ3(~x− ~y) (14.9)

In terms of ladder operators, the quantum Hamiltonian reads

Ĥ =

∫
d3x ψ̂†(~x)[−iγ0~γ · ~∇+mγ0]ψ̂(~x) =

∫
d3x ˆ̄ψ(~x)[−i~γ · ~∇+m]ψ̂(~x)

=
∑
s,s′

∫
d3x

∫
d−3pd−3p′

2
√
EpEp′

{
v̄(~p, s)ei~p~xb̂s~p + ū(~p, s)e−i~p~xâs†~p

}{
(~γ · ~p′ +m)u(~p′, s′)ei~p

′~xâs
′

~p′ − (~γ · ~p′ −m)v(~p′, s′)e−i~p
′~xb̂s

′†
~p′

}
=
∑
s,s′

∫
d3x

∫
d−3pd−3p′

2
√
EpEp′

{
v̄(~p, s)ei~p~xb̂s~p + ū(~p, s)e−i~p~xâs†~p

}{
Ep′γ0u(~p′, s′)ei~p

′~xâs
′

~p′ − Ep′γ0v(~p′, s′)e−i~p
′~xb̂s

′†
~p′

}
=

1

2

∑
s,s′

∫
d−3p

{
v̄(~p, s)γ0u(−p, s′)b̂s~pâ

s′

−~p + ū(~p, s)γ0u(~p, s′)âs†~p â
s′

~p − ū(~p, s)γ0v(−~p, s′)âs†~p b̂
s′†
−~p − v̄(~p, s)γ0v(~p, s′)b̂s~pb̂

s′†
~p′

}
=

1

2

∑
s,s′

∫
d−3p

{
v†(~p, s)u(−p, s′)b̂s~pâ

s′

−~p + ū(~p, s)γ0u(~p, s′)âs†~p â
s′

~p − u
†(~p, s)v(−~p, s′)âs†~p b̂

s′†
−~p − v̄(~p, s)γ0v(~p, s′)b̂s~pb̂

s′†
~p′

}
=
∑
s

∫
d−3p Ep(â

s†
~p â

s
~p − b̂

s
~pb̂
s†
~p′ ) =

∑
s

∫
d−3p Ep(â

s†
~p â

s
~p − b̂

s†
~p′ b̂

s
~p + (2π)3δ(0)) (14.10)
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where we used the orthogonality properties ū(~p, s)γ0u(~p, s′) = v̄(~p, s)γ0v(~p, s′) = 2p0δss′

and v†(~p, s)u(−p, s′) = u†(~p, s)v(−~p, s′) = 0 (see Eq. (3.65) in Peskin’s textbook). If we
disregard (as usual) the infinite constant, we get

Ĥ =
∑
s

∫
d−3p Ep(â

s†
~p â

s
~p − b̂s†~p b̂

s
~p) (14.11)

The - sign means that we have Hamiltonian with the spectrum unbounded from below.
Indeed, if we calculate the commutators of Ĥ with creation operators we will get

[Ĥ, âs†~p ] = Epâ
s†
~p , but [Ĥ, b̂s†~p ] = − b̂s†~p (14.12)

Now, if we define the vacuum as a state |0〉 annihilated by âs~p and b̂s~p

Ĥâs†~p |0〉 = Epâ
s†
~p |0〉, but Ĥb̂s†~p |0〉 = − Epb̂

s†
~p′ |0〉 (14.13)

so the state b̂s†~p |0〉 has energy −Ep. Similarly, the state b̂s†~p b̂
s′†
~p′ |0〉 will have energy −Ep−Ep′

etc. This is a sick Hamiltonian (e.g. no state(s) with lowest energy⇒ no consistent vacuum
state). We must try some other way to quantize Dirac field.

14.1 Correct quantization of Dirac field

Correct quantization: same story as above, only we impose canonical anticommutation
relations:

{ψ(~x), ψ†(~y)} = δ(~x− ~y)
{ψ(~x), ψ(~y)} = 0
{ψ†(~x), ψ†(~y)} = 0

}
⇔


{as~p, a

s′†
~p′ } = (2π)3δ(~p− ~p′)δss′

{bs~p, b
s′†
~p′ } = (2π)3δ(~p− ~p′)δss′

{as~p, a
s′

~p′} = {as†~p , a
s′†
~p′ } = {bs~p, b

s′

~p′} = {bs†~p , b
s′†
~p′ } = 0

(14.14)
(the conventional notation is {Â, B̂} ≡ ÂB̂ + B̂Â). With this anticommutation relations,
instead of Eq. (14.11) we get

Ĥ =

∫
d3x ψ̂†(~x)[−iγ0~γ · ~∇+mγ0]ψ̂(~x) =

∫
d3x ˆ̄ψ(~x)[−i~γ · ~∇+m]ψ̂(~x) (14.15)

=
∑
s

∫
d−3p Ep(â

s†
~p â

s
~p − b̂

s
~pb̂
s†
~p′ ) =

∑
s

∫
d−3p Ep(â

s†
~p â

s
~p + b̂s†~p′ b̂

s
~p + (2π)3δ(0)) →

∑
s

∫
d−3p Ep(â

s†
~p â

s
~p + b̂s†~p′ b̂

s
~p)

and therefore
Ĥ =

∑
s

∫
d−3p Ep(â

s†
~p â

s
~p + b̂s†~p′ b̂

s
~p) (14.16)

similarly to Eq. (11.20). Note that Hamiltonian is hermitian: Ĥ† = Ĥ.
Commutators of Ĥ with ladder operators are now OK:

[Ĥ, âs†~p ] = Epâ
s†
~p , [Ĥ, â~p] = − Epâ~p

[Ĥ, b̂s†~p ] = Epb̂
s†
~p , [Ĥ, b̂~p] = − Epb̂~p (14.17)

Quantization in Heisenberg picture

ψ̂(t, ~x) ≡ eiĤtψ̂(~x)e−iĤt, ˆ̄ψ(t, ~x) ≡ eiĤt ˆ̄ψ(~x)e−iĤt (14.18)
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From Eq. (14.17) we see that

eiĤtâs~pe
−iĤt =

∞∑
n=0

in
tn

n!
[Ĥ, [Ĥ, ....[Ĥ, âs~p]]] =

∞∑
n=0

in
tn

n!
(−Ep)nâ~p = âs~pe

−iEpt

eiĤtâs†~p e
−iĤt =

∞∑
n=0

in
tn

n!
[Ĥ, [Ĥ, ....[Ĥ, âs†~p ]]] =

∞∑
n=0

in
tn

n!
(Ep)

nâ~p = âs†~p e
iEpt(14.19)

(cf. Eq. (6.10)) and similarly for b̂ operators:

eiĤtb̂s~pe
−iĤt = b̂s~pe

−iEpt, eiĤtb̂s†~p e
−iĤt = b̂s†~p e

iEpt (14.20)

and therefore (x = (t, ~x))

ψ̂(x) = eiĤtψ̂(~x)e−iĤt =
∑
s

∫
d−3p√
2Ep

[
u(~p, s)e−ipxâs~p + v(~p, s)eipxb̂s†~p

]
ˆ̄ψ(~x) = eiĤt ˆ̄ψ(~x)e−iĤt =

∑
s

∫
d−3p√
2Ep

[
v̄(~p, s)e−ipxb̂s~p + ū(~p, s)eipxâs†~p

]
(14.21)

where we used decomposition of ψ̂(~x) and ψ̂(~x) in ladder operators (14.7). Now, from this
equation and Dirac equations for spinors 6pu(p) = mu(p), 6pv(p) = −mu(p) one can easily
see that quantum operators ψ̂(x) and ˆ̄ψ(x) satisfy the same Dirac equations

iγµ
d

dxµ
ψ̂(x) = mψ̂(x)

−i d

dxµ
ˆ̄ψ(x)γµ = m ˆ̄ψ(x) (14.22)

as their classical counterparts, see Eq. (14.4).
Let us now prove equal-time (anti)commutators

{ψ̂(t, ~x), ψ̂†(t, ~y)} = δ(~x− ~y), {ψ̂(t, ~x), ψ̂(t, ~y)} = {ψ̂†(t, ~x), ψ̂†(t, ~y)} = 0 (14.23)

Proof:

{ψ̂ξ(t, ~x), ψ̂†η(t, ~y)}

=

∫
d−3pd−3p′

2
√
EpEp′

∑
s,s′

{
uξ(~p, s)e

−ipxâs~p + vξ(~p, s)e
ipxb̂s†~p , v̄ζ(~p

′, s′)e−ip
′y b̂s

′

~p′ + ūζ(~p
′, s′)eip

′yâs
′†
~p′

}
(γ0)ζη

=

∫
d−3pd−3p′

2
√
EpEp′

∑
s,s′

(
uξ(~p, s)ūζ(~p

′, s′)e−ipx+ip′y{âs~p, â
s′†
~p′ }+ vξ(~p, s)v̄ζ(~p

′, s′)eipx−ip
′y{b̂s~p, b̂

s′†
~p′ }
)
(γ0)ζη

=

∫
d−3pd−3p′

2
√
EpEp′

∑
s,s′

(
uξ(~p, s)ūζ(~p

′, s′)e−i(Ep−Ep′ )t+i~p~x−i~p
′~y{âs~p, â

s′†
~p′ }+ vξ(~p, s)v̄ζ(~p

′, s′)ei(Ep−Ep′ )t−i~p~x+i~p′~y{b̂s~p, b̂
s′†
~p′ }
)
(γ0)ζη

=

∫
d−3p

2Ep

∑
s

(
uξ(~p, s)ūζ(~p, s)e

i~p(~x−~y) + vξ(~p, s)v̄ζ(~p, s)e
−i~p(~x−~y)

)
(γ0)ζη

=

∫
d−3p

2Ep

[
( 6p+m)γ0e

i~p(~x−~y) + ( 6p−m)γ0e
−i~p(~x−~y)

]
ξη

=

∫
d−3p

2Ep

[
(Ep − ~p · ~γγ0 +mγ0)ei~p(~x−~y) + (Ep |− ~p · ~γγ0 −mγ0)e |−i~p(~x−~y)

]
ξη

= δ(~x− ~y)δξη (14.24)

– 98 –



Vacuum and one-particle states
By definition, vacuum |0〉 is a state annihilated by both âs~p and b̂s~p:

âs~p|0〉 = b̂s~p|0〉 = 0 (14.25)

Similarly to Eqs. (11.27) we can try

as†~p |0〉 and bs†~p |0〉 (14.26)

as a candidates for one-particle states. From Eq. (14.17) we see that they are eigenstates
of the Dirac Hamiltonian with eigenvalue Ep

Ĥâs†~p |0〉 = [Ĥ, âs†~p ]|0〉 = Epâ
s†
~p |0〉, Ĥb̂s†~p |0〉 = [Ĥ, b̂s†~p ]|0〉 = Epb̂

s†
~p |0〉 (14.27)

To finish the proof of one-particle interpretation of states (14.39) we need to prove that
they are the eigenstates of the momentum operator. Thus, the next step is construction of
quantum operator of momentum for Dirac field.

14.2 Momentum operator in the Dirac theory

14.2.1 Momentum of classical Dirac field

The general definition of classical energy-momentum tensor is Tµν = ∂µΦ ∂L
∂∂νΦ − Lgµν .

For Dirac field it gives

Tµν =
∂L
∂∂νψ

∂µψ+∂µψ̄
∂L
∂∂νψ̄

−Lgµν = iψ̄γν∂µψ−gµνψ̄(i 6∂−m)ψ = iψ̄γν∂µψ (14.28)

Up to a total derivative it can be rewritten in a symmetric form

Tµν(x) =
i

4

(
ψ̄(x)γµ

∂ψ(x)

∂xν
− ∂ψ̄(x)

∂xν
γµψ(x) + ψ̄(x)γν

∂ψ(x)

∂xµ
− ∂ψ̄(x)

∂xµ
γνψ(x)

)
≡ i

4
ψ̄(x)

(
γµ

↔
∂

∂xν
+γν

↔
∂

∂xµ
)
ψ(x) (14.29)

where A(x)
↔
∂
∂xν B(x) ≡ A(x) ∂

∂xνB(x)−
(
∂
∂xνA(x)

)
B(x).

Similarly to the case of KG field

∂µTµν(x) =
i

4

∂

∂xµ

(
ψ̄(x)γµ

∂ψ(x)

∂xν
− ∂ψ̄(x)

∂xν
γµψ(x) + ψ̄(x)γν

∂ψ(x)

∂xµ
− ∂ψ̄(x)

∂xµ
γνψ(x)

)
=

i

4

[
∂µψ̄(x)γµ∂νψ(x) + ψ̄(x)γµ∂

µ∂νψ(x)− ∂νψ̄(x)γµ∂
µψ(x)− ∂µ∂νψ̄(x)γµψ(x)

+ ∂µψ̄(x)γν∂µψ(x) + ψ̄(x)γν∂
2ψ(x)− ∂2ψ̄(x)γνψ(x)− ∂µψ̄(x)γν∂

µψ(x)
]

=
1

4

[
−mψ̄(x)∂νψ(x) +mψ̄(x)∂νψ(x)−m∂νψ̄(x)ψ(x) +m∂νψ̄(x)ψ(x)

+ ∂µψ̄(x)γν∂µψ(x)− im2ψ̄(x)γνψ(x) + im2ψ̄(x)γνψ(x)− ∂µψ̄(x)γν∂
µψ(x)

]
= 0 (14.30)

where we used Eqs. (13.20) and (13.29).
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The equation (14.30) leads to conservation of the momentum:

∂µT
µi = 0 ⇒

∫
d3x
(
∂0T

0i + ∂kT
ki
)

= 0 ⇒ d

dt

∫
d3x T 0i(t, ~x) = 0 (14.31)

where we use integration by parts to get rid of the second term. Now, similarly to the
KG case (see Eq. (5.31)), we can interpret the integral in the r.h.s of this equation as the
momentum of classical Dirac field:

P i =

∫
d3x T 0i(t, ~x) =

i

4

∫
d3x

[
ψ̄(t, ~x)γ0

↔
∂i ψ(t, ~x) + ψ̄(t, ~x)γi

↔
∂t ψ(t, ~x)

]
(14.32)

14.2.2 Momentum operator in Dirac theory

As usual, to get quantum momentum operator we take the expression for classical momen-
tum and promote canonical coordinates and canonical momenta (ψ and ψ† in our case) to
operators

P̂ i =

∫
d3x T 0i(t, ~x) =

i

4

∫
d3x

[ ˆ̄ψ(t, ~x)γ0

↔
∂i ψ̂(t, ~x) + ˆ̄ψ(t, ~x)γi

↔
∂t ψ̂(t, ~x)

]
(14.33)

In terms of ladder operators it takes the form

P̂ i =
∑
s

∫
d−3p pi

(
âs†~p â

s
~p + b̂s†~p b̂

s
~p

)
(14.34)

where we used formulas

ū(~p, s)γ0u(~p, s′) = v̄(~p, s)γ0v(~p, s′) = 2Epδss′ , ū(~p, s)γiu(~p, s′) = v̄(~p, s)iv(~p, s′) = 2piδss′ ,

v̄(~p, s)γ0u(−~p, s′) = v†(~p, s)u(−~p, s′) = 0, ū(~p, s)γ0v(−~p, s′) = u†(~p, s)v(−~p, s′) = 0

(14.35)

HW 4: prove Eq. (14.33) ⇒ Eq. (14.37).

Proof:

P̂ i =
i

4

∫
d3x

∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

[
v̄ζ(−~p, s)b̂s−~pe

−iEpt + ūζ(~p, s)â
s†
~p e

iEpt
]
e−i~p·~x

(
γ0

↔
∂i +γi

↔
∂0
)
ζξ

(14.36)

×
[
uξ(~p

′, s′)âs
′

~p′e
−iEp′ t + vξ(−~p′, s′)b̂s

′†
−~p′e

iEp′ t
]
ei~p
′·~x

=
1

4

∫
d3x

∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

{[
v̄(−~p, s)b̂s−~pe

−iEpt + ū(~p, s)âs†~p e
iEpt
]
e−i~p·~xγ0(p+ p′)i

×
[
u(~p′, s′)âs

′

~p′e
−iEp′ t + v(−~p′, s′)b̂s

′†
−~p′e

iEp′ t
]
ei~p
′·~x

+
[
v̄(−~p, s)b̂s−~pe

−iEpt + ū(~p, s)âs†~p e
iEpt
]
e−i~p·~xγi

[
Ep′u(~p′, s′)âs

′

~p′e
−iEp′ t − Ep′v(−~p′, s′)b̂s

′†
−~p′e

iEp′ t
]
ei~p
′·~x

+
[
− Epv̄(−~p, s)b̂s−~pe

−iEpt + Epū(~p, s)âs†~p e
iEpt
]
e−i~p·~xγi

[
Ep′u(~p′, s′)âs

′

~p′e
−iEp′ t + v(−~p′, s′)b̂s

′†
−~p′e

iEp′ t
]
ei~p
′·~x
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=
1

8

∑
s,s′

∫
d−3p

{2pi

Ep

[
v̄(−~p, s)b̂s−~pe

−iEpt + ū(~p, s)âs†~p e
iEpt
]
γ0

[
u(~p, s′)âs

′

~p e
−iEpt + v(−~p, s′)b̂s

′†
−~pe

iEpt
]

+
[
v̄(−~p, s)b̂s−~pe

−iEpt + ū(~p, s)âs†~p e
iEpt
]
γi
[
u(~p, s′)âs

′

~p e
−iEpt − v(−~p, s′)b̂s

′†
−~pe

iEpt
]

+
[
− v̄(−~p, s)b̂s−~pe

−iEpt + ū(~p, s)âs†~p e
iEpt
]
γi
[
u(~p, s′)âs

′

~p e
−iEpt + v(−~p, s′)b̂s

′†
−~pe

iEpt
]}

=
1

4

∑
s,s′

∫
d−3p

{ pi
Ep

[
v̄(−~p, s)γ0u(~p, s′)b̂s−~pâ

s′

~p e
−2iEpt + ū(~p, s)γ0u(~p, s′)âs†~p â

s′

~p

+ v̄(−~p, s)γ0v(−~p, s′)b̂s−~pb̂
s′†
−~p + ū(~p, s)γ0v(−~p, s′)âs†~p b̂

s′†
−~p e

2iEpt

+
[
ū(~p, s)γiu(~p, s′)âs†~p â

s′

~p − v̄(−~p, s)γiv(−~p, s′)b̂s−~pb̂
s′†
−~p
]}

Now we use formulas (14.35) and get

P̂ i =
1

2

∑
s

∫
d−3p

{
pi
[
âs†~p â

s
~p + b̂s−~pb̂

s†
−~p
]

+
[
piâs†~p â

s
~p + pib̂s−~pb̂

s†
−~p
]}

=
∑
s

∫
d−3p pi

(
âs†~p â

s
~p − b̂

s
~pb̂
s†
~p

)
=
∑
s

∫
d−3p pi

(
âs†~p â

s
~p + b̂s†~p b̂

s
~p

)
, Q.E.D. (14.37)

The commutators of the momentum operator with ladder operators are

[P̂ i, âs†~p ] = piâs†~p , [P̂ i, b̂s†~p ] = pib̂s†~p , [P̂ i, âs~p] = − piâs~p, [P̂ i, b̂s~p] = − pib̂s~p (14.38)

and it is easy to see now that the states (14.39) are eigenstates of the momentum operator
(14.37)

P̂ ias†~p |0〉 = [P̂ i, as†~p ]|0〉 = pias†~p |0〉, P̂ ibs†~p |0〉 = [P̂ i, bs†~p ]|0〉 = pibs†~p |0〉 (14.39)

with eigenvalues pi. Thus, the states

|p, s,−〉 ≡
√

2Epa
s†
~p |0〉 and |p, s,+〉 ≡

√
2Epb

s†
~p |0〉 (14.40)

are one-particle fermion and antifermion states (in QED they will be one- electron and
one-positron states).

Now we can define the operator of 4-momentum:

P̂µ = (Ĥ, P̂ i) =
∑
s

∫
d−3p pµ

(
âs†~p â

s
~p + b̂s†~p b̂

s
~p

)
(14.41)

(in the r.h.s. p0 ≡ Ep). The commutators of the operator of 4-momentum with ladder
operators (14.27) and (14.28) can be combined as

[P̂µ, âs†~p ] = pµâs†~p , [P̂µ, b̂s†~p ] = pµb̂s†~p , [P̂ i, âs~p] = − pµâs~p, [P̂µ, b̂s~p] = − pµb̂s~p (14.42)

Similarly to the KG case one can prove that P̂ generates shifts in the coordinate space:

eiP̂ aψ̂(x)eiP̂ a = ψ̂(x+ a) (14.43)

Interesting question: which quantum operator generates Lorentz transformations (rotations
and boosts)?
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15 Quantum generators of Lorentz transformations

The classical Dirac field is Lorentz-transformed according to Eq. (13.18)

ψ′ξ(x
′) = Λ1

2
ψ(x) =

(
e−

i
2
ωµνSµν

)
ξη
ψη(x) (15.1)

If we are interested in the field at the same point after Lorentz transformation, the formula
is a combination of Eq. (13.18) and Eq. (12.14)

ψ′(x) = Λ1
2
ψ(Λ−1x) =

(
e−

i
2
ωµνSµν

)
ξη
e−

i
2
ωµνJµνψη(x) (15.2)

similarly to Eq. (12.49) for vectors. Our aim is to find a quantum operator M̂µν which
generates this transformation

ψ̂′ξ(x) = e
i
2
ωαβM̂

αβ
ψ̂ξ(x)e−

i
2
ωαβM̂

αβ
=
(
e−

i
2
ωµνSµν

)
ξη
e−

i
2
ωµνJµν ψ̂η(x) (15.3)

Similarly to the operator of momentum (14.33) we may try an ansatz

M̂αβ =

∫
d3x ˆ̄ψ(t, ~x)Γαβψ̂(t, ~x) (15.4)

where Γαβ is some matrix and/or differential operator 13. To find this operator we can take
small ωαβ and expand both sides of Eq. (15.3) up to the first nontrivial order in ωαβ . We
get

l.h.s. = ψ̂ξ(x) + i
2ωαβ[M̂αβ, ψ̂ξ(x)]

r.h.s. = ψ̂ξ(x)− i
2ωαβ(Sαβξη + δξηJ

αβ
)
ψ̂ξ(x)

}
⇒ [M̂αβ, ψ̂ξ(x)] = −(Sαβξη +δξηJ

αβ
)
ψ̂ξ(x)

(15.5)
Substituting the ansatz (15.4) to the l.h.s. of this equation, we obtain∫

d3z
[ ˆ̄ψ(t′, ~z)Γαβψ̂(t′, ~z), ψ̂(t, ~x)] = − (Sαβξη + δξηJ

αβ
)
ψ̂ξ(t, ~x) (15.6)

We will first consider this equation at t = t′ = 0, find Γαβ , and then prove the above
equation at arbitrary t and t′.

First, at t = t′ = 0 we get

(Sαβξη + δξηJ
αβ
)
ψ̂ξ(~x) = −

∫
d3z
[ ˆ̄ψ(~z)ζΓ

αβ
ζη ψ̂ζ(~z), ψ̂ξ(~x)] =

∫
d3z{ ˆ̄ψ(~z)ζ , ψ̂ξ(~x)}Γαβζη ψ̂η(~z)

= (γ0)ξζ

∫
d3zδ(~x− ~z)Γαβζη ψ̂η(~z) = (γ0Γαβ)ξηψ̂η(~x) ⇒ Γαβξη =

(
γ0S

αβ + γ0J
αβ
)
ξη

(15.7)

so our candidate for M̂αβ is

M̂αβ =

∫
d3z ˆ̄ψ(z0, ~z)γ0

[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(z0, ~z) (15.8)

13It looks like a bad ansatz since it appears that M̂αβ depends on t but we will show below that for our
solution (15.8) it actually does not depend on t
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Let us first prove that the r.h.s. of this equation does not depend on z0 ≡ t

d

dt

∫
d3z ˆ̄ψ(t, ~z)γ0

[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(t, ~z)

=

∫
d3z

∫
d3z
( ∂
∂t

ˆ̄ψ(t, ~z)γ0 + ˆ̄ψ(t, ~z)γ0
∂

∂t

)[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(t, ~z) (15.9)

From Eq. (14.22) we see that ∂
∂t ψ̄(z)γ0 = − ∂

∂zi
ψ̄(z)γi + imψ̄(z) and therefore

r.h.s. of Eq. 15.9 =

∫
d3z

(
im ˆ̄ψ(t, ~z)− ∂

∂zi
ˆ̄ψ(t, ~z)γi + ˆ̄ψ(t, ~z)γ0

∂

∂t

)[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(t, ~z)

by parts
=

∫
d3z ˆ̄ψ(t, ~z)

(
γ0
∂

∂t
+ γi

∂

∂zi
+ im

)[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(t, ~z)

=

∫
d3z ˆ̄ψ(t, ~z)

(
γµ

∂

∂zµ
+ im

)[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

]
ψ̂(t, ~z)

=

∫
d3z ˆ̄ψ(t, ~z)

{[
Sαβ + i(zα

∂

∂zβ
− α↔ β)

](
γµ

∂

∂zµ
+ im

)
+ [γµ,Sαβ]

∂

∂zµ
+ i(γα

∂

∂zβ
− α↔ β)ψ̂(t, ~z)

}
=

∫
d3z ˆ̄ψ(t, ~z)

( i
2

[γµ, γαγβ]
∂

∂zµ
+ i(γα

∂

∂zβ
− α↔ β)ψ̂(t, ~z)

)
= 0 (15.10)

Finally, let us prove Eq. (15.11) for arbitrry t and t′. Since out Mαβ does not depend on
time one may put t′ = t in Eq. (15.11)∫

d3z
[ ˆ̄ψ(t, ~z)Γαβψ̂(t, ~z), ψ̂(t, ~x)] = − (Sαβξη + δξηJ

αβ
)
ψ̂ξ(t, ~x) (15.11)

which is evident since equal-time commutators look exactly like commutators at t = 0 so
one can repeat the derivation of Eq. (15.7) at arbitrary t.

Thus, we have proved that with M̂αβ given by Eq. (15.8) the l.h.s. and r.h.s of Eq.
(15.3) coincide for small ωαβ . By expanding both sides of Eq. (15.3) in Taylor series and
using repeatedly the equation

[M̂αβ, ψ̂ξ(x)] = − (Sαβξη + δξηJ
αβ
)
ψ̂ξ(x) (15.12)

one can prove Eq. (15.3) for arbitrary ωαβ .
We have constructed quantum tensor operator M̂αβ (15.8) which is a generator of

arbitrary Lorentz transformations. Spatial components of this tensor govern the rotations
and thus should determine the quantum operator of angular momentum.

Part XV

15.1 Operator of angular momentum in Dirac theory

Define
Ĵi ≡

1

2
εijkM̂

jk = εijk

∫
d3xψ̂†(~x)

(
ixj

∂

∂xk
+

1

4
σjk
)
ψ̂(~x) (15.13)
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Since

εijkσ
jk =

i

2
εijk[γ

j , γk] =
i

2
εijk

(
−[σj , σk] 0

0 −[σj , σk]

)
= 2

(
σi 0
0 σi

)
(15.14)

the operator (15.13) takes the form

Ĵi ≡
1

2
εijkM̂

jk =

∫
d3x ψ̂†(~x)

(
iεijkx

j ∂

∂xk
+

1

2
Σi

)
ψ̂(~x) (15.15)

where
Σi def

=
(
~σi 0
0 ~σi

)
≡
(
σi 0
0 σi

)
(15.16)

We will demonstrate that the first and the second terms in the r.h.s. of the equation (15.15)
are orbital angular momentum and spin operators, respectively:

Ĵi = L̂i + Ŝi

L̂i = i

∫
d3x ψ̂†(~x)εijkx

j ∂

∂xk
ψ̂(~x), Ŝi =

1

2

∫
d3x ψ̂†(~x)Σiψ̂(~x) (15.17)

To identify L̂i with orbital angular momentum we will use analogy with the classical
orbital momentum. In classical mechanics

~L =
∑

~r × ~p →
∫
d3x ~x× ~p(t, ~x) (15.18)

where ~p(t, ~x) is a density of the momentum of classical field. For the Dirac field the mo-
mentum is given by Eq. (14.33)

P i =

∫
d3x T 0i(t, ~x) =

i

4

∫
d3x

[
ψ̄(t, ~x)γ0

↔
∂i ψ(t, ~x) + ψ̄(t, ~x)γi

↔
∂t ψ(t, ~x)

]
= i

∫
d3x ψ̄†(t, ~x)i∂iψ(t, ~x) + total derivatives (15.19)

We see that the density of the momentum is ~p(t, ~x) = ψ̄†(t, ~x)i~∇ψ(t, ~x) so the angular
momentum of classical Dirac field is

~L =

∫
d3x ~x× ψ̄†(t, ~x)i~∇ψ(t, ~x) (15.20)

Now, when we promote Dirac fields to operators ψ(t, ~x)→ ψ̄(~x) we get

~̂
L =

∫
d3x ~x× ˆ̄ψ†(t, ~x)i~∇ψ̂(t, ~x) (15.21)

which coincides with L̂ given by Eq. (15.17).
To demonstrate that the second term in Eq. (15.17) is a spin operator is a bit more

difficult since spin has no analogy in classical mechanics.
We will do it in a different way: consider particle at rest and calculate the average of

the operator ~̂S from Eq. (15.17).
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Dirac particle at rest is given by Eq. (14.40)

|~0, s,−〉 =
√

2mâs†~0 |0〉 (15.22)

The orbital momentum of such particle should be zero:

〈~0, s,−|~̂L|~0, s,−〉 = 2m

∫
d3x 〈0|âs~0ψ̂

†(~x)~x× i~∇ψ̂(~x)âs†~0 |0〉 (15.23)

= −m
∫
d3x
∑
s̃,s′

∫
d−3pd−3p′√
EpEp′

〈0|âs~0
[
v̄(~p, s̃)ei~p~xb̂s̃~p + ū(~p, s̃)e−i~p~xâs̃†~p

]
~x× ~p′

[
u(~p, s)ei~p

′~xâs
′

~p′ − v(~p′, s′)e−i~p
′~xb̂s

′†
~p′

]
âs†~0 |0〉

Let us prove it. First, note that the term ∼ âs
′

~p′ in the second square bracket does not
contribute since {âs′~p′ , â

s†
~0
} ∼ δ(~p′) and we get

〈~0, s,−|~̂L|~0, s,−〉 (15.24)

= m

∫
d3x
∑
s̃,s′

∫
d−3pd−3p′√
EpEp′

〈0|âs~0
[
v̄(~p, s̃)ei~p~xb̂s̃~p + ū(~p, s̃)e−i~p~xâs̃†~p

]
~x× ~p′v(~p′, s′)e−i~p

′~xb̂s
′†
~p′

]
âs†~0 |0〉

Second, by replacing ~x× ~p′ → i~x× ~∇ and integration by parts one obtains

〈~0, s,−|~̂L|~0, s,−〉 (15.25)

= m

∫
d3x
∑
s̃,s′

∫
d−3pd−3p′√
EpEp′

〈0|âs~0
[
v̄(~p, s̃)ei~p~xb̂s̃~p − ū(~p, s̃)e−i~p~xâs̃†~p

]
~x× ~pv(~p′, s′)e−i~p

′~xb̂s
′†
~p′ â

s†
~0
|0〉

Repeating the argument that {âs~0, â
s̃†
~p } ∼ δ(~p) we reduce the r.h.s. of this equation to

〈~0, s,−|~̂L|~0, s,−〉 = m

∫
d3x
∑
s̃,s′

∫
d−3pd−3p′√
EpEp′

ei~p~x−i~p
′~xv̄(~p, s̃)v(~p′, s′)~x× ~p〈0|âs~0b̂

s̃
~pb̂
s′†
~p′ â

s†
~0
|0〉

(15.26)

The last step is to note that b̂s̃~pb̂
s′†
~p′ can be replaced by the anticommutator

{b̂s̃~p, b̂
s′†
~p′ } = δs̃s′(2π)3δ(~p− ~p′) so one gets

〈~0, s,−|~̂L|~0, s,−〉 (15.27)

= m
∑
s′

∫
d3x ~x×

∫
d−3p

Ep
~p v̄(~p, s′)v(~p, s′)〈0|âs~0 â

s†
~0
|0〉 = −m〈~0, s,−|~0, s,−〉

∫
d3x ~x×

∫
d−3p

Ep
~p = 0

since each of the integrals over ~x and over ~p vanishes. Thus, as one may suspect, the orbital
angular momentum of a particle at rest vanishes.

Let us apply now the operator ~̂S to the state |~0, s,−〉. For example, take Ŝz

Ŝz =

∫
d3x ψ̄†(~x)

Σz

2
ψ̂(~x) (15.28)

=
∑
r,r′

∫
d−3p

2Ep

(
u†(~p, r′)âr

′†
~p + v†(−~p, r′)b̂r′−~p

)Σz

2

(
u(~p, r)âr~p + v(−~p, r)b̂r†−~p

)
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We get

〈~0, s,−|Ŝz|~0, s,−〉 = 2m〈0|as~0Ŝza
s†
~0
|0〉 (15.29)

= 2m〈0|as~0[Ŝz, a
s†
~0

]|0〉+ 2m〈0|as~0a
s†
~0
Ŝz|0〉 = 2m〈0|as~0[Ŝz, a

s†
~0

]|0〉+ 2mV〈0|Ŝz|0〉

where V = (2π)3δ(0) is the total volume of space and 〈0|Ŝz|0〉 is the spin of the vacuum. The
factor 2mV = (2π)3δ(0) appears due to our normalization of states 〈p|p′〉 = 2p0(2π)3δ(~p−
~p′) so our one-particle state |p〉 describes actually a plane wave with momentum ~p filling
the whole space. A true one-particle state in a box with side L would be described by the
wavefunction L−3/2e−ipx, see tghe AQM course.

Because vacuum is Lorentz invariant it should have no spin so 〈0|Ŝz|0〉 = 0 14 and we
are left with the first term in the r.h.s. of this equation

〈~0, s,−|Ŝz|~0, s,−〉 = 2m

∫
d3x 〈0|as~0

[
ψ̄†(~x)

Σz

2
ψ̂(~x), as†~0

]
|0〉

= m
∑
r,r′

∫
d−3p

2Ep
〈0|as~0

[(
u†(~p, r′)âr

′†
~p + v†(−~p, r′)b̂r′−~p

)
Σz

(
u(~p, r)âr~p + v(−~p, r)b̂r†−~p

)
, as†~0

]
|0〉

= m
∑
r,r′

∫
d−3p

2Ep
(2π)3δ(~p)δrs〈0|as~0u

†(~p, r′)Σzu(~p, r)âr
′†
~p |0〉

=
∑
r′

u†(~0, r′)
Σz

2
u(~0, s)〈0|as~0â

r′†
~0
|0〉 = Vu†(~0, s)Σz

2
u(~0, s)

As we discussed above, the factor 2mV is due to our plane-wave normalization so the spin
for one Dirac fermion is

sz =
1

2m
u†(~0, s)

Σz

2
u(~0, s) (15.30)

For the Dirac fermion at rest uλ(~0) =
√
m
(
ξλ

ξλ

)
so

sz = (ξλ)†σzξ
λ ⇒ sz =

1

2
for ξ( 1

2
) =

(
1
0

)
and sz = −1

2
for ξ(− 1

2
) =

(
0
1

)
(15.31)

This means our guess (15.28) for Ŝz has correct quantum-mechanical interpretation as a
spin of the particle.

14If one computes the v.e.v. of the operator (15.28) there will be an (infinite) contribution coming from
anticommutator {b̂r

′
−~p, b̂

r†
−~p} = δ(~0). This is related to the problem of ordering of quantum operators at

the same point. When we promote some classical quantities like spin to operators O(x) → Ô(x) we face
a dilemma: classical fields always (anti)commute but quantum operators do not so we sometimes get an
uncertainty proportional to δ(~x− ~x) = δ(0). The way is to avoid it is to define the operator Ô as a normal
product Ô ≡ : Ô : so the v.e.v. of the operator defined in such a way will always vanish.
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Note that for the antifermion
1

2mV
〈~0, s,+|Ŝz|~0, s,+〉 = 2m

∫
d3x 〈0|bs~0

[
ψ̄†(~x)

Σz

2
ψ̂(~x), bs†~0

]
|0〉

=
1

2V
∑
r,r′

∫
d−3p

2Ep
〈0|bs~0

[(
u†(~p, r′)âr

′†
~p + v†(−~p, r′)b̂r′−~p

)
Σz

(
u(~p, r)âr~p + v(−~p, r)b̂r†−~p

)
, bs†~0

]
|0〉

= − 1

2V
∑
r,r′

∫
d−3p

2Ep
(2π)3δ(~p)δr′s〈0|v†(−~p, r′)Σzv(−~p, r)bs~0b̂

r†
−~p|0〉

= − 1

4mV
∑
r

v†(~0, s)
Σz

2
v(~0, r)〈0|bs~0b̂

r†
~0
|0〉 = − 1

2m
v†(~0, s)

Σz

2
v(~0, s)

From Eq. (25.13) we get

v( 1
2

)(p) =
√
m

 0
−1
0
1

 , v(− 1
2

)(p) =
√
m

 1
0
−1
0

 (15.32)

⇒ v( 1
2

)†(~0)
Σz

2
v( 1

2
)(~0) = −m, v(− 1

2
)†(~0)

Σz

2
v(− 1

2
)(~0) = m (15.33)

and therefore
1

2mV
〈~0, 1

2
,+|Ŝz|~0,

1

2
,+〉 =

1

2
,

1

2mV
〈~0,−1

2
,+|Ŝz|~0,−

1

2
,+〉 = − 1

2
, (15.34)

which is a self-consistency check for our formulas (25.13) for antifermion spinors, i.e. that
unlike the fermion case, the spin 1

2 up corresponds to non-relativistic spinor
( 0

1
)
and spin

−1
2 to spinor

( 1
0
)
.

15.2 Charge operator

From Dirac equations (13.20) it is easy to see that

∂µĵµ(x) = ∂µ
( ˆ̄ψ(x)γµψ̂(x)

)
=
(
∂µ ˆ̄ψ(x)

)
γµψ̂(x) + ˆ̄ψ(x)γµ∂

µψ̂(x) = 0 (15.35)

so the operator

Q̂(t) ≡ eel

∫
d3x ψ̂†(t, ~x)ψ̂(t, ~x) (15.36)

is conserved: d
dtQ̂(t) = 0 (here eel is the negative electron charge). Indeed,

1

eel

d

dt
Q̂(t) =

∫
d3x

∂

∂t
ψ̂†(t, ~x)ψ̂(t, ~x) =

∫
d3x

[
∂µ

ˆ̄ψ(t, ~x)γµψ̂(t, ~x)−~∇· ˆ̄ψ(t, ~x)~γψ̂(t, ~x)
]

= 0

(15.37)
where the first term vanishes due to Eq. (15.35) and second after integration by parts. In
terms of ladder operators

Q̂ = eel

∫
d3x

∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

[
v†(~p, s)ei~p~xb̂s~p + u†(~p, s)e−i~p~xâs†~p

][
u(~p′, s′)ei~p

′~xâs~p + v(~p′, s′)e−i~p
′~xb̂s

′†
~p

]
= eel

∑
s,s′

∫
d−3p

2Ep

[
v†(~p, s)u(−~p, s′)b̂s~pâ

s
−~p + u†(~p, s)u(~p, s′)âs†~p â

s′

~p + v†(~p, s)v(~p, s′)b̂s~pb̂
s′†
~p + u†(~p, s)v(−~p, s′)âs†~p b̂

s′†
−~p
]

= eel

∑
s

∫
d−3p

(
âs†~p â

s
~p + b̂s~pb̂

s†
~p

)
(15.38)
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where we used formulas (13.59) and (13.61). Discarding the infinite constant∼
∫
d−3p{b̂s~p, b̂

s†
~p }

to avoid vacuum charge (see the footnote at page 105), we obtain the charge operator in
the form

Q̂ = eel

∑
s

∫
d−3p

(
âs†~p â

s
~p − b̂

s†
~p b̂

s
~p

)
(15.39)

It is clear that the charge of state |p, s,−〉 is eel and the charge of state |p, s,+〉 is −eel

Q̂|p, s,−〉 =
√

2Ep[Q̂, a
s†
~p ]|0〉 = eel

√
2Epa

s†
~p |0〉 = eel|p, s,−〉

Q̂|p, s,+〉 =
√

2Ep[Q̂, b
s†
~p ]|0〉 = − eel

√
2Epb

s†
~p |0〉 = − eel|p, s,+〉 (15.40)

16 Dirac propagator and Wick’s theorem for fermions

16.1 Feynman propagator of Dirac particle

T-product of fermionic operators is defined with respect to their anticommuting properties

T{ψ̂ξ(x) ˆ̄ψη(y)} ≡ θ(x0 − y0)ψ̂ξ(x) ˆ̄ψη(y)− θ(y0 − x0) ˆ̄ψη(y)ψ̂ξ(x)

T{ψ̂ξ(x)ψ̂η(y)} ≡ θ(x0 − y0)ψ̂ξ(x)ψ̂η(y)− θ(y0 − x0)ψ̂η(y)ψ̂ξ(x)

T{ ˆ̄ψξ(x) ˆ̄ψη(y)} ≡ θ(x0 − y0) ˆ̄ψξ(x) ˆ̄ψη(y)− θ(y0 − x0) ˆ̄ψη(y) ˆ̄ψξ(x) (16.1)

From Eq. (14.21) it is clear that

〈0|T{ψ̂ξ(x)ψ̂η(y)}|0〉 = 〈0|T{ ˆ̄ψξ(x) ˆ̄ψη(y)}|0〉 = 0 (16.2)

and 〈0|T{ψ̂ξ(x) ˆ̄ψη(y)}|0〉 represents the Feynman propagator of a Dirac fermion

SFξη(x− y) ≡ 〈0|T{ψ̂ξ(x) ˆ̄ψη(y)}|0〉 =

∫
d−4p

i

m+ 6p
m2 − p2 − iε

e−ip(x−y) (16.3)
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Let us prove this formula

〈0|T{ψ̂ξ(x) ˆ̄ψη(y)}|0〉 ≡ θ(x0 − y0)〈0|ψ̂ξ(x) ˆ̄ψη(y)|0〉 − θ(y0 − x0)〈0| ˆ̄ψη(y)ψ̂ξ(x)|0〉 (16.4)

= θ(x0 − y0)
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

〈0|
[
uξ(~p, s)e

−ipxâs~p + vξ(~p, s)e
ipx 6̂bs†~p

][
v̄η(~p

′, s′)e−ip
′y 6̂bs′~p′ + ūη(~p

′, s′)eip
′yâs

′†
~p′

]
|0〉

− θ(y0 − x0)
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

〈0|
[
v̄η(~p

′, s′)e−ip
′y b̂s

′

~p′ + ūη(~p
′, s′)eip

′y 6̂as
′†
~p′

][
uξ(~p, s)e

−ipx 6̂as~p + vξ(~p, s)e
ipxb̂s†~p

]
|0〉

= θ(x0 − y0)
∑
s,s′

∫
d−3pd−3p′

2
√
EpEp′

uξ(~p, s)ūη(~p
′, s′)e−ipx+ip′y〈0|âs~pâ

s′†
~p′ |0〉

− θ(y0 − x0)
∑
s,s′

∫
d−3p

2
√
EpEp′

eipx−ip
′yvξ(~p, s)v̄η(~p

′, s′)〈0|b̂s′~p′ b̂
s†
~p |0〉

= θ(x0 − y0)
∑
s

∫
d−3p

2Ep
uξ(~p, s)ūη(~p, s)e

−ipx+ipy − θ(y0 − x0)
∑
s

∫
d−3p

2Ep
eipx−ipyvξ(~p, s)v̄η(~p

′, s′)

=

∫
d−3p

2Ep

[
θ(x0 − y0)(6p+m)ξηe

−ip(x−y) − θ(y0 − x0)(6p−m)ξηe
ip(x−y)

]
=

∫
d−3p

2Ep

[
θ(x0 − y0)(m+ Epγ0 − ~p · ~γ)ξηe

−iEp(x−y)0+i~p(~x−~y) + θ(y0 − x0)(m− Epγ0 + ~p · ~γ)ξηe
iEp(x−y)0−i~p(~x−~y)

]
=

∫
d−3p

2Ep

[
θ(x0 − y0)(m+ Epγ0 − ~p · ~γ)ξηe

−iEp(x−y)0+i~p(~x−~y) + θ(y0 − x0)(m− Epγ0 − ~p · ~γ)ξηe
iEp(x−y)0+i~p(~x−~y)

]
= θ(x0 − y0)

∫
d−3p

2Ep
(m+ p0γ0 − ~p · ~γ)ξηe

−ip0(x−y)0+i~p(~x−~y)
∣∣∣
p0=Ep

+ θ(y0 − x0)

∫
d−3p

2Ep
(m+ p0γ0 − ~p · ~γ)ξηe

−ip0(x−y)0+i~p(~x−~y)
∣∣∣
p0=−Ep

= θ(x0 − y0)

∫
d−3p

2Ep
(m+ 6p)ξηe−ip(x−y)

∣∣∣
p0=Ep

+ θ(y0 − x0)

∫
d−3p

2Ep
(m+ 6p)ξηe−ip(x−y)

∣∣∣
p0=−Ep

=

∫
d−4p

i

m+ 6p
m2 − p2 − iε

e−ip(x−y) (16.5)

16.1.1 Wick’s theorem for Dirac fermions

The T-product for fermion operators is defined in the same way as for boson operators
(operators are arranged according to their times) but with the factor (-1) for any exchange
of fermion operators. For example

T{ψ̂(x) ˆ̄ψ(y)ψ̂(z)} (16.6)

= θ(x0 > y0 > z0)ψ̂(x) ˆ̄ψ(y)ψ̂(z)− θ(y0 > x0 > z0) ˆ̄ψ(y)ψ̂(x)ψ̂(z) + θ(y0 > z0 > x0) ˆ̄ψ(y)ψ̂(z)ψ̂(x)

−θ(x0 > z0 > y0)ψ̂(x)ψ̂(z) ˆ̄ψ(y) + θ(z0 > x0 > y0)ψ̂(z)ψ̂(x) ˆ̄ψ(y)− θ(z0 > y0 > x0)ψ̂(z) ˆ̄ψ(y)ψ̂(x)

Normal product for fermions: the recipe is again “same way as for boson operators plus (-1)
for any exchanged fermion operators”.
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Examples:

: â~pâ~p′ â
†
~q : = (−1)2â†~qâ~pâ~p′ = â†~qâ~pâ~p′ (= −â†~qâ~p′ â~p) (16.7)

: â~pâ~p′ â
†
~qâ
†
~q′ : = : â†~qâ~pâ~p′ â

†
~q′ : = : â†~qâ

†
~q′ â~pâ~p′ : = â†~qâ

†
~q′ â~pâ~p′ (= −â†~q′ â

†
~qâ~p′ â~p) etc

: â~pâ~p′ â
†
~qâ~p′′ â

†
~q′ : = : â†~qâ~pâ~p′ â~p′′ â

†
~q′ : = − : â†~qâ

†
~q′ â~pâ~p′ â~p′′ : = − â†~qâ

†
~q′ â~pâ~p′ â~p′′

Contractions of fermion operators

̂̂
ψ(x) ˆ̄ψ(y) ≡ T{ψ̂(x) ˆ̄ψ(y)} − : ψ̂(x) ˆ̄ψ(y) :,

̂̄̂
ψ(y)ψ̂(x) = − ̂̂

ψ(x) ˆ̄ψ(y) (16.8)

Taking v.e.v. of this equation we get

̂̂
ψ(x) ˆ̄ψ(y) ≡ 〈0|T{ψ̂(x) ˆ̄ψ(y)}|0〉 = SF (x− y), (16.9)

There is no contraction of two ψ̂’s or two ˆ̄ψ’s because by definition
̂̂
ψ(x) ˆ̄ψ(y) = T{ψ̂(x)ψ̂(y)} − :

ψ̂(x) ˆ̄ψ(y) : and

̂̂
ψ(x) ˆ̄ψ(y) = 〈0|T{ψ̂(x)ψ̂(y)} − : ψ̂(x) ˆ̄ψ(y) : |0〉 = 〈0|T{ψ̂(x)ψ̂(y)}|0〉 = 0(16.10)

due to Eq. (16.2). Similarly,
̂̄̂
ψ(x) ˆ̄ψ(y) = 0. Due to these properties, it is convenient

to depict a contraction by a line with an arrow, same as in complex KG case Because of

yx<0|T{  (x)    (y)}|0>     =

Figure 16. Feynman propagator for complex KG field

the sign rule, it is convenient before replacing ...ψ̄(x).... ˆ̄ψ(y)... with a contraction to make
several jumps to put these operators in a nearby position ...ψ̄(x) ˆ̄ψ(y)..., for example

:
̂

ψ̂(x)ψ̂(y) ˆ̄ψ(z) : = − :
̂̂
ψ(x) ˆ̄ψ(z)ψ̂(y) : = − SF (x− y)ψ̂(y) (16.11)

Finally, Wick’s theorem for fermions is the same as for the bosons:

T{ψ̂(x1)ψ̂(x2) ˆ̄ψ(x3)ψ̂(x4) ˆ̄ψ(x5)....ψ̂(xn)}
= : ψ̂(x1)ψ̂(x2) ˆ̄ψ(x3)ψ̂(x4) ˆ̄ψ(x5)....ψ̂(xn) : + all possible contractions (16.12)

NB: when replacing contractions ...
̂

ψ̂(xi)....
ˆ̄ψ(xk)... by ...SF (xi − xk)... do not forget to

make necessary permutations to put the operators ψ̂(xi) and ˆ̄ψ(xk) in adjacent positions

...
̂̂
ψ(xi)

ˆ̄ψ(xk)...!
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Part XVI

17 Yukawa theory

The Yukawa theory is a theory of interacting Dirac and (real) KG fields with the Lagrangian

L =
1

2
∂µφ∂

µφ− M2

2
φ2 + ψ̄

(
iγµ∂µ −m

)
ψ(x)− gφψ̄ψ (17.1)

where the first two terms in the r.h.s. are the free KG Lagrangian (3.2), the third term
is a Dirac Lagrangian (13.37) and the third term is an interaction Lagrangian describing
the would-be fermion-fermion-scalar vertex with the coupling constant ∼ g (as usual ψ̄ψ ≡
ψ̄ξψξ).

Quantization: similar to self-interacting scalar theory

Ĥ = Ĥ0 + Ĥint, Ĥ0 = ĤKG + ĤD, Ĥint = g

∫
d3x φ̂(~x) ˆ̄ψ(~x)ψ̂(~x) (17.2)

Interaction representation:

φ̂I(z) = eiĤ0tφ̂(~z)e−iĤ0t = eiĤKGtφ̂(~z)e−iĤKGt

ψ̂I(z) = eiĤ0tψ̂(~z)e−iĤ0t = eiĤDtψ̂(~z)e−iĤDt

ˆ̄ψI(z) = eiĤ0t ˆ̄ψ(~z)e−iĤ0t = eiĤDt ˆ̄ψ(~z)e−iĤDt (17.3)

From Eqs. (6.11) and (14.21) we get

φ̂I(x) = eiĤtψ̂(~x)e−iĤt =

∫
d−3p√
2Ep

[
e−ipxâ~p + eipxâ†~p

]∣∣∣∣∣
p0=Ep=

√
M2+~p2

(17.4)

ψ̂I(x) = eiĤtψ̂(~x)e−iĤt =
∑
s

∫
d−3p√
2Ep

[
u(~p, s)e−ipxâs~p + v(~p, s)eipxb̂s†~p

]∣∣∣∣∣
p0=Ep=

√
m2+~p2

ˆ̄ψI(~x) = eiĤt ˆ̄ψ(~x)e−iĤt =
∑
s

∫
d−3p√
2Ep

[
v̄(~p, s)e−ipxb̂s~p + ū(~p, s)eipxâs†~p

]∣∣∣∣∣
p0=Ep=

√
m2+~p2

Similarly to the KG case (see Eq. (9.69 and (11.56)) we have an interaction representation
formula for Green functions

〈Ω|T{ψ̂(x1) ˆ̄ψ(x2) ˆ̄ψ(x3)....ψ̂(xm)φ̂(y1)...φ̂(yn)}|Ω〉 (17.5)

=
〈0|T{ψ̂I(x1) ˆ̄ψI(x2) ˆ̄ψI(x3)....ψ̂I(xm)φ̂I(y1)...φ̂I(yn)e−ig

∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|0〉

〈0|T{e−ig
∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|0〉

where |Ω〉 is the “true vacuum” of the interacting theory (lowest-energy eigenstate of the
Hamiltonian Ĥ (17.2)) and |0〉 is the “perturbative vacuum” (direct product of KG and
Dirac perturbative vacuums |0〉KG|0〉D).

This formula is prepared for perturbative calculations: one should expand the ex-
ponentials in the r.h.s. in powers of g

∫
d4zφ̂(z) ˆ̄ψ(z)ψ̂(z) and go ahead using the ladder

representations (17.4) of operators φ̂, ψ̂ and ˆ̄ψ. Because

a~p|0〉 = as~p|0〉 = bs~p|0〉 = 0 and 〈0|a†~p = 〈0|as†~p = 〈0|bs†~p = 0 (17.6)
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one should push all creation operators to the left and annihilation ones to the right using
(anti)commutators

[â~p, â
†
~p′ ] = (2π)3δ(~p− ~p′) (17.7)

{âs~p, â
s′†
~p′ } = {b̂s~p, b̂

s′†
~p′ } = (2π)3δ(~p− ~p′)

As we discussed above, the result of this operations is given by Wick’s theorem: v.e.v. of
T-product of operators in the interaction representation is given by a sum of all possible
contractions with each contraction being either KG propagator (6.43) or the DIrac one
(16.3). As a result, one gets a set of connected Feynman diagrams (the vacuum bubbles are
canceled between the numerator and the denominator in Eq. (17.5) as discussed in Sect.
9.3).

For calculation of cross sections we need LSZ theorem. It reads (up to renormalization
Z-factors to be discussed later)

...

1
(m)

q
1
q’
1

p
1
p’
1

k
1
(m’’)

q
1
(m’)

k’
1

k
1

y(m’)1

z (m’’)1 z (n’’)2

2z
y(n’)2

p
2
p’
2

q
2

p
2
(n)

q’
2

q
2
(n’)

k
2
k’
2

k
2
(n’’)

1z

1y 2y
x(n)2x(m)1

1x 2x...
...

...

...
...

p

Figure 17. LSZ theorem for Yukawa theory

out〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(n)
2 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 |p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 〉in

= lim
k
(k)2
1 →M2

lim
k
(n)2
2 →M2

lim
p
(i)2
1 →m2

lim
p
(l)2
2 →m2

lim
q
(j)2
1 →m2

lim
q
(m)2
2 →m2

∫ m∏
i=1

dx
(i)
1

m′∏
j=1

dy
(j)
1

m′′∏
k=1

dz
(k)
1

l∏
i=1

dx
(l)
2

n′∏
m=1

dy
(m)
2

n′′∏
n=1

dz
(n)
1

× exp
{
− i

m∑
i=1

p
(i)
1 x

(i)
1 − i

m′∑
j=1

q
(j)
1 y

(j)
1 − i

m′′∑
k=1

k
(k)
1 z

(k)
1 + i

n∑
l=1

p
(l)
2 x

(l)
2 + i

n′∑
m=1

q
(m)
2 y

(m)
2 + i

n′′∑
n=1

k
(n)
2 z

(n)
2

}

× im+n−m′−n′+m′′+n′′〈Ω|T{
n∏
l=1

ūξ(p
(l)
2 , s

(l)
2 )(m− 6p(l)

2 )ξηψ̂η(x
(l)
2 )

n′∏
m=1

ˆ̄ψω(y
(m)
2 )(m+ 6q(m)

2 )ωχvχ(q
(m)
2 , r

(m)
2 )

n′′∏
n=1

(M2 − k(n)2
2 )φ̂(z

(n)
2 )

×
m∏
l=1

ˆ̄ψλ(x
(i)
1 )(m− 6p(l)

1 )λρuρ(p
(i)
1 , r

(i)
1 )

m′∏
j=1

v̄ζ(q
(j)
1 , r

(j)
1 )(m+ 6q(j)

1 )ζσψ̂σ(y
(j)
1 )

m′′∏
k=1

(M2 − k(k)2
1 )φ̂(z

(k)
1 )}|Ω〉 (17.8)

Proof: similar to Sect. 8.2 (see textbook by Bjorken & Drell)

– 112 –



As usual, Eq. (17.8) means that the matrix element of S-matrix is an amputated Green
function (in the momentum space ) on the mass shell.
⇒
Result: matrix element of the transition matrixM is an amputated reduced Green function
on the mass shell multiplied by ū(p, s) for each outgoing fermion, u(p, s) for each incoming
fermion, v(p, s) for each outgoing antifermion, and v̄(p, s) for each incoming antifermion

LSZ ⇔ Peskin’s mnemonic rule

out〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 |p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 〉in

= 〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 |

× T{e−ig
∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 〉connected (17.9)

where

|p1, s1; p′1, s
′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 〉 =

m∏
i=1

√
2E

(i)
p

m′∏
j=1

√
2E

(j)
q

m′′∏
k=1

√
2E

(i)
k â

s
(i)
1 †
~p
(i)
1

b
r
(j)
1 †
~q
(j)
1

â†
~k
(k)
1

|0〉,

〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 | =

n∏
l=1

√
2E

(l)
p

n′∏
m=1

√
2E

(m)
q

n′′∏
n=1

√
2E

(n)
k 〈0|âs

(l)
2

~p
(l)
2

b
r
(m)
2

~q
(m)
2

â~k(n)2

(17.10)

are the states in the interaction representation.
As an example, consider fermion-fermion scattering in the lowest order in perturbation

theory

1
p’
2

p
2

p
1

p’

Figure 18. Fermion-fermion scattering in Yukawa theory

S(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2)

= 〈p2, s2; p′2, s
′
2|T{e−ig

∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|p1, s1; p′1, s

′
1〉connected

= 4
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

T{e−ig
∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}âs1~p1 â

s′1
~p′1
|0〉 (17.11)

First-order term of the expansion in powers of g vanishes

−4ig
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

∫
d4zφ̂I(z)

ˆ̄ψI(z)ψ̂I(z)â
s1†
~p1
â
s′1†
~p′1
|0〉 (17.12)

= 4
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

∫
d4z

∫
d−3p√
2Ep

[
e−ipxâ~p + eipxâ†~p

] ˆ̄ψI(z)ψ̂I(z)â
s1†
~p1
â
s′1†
~p′1
|0〉 = 0
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since boson operators a and a† commute with all fermion operators so the first nontrivial
term of the expansion of r.h.s of Eq. (17.11) is the second-order term

−2g2
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

∫
d4zd4z′T{φ̂I(z) ˆ̄ψI(z)ψ̂I(z)φ̂I(z

′) ˆ̄ψI(z
′)ψ̂I(z

′)}âs1†~p1 â
s′1†
~p′1
|0〉 (17.13)

= − 2g2
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

∫
d4zd4z′

(
: φ̂I(z)

ˆ̄ψI(z)ψ̂I(z)φ̂I(z
′) ˆ̄ψI(z

′)ψ̂I(z
′) : +contractions

)
âs1~p1†â

s′1†
~p′1
|0〉

= − 2g2
√
Ep1Ep′1Ep2Ep′2〈0|â

s2
~p2
â
s′2
~p′2

∫
d4zd4z′ ˆ̂φI(z)φ̂I(z

′) : ˆ̄ψI(z)ψ̂I(z)
ˆ̄ψI(z

′)ψ̂I(z
′) : âs1†~p1 â

s′1†
~p′1
|0〉

= − 2g2DF (z − z′)
√
Ep1Ep′1Ep2Ep′2

∫
d4zd4z′〈0|âs2~p2 â

s′2
~p′2

: ˆ̄ψI(z)ψ̂I(z)
ˆ̄ψI(z

′)ψ̂I(z
′) : âs1†~p1 â

s′1†
~p′1
|0〉

= 4g2DF (z − z′)
√
Ep1Ep′1Ep2Ep′2

∫
d4zd4z′〈0|âs

′
2

~p′2

̂
âs2~p2 : ˆ̄ψIξ(z)

ˆ̄ψIη(z
′)ψ̂Iη(z

′)
̂

ψ̂Iξ(z) : âs1†~p1 â
s′1†
~p′1
|0〉

+ 4g2DF (z − z′)
√
Ep1Ep′1Ep2Ep′2

∫
d4zd4z′〈0|âs

′
2

~p′2

̂
âs2~p2 : ˆ̄ψIξ(z)ψ̂Iξ(z)

ˆ̄ψIη(z
′)

̂
ψ̂Iη(z′) : âs1†~p1 â

s′1†
~p′1
|0〉

Now we use

ˆ̂as2~p2
ˆ̄ψIξ(z)

def≡ {âs2~p2 ,
ˆ̄ψIξ(z)} =

∑
s

∫
d−3p√
2Ep
{âs2~p2 ,

[
v̄ξ(~p, s)e

−ipz′ b̂s~p + ūξ(~p, s)e
ipzâs†~p

]
} =

eip2z√
2Ep2

ūξ(~p2, s2)

̂
ψ̂Iη(z′)â

s1†
~p1

def≡ {ψ̂Iη(z′), âs1†~p1 } =
∑
s

∫
d−3p√
2Ep
{
[
uη(~p, s)e

−ipz′ âs~p + vη(~p, s)e
ipz′ b̂s†~p

]
, âs1†~p1 } =

e−ip1z
′√

2Ep1
uη(~p1, s1),

(17.14)

and get

= 2g2
√
Ep′1Ep′2 ūξ(~p2, s2)uξ(~p1, s1)

∫
d4zd4z′ DF (z − z′)eip2z−ip1z〈0|âs

′
2

~p′2
: ˆ̄ψIη(z

′)ψ̂Iη(z
′) : â

s′1†
~p′1
|0〉 (17.15)

+ 2g2
√
Ep′1Ep′2 ūξ(~p2, s2)uη(~p1, s1)

∫
d4zd4z′ DF (z − z′)eip2z−ip1z′〈0|âs

′
2

~p′2
: ψ̂Iξ(z)

ˆ̄ψIη(z
′) : â

s′1†
~p′1
|0〉

= 2g2
√
Ep′1Ep′2 ūξ(~p2, s2)uξ(~p1, s1)

∫
d4zd4z′ DF (z − z′)ei(p2−p1)z ̂âs

′
2

~p′2

ˆ̄ψIη(z
′)

̂
ψ̂Iη(z′)â

s′1†
~p′1

−2g2ūξ(~p2, s2)uη(~p1, s1)
√
Ep′1Ep′2

∫
d4zd4z′ DF (z − z′)eip2z−ip1z′ ̂

â
s′2
~p′2

ˆ̄ψIη(z′)
̂

ψ̂Iξ(z)â
s′1†
~p′1

= g2ūξ(~p2, s2)uξ(~p1, s1)

∫
d4zd4z′ DF (z − z′)ei(p2−p1)z+i(p′2−p′1)z′ ūη(~p

′
2, s
′
2)uη(~p

′
1, s
′
1)

− g2ūξ(~p2, s2)uη(~p1, s1)

∫
d4zd4z′ DF (z − z′)ei(p2−p′1)z−i(p1−p′2)z′ ūη(~p

′
2, s
′
2)uξ(~p

′
1, s
′
1)

= g2ūξ(~p2, s2)uξ(~p1, s1)ūη(~p
′
2, s
′
2)uη(~p

′
1, s
′
1)

∫
d−4p

i

e−ip(z−z
′)

M2 − p2 − iε
ei(p2−p1)z+i(p′2−p′1)z′

− g2ūξ(~p2, s2)uξ(~p
′
1, s
′
1)ūη(~p

′
2, s
′
2)uη(~p1, s1)

∫
d4zd4z′

∫
d−4p

i

e−ip(z−z
′)

M2 − p2 − iε
ei(p2−p

′
1)z−i(p1−p′2)z′

= − ig2(2π)4δ(p1 + p′1 − p2 − p′2)
[ ūξ(~p2, s2)uξ(~p1, s1)ūη(~p

′
2, s
′
2)uη(~p

′
1, s
′
1)

M2 − (p1 − p2)2 − iε
−
ūξ(~p2, s2)uξ(~p

′
1, s
′
1)ūη(~p

′
2, s
′
2)uη(~p1, s1)

M2 − (p1 − p′2)2 − iε

]
so we got two diagrams shown in Fig. 19
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Figure 19. Fermion-fermion scattering in Yukawa theory in the leading order in g2. Scalar boson
is depicted by a dashed line

NB: Note the relative sign (-) between two amplitudes! (the absolute sign is not im-
portant).

This was the matrix element of the S-matrix, so

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) (17.16)

= − g2
[ ūξ(~p2, s2)uξ(~p1, s1)ūη(~p

′
2, s
′
2)uη(~p

′
1, s
′
1)

M2 − t− iε
−
ūξ(~p2, s2)uξ(~p

′
1, s
′
1)ūη(~p

′
2, s
′
2)uη(~p1, s1)

M2 − u− iε

]
which is amputated reduced Green function on the mass shell multiplied by spinors ū(~p2, s2),
ū(~p′2, s

′
2) u(~p1, s1) and u(~p′1, s

′
1) in accordance with the general rule on p. 111. Hereafter

we will use Mandelstam variables for 2→ 2 particle scattering:

s ≡ (p1 +p′1)2 = (p2 +p′2)2, t = (p1−p2)2 = (p′1−p′2)2, u = (p1−p′2)2 = (p′1−p2)2

(17.17)
Note that s+ t+ u = 4m2 (for particles with different masses s+ t+ u =

∑4
1m

2).

18 Set of Feynman rules for Yukawa theory

Lagrangian (density) of Yukawa theory

L(x) =
1

2
∂µφ(x)∂µφ(x)− M2

2
φ2(x) + ψ̄(x)

(
iγµ∂µ −m

)
ψ(x)− gφ(x)ψ̄(x)ψ(x) (18.1)

Green functions in the momentum space are defined as 15

G
(
p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 → p2, s2; p′2, s

′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2

)
=

∫ m∏
i=1

dx
(i)
1

m′∏
j=1

dy
(j)
1

m′′∏
k=1

dz
(k)
1

l∏
i=1

dx
(l)
2

n′∏
m=1

dy
(m)
2

n′′∏
n=1

dz
(n)
1 G

(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
× exp

{
− i

m∑
i=1

p
(i)
1 x

(i)
1 − i

m′∑
j=1

q
(j)
1 y

(j)
1 − i

m′′∑
k=1

k
(k)
1 z

(k)
1 + i

n∑
l=1

p
(l)
2 x

(l)
2 + i

n′∑
m=1

q
(m)
2 y

(m)
2 + i

n′′∑
n=1

k
(n)
2 z

(n)
2

}
(18.2)

15Here label “1” denotes the incoming momenta, label “2” the outgoing ones, and an arrow separates
those two sets of momenta. This is again an unconventional notation (usually G(p1, ...pn) is defined with all
momenta either incoming or outgoing) but I find this notation very convenient for subsequent calculation
of matrix elements ofM -matrix.
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where G
(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
is a Green func-

tion in the coordinate space given by Eq. (17.5)

G
(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
(18.3)

= 〈Ω|T{
n∏
l=1

ψ̂(x
(l)
2 )

n′∏
m=1

ˆ̄ψ(y
(m)
2 )

n′′∏
n=1

φ̂(z
(n)
2 )

m∏
l=1

ˆ̄ψ(x
(i)
1 )

m′∏
j=1

ψ̂(y
(j)
1 )

m′′∏
k=1

φ̂(z
(k)
1 )}|Ω〉

=
〈0|T{

∏n
l=1 ψ̂I(x

(l)
2 )
∏n′

m=1
ˆ̄ψI(y

(m)
2 )

∏n′′

n=1 φ̂I(z
(n)
2 )

∏m
l=1

ˆ̄ψI(x
(i)
1 )
∏m′

j=1 ψ̂I(y
(j)
1 )

∏m′′

k=1 φ̂I(z
(k)
1 )}e−ig

∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|0〉

〈0|T{e−ig
∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|0〉

3pp1

1 2
p  = p p 

3

= ig

4
k

k
d  p4

(2   )  

2 2m  p  i

2p
=

p
=2.   Dirac fermion propagator 

3.   Vertex

(Arrow on the fermion line in the direction of the flow of negative charge)

M  p  i21.  Scalar boson  propagator 

Feynman rules for Green functions in Yukawa theory

i

k4.    Integrate over all momenta p  of internal lines

/

5.    Extra factor ( 1) for each fermion loop

6.    Negative relative sign between  two amplitudes obtained by permutation

7.    No symmetry factors in this theory

i(m + p)

of identical external lines corresponding to fermions

4(2   )  1
(p  p  p ) 2

2
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The reduced Green function is defined as (cf. Eq. (9.73))

G(p1, s1; p′1, s
′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 → p2, s2; p′2, s

′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 )

= (−i)m+m′+m′′+n+n′+n′′−1(2π)4δ
(∑

p
(i)
1 +

∑
q

(i)
1 +

∑
k

(i)
1

)
(18.4)

× G(p1, s1; p′1, s
′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, ...k

(m′′)
1 → p2, s2; p′2, s

′
2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, ...k

(n′′)
2 )

of identical external lines corresponding to fermions

pp1

1 2
p  = p p 

3

= g

4(2   )  i
k

k
d  p4

4.    Integrate over boson loop momenta p
k

4(2   )  i
k

k
d  p4

( 1)5.    Integrate over fermion loop momenta p
k

2 2m  p  i

2
1

m + p/

p
=

p
=2.   Dirac fermion propagator 

3.   Vertex

Feynman rules for reduced Green functions for Yukawa theory

(Extra factor 1 for each fermion loop)

(Arrow on the fermion line in the direction of the flow of negative charge)

M  p  i21.  Scalar boson  propagator 

6.    Negative relative sign between  two amplitudes obtained by permutation

7.    No symmetry factors in this theory

2

Matrix element of M-matrix is a reduced amputated Green function on a mass shell
multiplied by:
8. ū(p, s) for each outgoing fermion, u(p, s) for each incoming fermion, v(p, s)

for each outgoing antifermion, and v̄(p, s) for each incoming antifermion.
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18.0.2 Extra (-1) for fermion loop

Consider an example of two-point scalar Green function in the second order in perturbation
theory for example

p

4

z1
x1

x2

q1
q2

z2

q  p1

z

G(q1 → q2) =

∫
d4x1d

4x2 e
−iq1x1+iq2x2〈Ω|T{φ̂(x1)φ̂(x2)}|Ω〉

=

∫
d4x1d

4x2 e
−iq1x1+iq2x2 〈0|T{φ̂I(x1)φ̂I(x2)e−ig

∫
d4zφ̂I(z) ˆ̄ψI(z)ψ̂I(z)}|0〉

〈0|T{e−ig
∫
d4zφ̂(z) ˆ̄ψ(z)ψ̂(z)}|0〉

= − g2

2

∫
d4x1d

4x2 e
−iq1x1+iq2x2

∫
d4z1d

4z2〈0|T{φ̂I(x1)φ̂I(x2)φ̂I(z1)φ̂I(z2) ˆ̄ψIξ(z1)ψ̂Iξ(z1) ˆ̄ψIη(z2)ψ̂Iη(z2)}|0〉

= − g2

∫
d4x1d

4x2 e
−iq1x1+iq2x2

∫
d4z1d

4z2
̂φ̂I(x1)φ̂I(z1) ̂φ̂I(z2)φ̂I(x2)(−1)

̂
ψ̂Iη(z2) ˆ̄ψIξ(z1)

̂
ψ̂Iξ(z1) ˆ̄ψIη(z2)

= − g2

∫
d4x1d

4x2 e
−iq1x1+iq2x2

∫
d4z1d

4z2

∫
d−4k2

i

e−ik2(x2−z2)

M2 − k2
2 − iε

∫
d−4k1

i

e−ik1(z1−x1)

M2 − k2
1 − iε

× (−1)

∫
d−4p

i

e−ip(z1−z2)

m2 − p2 − iε
(m+ 6p)ηξ

∫
d−4p′

i

e−ip
′(z2−z1)

m2 − p′2 − iε
(m+ 6p′)ξη

= − g2 (2π)4δ(q1 − q2)

(M2 − q2
1 − iε)2

(−1)

∫
d−4p

tr(m+ 6p)(m+ 6p− 6q1)

(m2 − p2 − iε)[m2 − (q1 − p)2 − iε]
(18.5)

By definition (9.73), the reduced Green function is Eq. (18.5) without the factor (−i)(2π)4δ(q1−
q2) so we obtain

G(q) =
g2

(M2 − q2
1 − iε)2

(−1)

∫
d−4p

i

tr(m+ 6p)(m+ 6p− 6q1)

(m2 − p2 − iε)[m2 − (q1 − p)2 − iε]
(18.6)

in accordance with Feynman rules for reduced Green functions in the previous page.
The extra (-1) is a general factor for any fermion loop coming from the fact that one

always needs one extra permutation to replace all ψ̂’s and ˆ̄ψ’s by contractions, for example

4z1

z2 z3

z
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〈0|T{ ˆ̄ψξ(z1)ψ̂ξ(z1) ˆ̄ψη(z2)ψ̂η(z2) ˆ̄ψζ(z3)ψ̂ζ(z3) ˆ̄ψχ(z4)ψ̂χ(z4)}|0〉

= − 〈0|T{ψ̂χ(z4) ˆ̄ψξ(z1)ψ̂ξ(z1) ˆ̄ψη(z2)ψ̂η(z2) ˆ̄ψζ(z3)ψ̂ζ(z3) ˆ̄ψχ(z4)}|0〉

= − ̂
ψ̂χ(z4) ˆ̄ψξ(z1)

̂
ψ̂ξ(z1) ˆ̄ψη(z2)

̂
ψ̂η(z2) ˆ̄ψζ(z3)

̂
ψ̂ζ(z3) ˆ̄ψχ(z4)

= − tr
(
SF (z4 − z1)SF (z1 − z2)SF (z2 − z3)SF (z3 − z4)

)
(18.7)

Part XVII

19 Quantum theory of free electromagnetic field

19.1 Reminder: classical electrodynamics

Maxwell’s equations in a free space

~∇× ~E = − ~̇B, ~∇ · ~B = 0 “first pair′′ (19.1)
~∇ · ~E Gauss law

= 0, ~∇× ~B = ~̇E “second pair′′ (19.2)

In terms of potentials

~E = − ~∇Φ− ~̇A, Φ − scalar potential

~B = ~∇× ~A ~A − vector potential (19.3)

4-vector potential is defined as Aµ ≡ (Φ, ~A). It is usually (but somewhat confusing) called
an “electromagnetic field”. The relativistic invariant form of Eq. (19.3) looks like

Fµν(x) =
∂

∂xµ
Aν(x)− ∂

∂xν
Aµ(x) (19.4)

where

Fµν(x) =

 0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 (19.5)

is called a “field strength tensor”. If Fµν is obtained as (19.4) from some potential Aµ the
first pair of Maxwell’s equations (19.1) is satisfied automatically and the second pair (19.2)
looks like

∂

∂xµ
Fµν(x) = 0 (19.6)

19.1.1 Lagrangian and Hamiltonian

The Lagrangian (density) for the free electromagnetic field is

L(x) = − 1

4
FµνFµν(x) =

1

2
( ~E2 − ~B2) (19.7)

Proof: Euler-Lagrange equation for (19.7) reproduce Maxwell’s equations (19.6)

∂L
∂Aµ

(x) = 0,
∂L
∂µAν

(x) = −Fµν(x) ⇒ ∂µ
∂L
∂µAν

(x) =
∂L
∂Aν

(x) ⇔ ∂µFµν(x) = 0

(19.8)
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One can choose potentials Aµ(x) as canonical coordinates, then the canonical momenta are

π0(x) =
∂L
∂Ȧ0

(x) = 0

πi(x) =
∂L
∂Ȧi

(x) = − Ȧi(x) + ∂iA0(x) = Ei(x) (19.9)

and the Hamiltonian density for free electromagnetic field has the form

H(t, ~x) =
∑

πi(x)Ȧi(x)− L(x) = − ~π(x) · ~̇A(x)− L(x) = ~π(x) ·
(
~E(x) + ~∇Φ(x)

)
− L(x)

= ~E(x) ·
(
~E(x) + ~∇Φ(x)

)
− 1

2

(
~E2(x)− ~B2(x)

)
=

1

2

(
~E2(x) + ~B2(x)

)
+ ~E(x) · ~∇Φ(x)

(19.10)

which reproduces the Hamiltonian from E & M textbooks after integration by parts

H(t) =

∫
d3x H(t, ~x) =

1

2

∫
d3x

[
~E2(t, ~x) + ~B2(t, ~x)

]
+

∫
d3x ~E(t, ~x) · ~∇Φ(t, ~x)

=
1

2

∫
d3x

[
~E2(t, ~x) + ~B2(t, ~x)

]
−
∫
d3x Φ(t, ~x)~∇ · ~E(t, ~x)

Gauss
=

1

2

∫
d3x

[
~E2(t, ~x) + ~B2(t, ~x)

]
(19.11)

19.1.2 Gauge invariance

It is known that the potentials (19.3) are not unique: the change

Aµ(x) → Aµ(x) +
∂

∂xµ
Λ(x) (19.12)

(where Λ(x) is an arbitrary scalar function) leaves Fµν (19.4) intact so the electric and
magnetic fields ~E and ~B will be the same for both potentials in the l.h.s. and in the r.h.s.
of Eq. (19.12).

There are two popular choices for the potential: Lorenz gauge ∂µAµ = 0 and Coulomb
gauge ~∇ · ~A = 0. Lorenz gauge has an advantage of being relativistic invariant but quanti-
zation in this gauge is somewhat complicated so we will use Coulomb gauge.

For a free electomagnetic field we can additionally have A0 = 0. Let us prove by
construction that for a given field ~E(t, ~x), ~B(t, ~x) the potential satisfying gauge conditions
~∇ · ~A = 0 and ~∇ · ~A = 0 does exist. Our guess:

A0
guess = 0, Aiguess(t, ~x) =

∫ t

−∞
dt′ F 0i(t′, ~x) ⇔ ~Aguess(t, ~x) = −

∫ t

−∞
dt′ ~E(t′, ~x)

(19.13)
We need to check that the potential (19.13) reproduces electric and magnetic fields ~E and
~B. From Eq. (19.3) we get

~Eguess(t, ~x) = − ~̇Aguess(t, ~x) =
d

dt

∫ t

−∞
dt′ ~E(t′, ~x) = ~E(t, ~x), (19.14)

~Bguess(t, ~x) = ~∇× ~Aguess(t, ~x) = −
∫ t

−∞
dt′ ~∇× ~E(t′, ~x) =

∫ t

−∞
dt′ ~̇B(t′, ~x) = ~B(t, ~x)
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The last check is

~∇ · ~Aguess(t, ~x) = −
∫ t

−∞
dt′ ~∇ · ~E(t′, ~x)

Gauss
= 0 (19.15)

so we have constructed the potential (19.13) satisfying Coulomb gauge conditions.

19.1.3 Expansion in plane waves

∂0F
0i + ∂jF

ji = ∂0(∂0Ai − ∂i 6A0) + ∂j(∂
jAi − ∂iAj) = ∂2

0A
i + ∂j∂

jAi − ∂i(∂jAj)
= ∂2

0A
i + ∂j∂

jAi − ∂i(~∇ · ~A) = ∂2Ai = 0 (19.16)

⇒ we have three KG equations ∂2Ai = 0 plus additional condition ∂iAi = 0. The solution
of these equations is

Ai(t, ~x) =
∑
λ=1,2

∫
d−3k√
2ωk

eλi (~k)
(
aλ~ke
−ikx + aλ∗~k e

ikx
)∣∣∣∣
k0=ωk=|~k|

(19.17)

where e(1)(~k) and e(2)(~k) are two polarization vectors orthogonal to ~k due to Coulomb gauge

k

1e  (k )

2e  (k )

1e  (k ) 2e  (k )k

Figure 20. Polarization vectors

condition
∂iAi(t, ~x) = 0 ⇔ kieλi (~k) = ~k · ~e(~k) = 0 (19.18)

The canonical momenta πi = −Ȧi are given by similar formula

πi(t, ~x) = Ei(t, ~x) = i
∑
λ=1,2

∫
d−3k√
2ωk

ωke
λ
i (~k)

(
aλ~ke
−ikx − aλ∗~k e

ikx
)∣∣∣∣
k0=ωk=|~k|

(19.19)

Sometimes it is convenient to expand the field in the circularly polarized waves rather than
linearly polarized. The vectors of circular polarization are defined as

~eRi (~k)
def
=

1√
2

(
~e(1)(~k) + i~e(2)(~k)

)
right polarization

~eLi (~k)
def
=

1√
2

(
~e(1)(~k)− i~e(2)(~k)

)
left polarization (19.20)
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and the expansion in circularly polarized plane waves has the form

Ai(t, ~x) =
∑

Λ=R,L

∫
d−3k√
2ωk

(
eΛ
i (~k)aΛ

~k
e−ikx + eΛ∗

i (~k)aΛ∗
~k
eikx

)∣∣∣∣
k0=ωk=|~k|

(19.21)

where
aR~k

def
=

1√
2

(a
(1)
~k
− ia(2)

~k
), aL~k ≡ aL~k

def
=

1√
2

(a
(1)
~k

+ ia
(2)
~k

) (19.22)

19.2 Quantization of free electromagnetic field

As usual, we would like to promote the canonical coordinates and canonical momenta to
operators

Aµ(t, ~x) → Âµ(~x), πi(t, ~x) → π̂i(~x), (π0 = 0) (19.23)

satisfying the canonical commutation relations

[Âµ(~x), Âν(~y)] = [πi(~x), πj(~y)] = [Â0(~x), πj(~y)] = 0,

[Âi(~x), πj(~y)] = iδijδ(~x− ~y) ⇔ [Âi(~x), πj(~y)] = − iδijδ(~x− ~y) (19.24)

However, second line of this equation contradicts to Gauss law. Indeed, we would like to
have ~∇ · ~̂E(~x) = 0 just as in a classical field theory, but

[Âi(~x), πj(~y)] = −iδijδ(~x−~y) ⇒ [Âi(~x), ∂jπ
j(~y)] = −i ∂

∂yi
δ(~x−~y) = −i[Âi(~x), ~∇· ~̂E(~x)] 6= 0

(19.25)
Way out (Bjorken & Drell textbook): impose CCR

[Âµ(~x), Âν(~y)] = [πi(~x), πj(~y)] = [Â0(~x), πj(~y)] = 0, (19.26)

[Âi(~x), πj(~y)] = − iδtr
ij(~x− ~y), δtr

ij(~x− ~y)
def≡

∫
d−3p

(
δij −

~pi~pj
~p2

)
e−i~p·(~x−~y)

The Gauss law is now satisfied since

[Âi(~x), ~∇· ~̂E(~x)] = − i ∂
∂yj

δtr
ij(~x−~y) = − i ∂

∂yj

∫
d−3p

(
δij−

~pi~pj
~p2

)
e−i~p·(~x−~y) = 0 (19.27)

We see that ~∇ · ~̂E(~x) commutes with all canonical coordinates and canonical momenta so
it is a usual function (c-number). Similarly, Â0(~x) commutes with all Âi and π̂i (see Eq.
(19.26) so A0(~x) is also a c-number. Since both ~∇ · ~̂E(~x) and A0(~x) are c-numbers, the
conditions ~∇ · ~̂E(~x) = 0 and A0(~x) = 0 are consistent with all commutation relations and
we can put them to zero choosing the Coulomb gauge (19.13) 16.

16 Later we will prove that Heisenberg operators F̂µν(t, ~x) satisfy equations of motion ∂µF̂µν(x) = 0 and
then the Coulomb-gauge representation of potentials Âi(t, ~x) =

∫ 0

−∞dt
′F̂ 0i(t′, ~x) can be proven exactly like

Eq. (19.13).
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19.2.1 Quantization in the Coulomb gauge

As usually, we

• Promote classical fields and classical canonical momenta at t = 0 to operators

• Impose canonical commutation relations (at t = 0)

• Define ladder operators

• Express Heisenberg operators Âi(t, ~x) = eiĤtÂi(~x)e−iĤt in terms of ladder oerators

• Define vacuum as the lowest-energy state of quantum Hamiltonian

• Construct one-particle states and check that they are eigenstates of Hamiltonian and
momentum operators.

Our canonical coordinates areAi(t, ~x)→ Âi(~x) and canonical momenta πi(t, ~x) = Ei(t, ~x)→
π̂i(~x) with CCR (19.26)

[Âµ(~x), Âν(~y)] = [πi(~x), πj(~y)] = 0,

[Âi(~x), πj(~y)] = δtr
ijδ(~x− ~y) (19.28)

The ladder operators are defined according to Eqs. (19.17) and (19.19)

Âi(~x) =
∑
λ=1,2

∫
d−3k√

2|~k|
eλi (~k)

(
âλ~ke

i~k·~x + âλ†~k
e−i

~k·~x)∣∣∣∣
k0=|~k|

π̂i(~x) = i
∑
λ=1,2

∫
d−3k√

2|~k|
|~k|eλi (~k)

(
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x)∣∣∣∣

k0=|~k|
(19.29)

Canonical commutation relations for ladder operators are

[âλ~k , â
†λ′
~k′

] = (2π)3δλλ′δ(~k − ~k′)

[âλ~k , â
λ′

~k′
] = [â†λ~k

, â†λ
′

~k′
] = 0 (19.30)

Proof: CCR (19.30) ⇒ CCR (19.28). Let us check that

[π̂i(~x), Âj(~y)]

= i
∑
λ=1,2

∑
λ′=1,2

∫
d−3kd−3k′

2
√
ωkωk′

eλi (~k)eλj (~k′)ωk
[
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x, âλ

′

~k′
ei
~k′·~y + âλ

′†
~k′
e−i

~k′·~y]∣∣∣∣
ωk=|~k|,ω′k=|~k′|

= i

∫
d−3k

2

∑
λ=1,2

eλi (~k)eλj (~k)
(
ei
~k·(~x−~y) + e−i

~k·(~x−~y)
)

= iδtr
ij(~x− ~y) (19.31)

because ∑
λ=1,2

eλi (~k)eλj (~k) = δij −
~ki~kj
~k2

(19.32)
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Let us now promote classical Hamiltonian (19.11) to quantum operator

Ĥ =
1

2

∫
d3x

[ ~̂
E2(~x) +

~̂
B2(~x)

]
(19.33)

and express it in terms of ladder operators. We get

Ê(~x) = π̂(~x) = i
∑
λ=1,2

∫
d−3k√
2ωk

ωk~e
λ(~k)

(
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x)∣∣∣∣

ωk=|~k|

B̂(~x) = ~∇× ~̂A(~x) =
∑
λ=1,2

~∇×
∫

d−3k√
2ωk

~eλ(~k)
(
âλ~ke

i~k·~x + âλ†~k
e−i

~k·~x)∣∣∣∣
ωk=|~k|

= i
∑
λ=1,2

∫
d−3k√
2ωk

~k × ~eλ(~k)
(
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x)∣∣∣∣

ωk=|~k|
(19.34)

and therefore (cf. Eq. (5.18) for the KG theory)

1

2

∫
d3x
(
~̂E2(~x) + ~̂B2(~x)

)
= −

∫
d3x

∑
λ,λ′=1,2

∫
d−3kd−3k′

4
√
ωkωk′

[
ωkωk′~e

λ(~k) · ~eλ′(~k′) + (~k × ~eλ(~k)) · (~k′ × ~eλ′(~k′)
]

×
(
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x)(âλ′~k′ei~k′·~x − âλ′†~k′ e−i~k·~x)

∣∣∣∣
ωk=|~k|,ωk′=|~k′|

=
∑

λ,λ′=1,2

∫
d−3k

4|~k|
{
− (âλ~k â

λ′

−~k + âλ†~k
âλ
′†
−~k

)(
|~k|2~eλ(~k) · ~eλ′(−~k)− (~k × ~eλ(~k)) · (~k × ~eλ′(−~k)

]
+
(
âλ~k â

λ′†
~k

+ âλ
′†
~k
âλ~k

)[
~k2~eλ(~k) · ~eλ′(~k) + (~k × ~eλ(~k)) · (~k × ~eλ′(~k)

)
=
∑
λ

∫
d−3k

|~k|
2

(
âλ~k â

λ†
~k

+ âλ†~k
âλ~k

)
=

∫
d−3k ωk

∑
λ

âλ†~k
âλ~k + V

∫
d−3k

ωk
2
→

∫
d−3k ωk

∑
λ

âλ†~k
âλ~k

where we used

(~k × ~eλ(~k)) · (~k × ~eλ′(−~k)) = (~k × ~eλ(~k))i(~k × ~eλ
′
(−~k)i = εijk~kj~e

λ
k(~k)εimn~km~e

λ′
n (−~k) (19.35)

=
(
δjmδkn − δjnδkm

)
~kj~e

λ
k(~k)~km~e

λ′
n (−~k) = ~k2~eλ(~k) · ~eλ′(−~k)−

(
~k · ~eλ(~k)

)(
~k · ~eλ′(−~k)

)
= ~k2~eλ(~k) · ~eλ′(−~k)

(recall that ~k · ~eλ(~k) = 0) and similar equation

(~k × ~eλ(~k)) · (~k × ~eλ′(~k)) = ~k2~eλ(~k) · ~eλ′(~k) = ~k2δλλ
′

(19.36)

Since
Ĥ =

∫
d−3k ωk

∑
λ

âλ†~k
âλ~k

∣∣∣∣
ωk=|~k|

(19.37)
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we can define vacuum as a state annihilated by âλ~k
17

âλ~k |0〉 = 0 (19.38)

It is clear that such state is the lowest-energy eigenstate since for any other state |Ψ〉

〈Ψ|Ĥ|Ψ〉 =
∑

all states|n〉

∫
d−3k Ek

∑
λ

〈Ψ|âλ†~k |n〉〈n|â
λ
~k
|Ψ〉 =

∑
all states|n〉

∫
d−3k Ek

∑
λ

|〈n|âλ~k |Ψ〉|
2 > 0

(19.39)
Let us define would-be one-photon state

|~k, λ〉 =

√
2|~k|â†λ~k |0〉, (19.40)

(Peskin’s normalization is 〈~k, λ|~k′, λ′〉 = 2|~k|δλλ′(2π)3δ(~k − ~k′)). Using the commutators

[Ĥ, âλ†~k
] = |~k|âλ†~k , [Ĥ, âλ~k ] = − |~k|âλ†~k (19.41)

we can easily check that the state (19.40) is an eigenstate of Hamiltonian (19.37) with
energy ωk = |~k|:

Ĥ|~k, λ〉 =

√
2|~k|Ĥâλ†~k |0〉 =

√
2|~k|[Ĥ, âλ†~k ]|0〉 =

√
2|~k||~k|âλ†~k |0〉 = ωk|~k, λ〉 (19.42)

However, as in the KG case, before interpreting (19.40) as a one-photon state we need to
construct the momentum operator for electromagnetic field and check that the state (19.40)
is an eigenstate of the momentum operator with the correct relation between energy and
momentum ωk =

√
~k2.

19.3 Momentum operator for free electromagnetic field

19.3.1 Momentum of classical electromagnetic field

A general formula for stress-energy tensor is

Tµν =
∑ ∂L

∂µΦ
∂νΦ− gµνL (19.43)

which gives

Tµν =
∑ ∂L

∂µAα
∂νAα − gµνL (19.44)

= − Fµα∂νAα − gµνL = − FµαF να +
gµν

4
F ξηFξη − ∂α(FµαAν)

17 Actually, in free electrodynamics the explicit form of the vacuum wave functional is known (cf. Eq.
(4.55)):

〈{ ~A(~x)}|Ψ0〉 ∼ e−
1
2

∫
d3x ~B(x) 1

W
~B(x) = e

− 1
32π2

∫
d3xd3y ~B(x) 1

|~x−~y|
~B(y)

where
1

W
~B(~x) =

∫
d−3k

|~k|
ei~p·~x ~B(~k) =

∫
d3y

1

4π|~x− ~y|
~B(y),

but, as usual, we do not need the explicit form of vacuum wave functional - the property (19.38) is sufficient
for calculation of all amplitudes.
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The last term ∼ ∂α(FµαAν) does not contribute to either H or to Pi so one can take

Tµν = − FµαF να +
gµν

4
F ξηFξη (19.45)

as a stress-energy tensor. It is worth noting that exactly this form of Tµν is obtained as a
variational derivative of Lagrangian with respect to metric tensor Gµν .

The momentum of a classical electromagnetic field is defined as

P i(t) =

∫
d3x T 0i(t, ~x) =

∫
d3x
(
− Ȧk∂iAk + Ȧk∂kA

i)
by parts

=

∫
d3x Ek∂iAk (19.46)

so
~P (t) =

∫
d3x Ek(t, ~x)~∇Ak(t, ~x) = −

∫
d3x Ȧk(t, ~x)~∇Ak(t, ~x) (19.47)

Let us prove that this equation coincides with the familiar Poynting form of the momentum
of an electromagnetic field

~P (t) =

∫
d3x ~E(t, ~x)× ~B(t, ~x) =

∫
d3x ~E(t, ~x)× (~∇× ~A(t, ~x)) (19.48)

Proof:

~Pi(t) =

∫
d3x ( ~E(t, ~x)× ~B(t, ~x))i = εijk

∫
d3x ~Ej(t, ~x) ~Bk(t, ~x) = εijkεklm

∫
d3x ~Ej(t, ~x)∂l ~Am(t, ~x)

=

∫
d3x(δilδjm − δimδjl) ~Ej(t, ~x)∂l ~Am(t, ~x) =

∫
d3x ~Ej(t, ~x)∂i ~Aj(t, ~x)−

∫
d3x ~Ej(t, ~x)∂j ~Ai(t, ~x)

by parts
= (19.49)

=

∫
d3x ~Ej(t, ~x)∂i ~Aj(t, ~x) +

∫
d3x (~∇ · ~E(t, ~x)) ~Ak(t, ~x) =

∫
d3x ~Ej(t, ~x)∂i ~Aj(t, ~x) = −

∫
d3x ~̇Aj(t, ~x)∂i ~Aj(t, ~x)

which coincides with Eq. (19.50) (recall that Ai = −Ai = − ~Ai).

19.3.2 Quantum operator of momentum

As usually, to get a quantum operator we take classical expression at t = 0 and promote
canonical coordinates (Ai) and canonical momenta (πi ≡ Ei) to operators:

~̂P = −
∫
d3x

˙̂
Ak(~x)~∇Âk(~x) =

∫
d3x

~̂
E(~x)× ~̂

B(~x) (19.50)

After some algebra on can express ~̂
P in terms of ladder operators (cf. Eqs. (5.33) and

(14.36))

P̂ i =
∑
λ=1,2

∫
d−3k kiâλ†~k

âλ~k (19.51)

so one can define quantum operator of 4-momentum as usual:

Pµ ≡ (Ĥ,
~̂
P ) =

∑
λ=1,2

∫
d−3k kµâλ†~k

âλ~k (19.52)

Using Eq. (19.52) it is easy to check that

[P̂µ, âλ†~k
] = kµâλ†~k

, [P̂µ, âλ~k ] = − kµâλ~k (19.53)

– 126 –



so

~̂
P |~k, λ〉 =

√
2|~k| ~̂P âλ†~k |0〉 =

√
2|~k|[ ~̂P, âλ†~k ]|0〉 =

√
2|~k|~kâλ†~k |0〉 = ~k|~k, λ〉 (19.54)

which means that the state |~k, λ〉 can be interpreted as one-photon state with momentum
~k and energy Ek = |~k|. The states corresponding to right- and left- circularly polarized
photons are defined as

|~k,R〉 =

√
2|~k|âR†~k ≡

√
|~k|(â1†

~k
+ iâ2†

~k
)|0〉,

|~k, L〉 =

√
2|~k|âL†~k ≡

√
|~k|(â1†

~k
− iâ2†

~k
)|0〉 (19.55)

As we shall see later, the circular polarization is related to the helicity of the photon.
Using Eq. (19.53) it is easy to prove that

eiP̂ xâλ~ke
−iP̂ x = âλ~ke

−ikx, eiP̂ xâλ†~k
e−iP̂ x = âλ†~k

eikx (19.56)

and therefore Heisenberg operators for electromagnetic field take the familiar form (cf. Eq.
(5.13)

Âi(x) ≡ eiĤx0Âi(~x)e−iĤx0 =
∑
λ=1,2

∫
d−3k√
2ωk

eλi (~k)
(
âλ~ke
−ikx + âλ†~k

eikx
)∣∣∣∣
ωk=|~k|

(19.57)

π̂i(x) = Êi(x) ≡ eiĤx0 π̂i(~x)e−iĤx0 = i
∑
λ=1,2

∫
d−3k√
2ωk

ωke
λ
i (~k)

(
âλ~ke
−ikx − âλ†~k e

ikx
)∣∣∣∣
ωk=|~k|

In addition, from
[Pµ, Âi(x)] = − i∂µÂi(x) (19.58)

we can check (similarly to Eq. (6.16) 18 ) that P̂ induces shifts in the arguments of field
operators:

eiP̂ aÂi(x)e−iP̂ a = Âi(x+ a) (19.59)

so it is indeed a quantum operator of momentum since it describes the response of the
system to shifts of coordinates. In the next Section we will construct quantum operator of
angular momentum and check the spin of of the one-photon states (19.54)

19.4 Angular momentum and spin of the electromagnetic field

19.4.1 Angular momentum of classical electromagnetic field

The angular momentum of classical electromagnetic field is given by (see Jackson)

~J(t) =

∫
d3x ~x×

(
~E(t, ~x)× ~B(t, ~x)

)
(19.60)

18A more simple way to see this is to use Eqs. (19.57) and (19.56).
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Let us prove that it is conserved. From Maxwell’s equations (19.1) and (19.2) we see that

d

dt
~J(t) =

∫
d3x ~x×

(
~E(t, ~x)× ~̇B(t, ~x)− ~B(t, ~x)× ~̇E(t, ~x)

)
(19.61)

= −
∫
d3x ~x×

[
~E(t, ~x)× (~∇× ~E(t, ~x)) + ~B(t, ~x)× (~∇× ~B(t, ~x))

]
= −

∫
d3x ~x×

[1
2
~∇| ~E(t, ~x)|2 − ( ~E(t, ~x) · ~∇) ~E(t, ~x)) +

1

2
~∇| ~B(t, ~x)|2( ~B(t, ~x) · ~∇) ~B(t, ~x))

]
where we used formula

~a× (~∇× ~a) =
1

2
~∇(~a2)− (~a · ~∇)~a (19.62)

Now we need to integrate by parts which is easily done in components

d

dt
~Ji(t) = −

∫
d3x εijk~xj

[1
2

∂

∂~xk
| ~E(t, ~x)|2 − ~El(t, ~x)

∂

∂~xl
~Ek(t, ~x) +

1

2

∂

∂~xk
| ~B(t, ~x)|2 − ~Bl(t, ~x)

∂

∂~xl
~Bk(t, ~x)

]
∂l ~El=∂l ~Bl=0

= −
∫
d3x εijk~xj

[1
2

∂

∂~xk
| ~E(t, ~x)|2 − ∂

∂~xl
( ~El(t, ~x) ~Ek(t, ~x)) +

1

2

∂

∂~xk
| ~B(t, ~x)|2 − ∂

∂~xl
(( ~Bl(t, ~x) ~Bk(t, ~x))

]
by parts

= −
∫
d3x εilk[ ~El(t, ~x) ~Ek(t, ~x) + ~Bl(t, ~x) ~Bk(t, ~x)] = 0 (19.63)

19.4.2 Quantum operator of angular momentum

As usual, to get quantum operator we take the corresponding classical quantity (19.64) and
promote canonical coordinates Ai and canonical momenta Ei to operators: Ai(t, ~x)→ Âi(~x)

and Ei(t, ~x)→ Êi(~x)
~̂
J =

∫
d3x ~x×

( ~̂
E(~x)× ~̂

B(t, ~x)
)

(19.64)

It is instructive to rewrite this operator as

~̂
Ji = εijk

∫
d3x ~xj

( ~̂
E(~x)× ~̂

B(t, ~x)
)
k

= εijkεklm

∫
d3x ~xj

~̂
El(~x)

~̂
Bm(t, ~x)

= εijkεklmεmnr

∫
d3x ~xj

~̂
El(~x)

∂

∂~xn

~̂
Ar(t, ~x) = εijk

∫
d3x ~xj

(
~̂El(~x)

∂

∂~xk
~̂Al(~x)− ~̂El(~x)

∂

∂~xl
~̂Ak(~x)

)
by parts

= εijk

∫
d3x ~xj ~̂El(~x)

∂

∂~xk
~̂Al(~x) + εijk

∫
d3x ~̂Ej(~x) ~̂Ak(~x) (19.65)

which in vector form looks like

~̂
J =

~̂
O +

~̂
S,

~̂
O =

∫
d3x ~x× ~̂

Ek ~∇ ~̂Ak, ~̂
S =

∫
d3x ~̂E(~x)× ~A(~x) (19.66)

Looking at the momentum density (19.46) it is easy to interpret the operator ~̂O as an orbital
angular momentum. We will now demonstrate that the second term can be interpreted as
an operator of spin. 19

19 Strictly speaking, we define the operators ~̂O and ~̂S as normal products of corresponding ladder operators
:
~̂
O : and :

~̂
S : so that ~̂O|0〉 =

~̂
S|0〉 = 0, see the footnote at page 106
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First, let us check the self-consistency of our definition of orbital momentum. Let us
take take photon with momentum ~k ‖ ~z described by âλ~k and check that the z-component
of the orbital angular momentum of such photon vanishes. We get

~̂
O3â

λ
~k
|0〉 see footnote

= [
~̂
O3, â

λ
~k
]|0〉 =

∫
d3x [(~x× ~̂

Ei~∇ ~̂Ai)3, â
λ†
~k

]|0〉

=

∫
d3x [

(
~x1Êi(~x)

∂

∂~x2
Âi(~x)− ~x2Êi(~x)

∂

∂~x1
Âi(~x)

)
, âλ†~k

]|0〉

=

∫
d3x

(
~x1Êi(~x)

∂

∂~x2
[Âi(~x), âλ†~k

]− ~x2Êi(~x)
∂

∂~x1
[Âi(~x), âλ†~k

]
)
|0〉

+

∫
d3x

(
~x1[Êi(~x), âλ†~k

]
∂

∂~x2
Âi(~x)− ~x2[Êi(~x), âλ†~k

]
∂

∂~x1
Âi(~x)

)
|0〉

by parts
=

∫
d3x

(
~x1Êi(~x)

∂

∂~x2
[Âi(~x), âλ†~k

]− ~x2Êi(~x)
∂

∂~x1
[Âi(~x), âλ†~k

]
)
|0〉

+

∫
d3x

(
~x1Âi(~x)

∂

∂~x2
[Êi(~x), âλ†~k

]− ~x2Âi(~x)
∂

∂~x1
[Êi(~x), âλ†~k

]
)
|0〉 (19.67)

Using the commutators

[Âj(~x), âλ†~k
] =

eλj (~k)√
2|~k|

ei
~k~x, [Êj(~x), âλ†~k

] = i|~k|
eλj (~k)√

2|~k|
ei
~k~x (19.68)

we see that in our ~k ‖ z case ∂
∂~x1

ei|k|x3 and ∂
∂~x2

ei|k|x3 vanish so Ô3|~k, λ〉 = 0 if ~k ‖ ~z. 20

We will now check the interpretation of Ŝ given by Eq. (19.66) as a photon spin
operator. Let us apply the operator Ŝ3 to state corresponding to photon with right circular
polarization (see Eq. (19.55))

|~k,R〉 ≡
√

2|~k|âR†~k |0〉 (19.69)

We will need commutators

[Âj(~x), âR†~k
] =

eRj (~k)√
2|~k|

ei
~k~x, [Êj(~x), âR†~k

] = i|~k|
eRj (~k)√

2|~k|
ei
~k~x (19.70)

where ~eR = 1√
2
(~e1 + i~e2), see Eq. (19.55).

20 We could consider the Poynting vector itself rather than ~̂
Ek ~∇ ~̂Ak as a density of momentum but then

we would get a wrong result that the z-component of the orbital angular momentum of the photon moving
in z direction does not vanish.
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We get

Ŝ3|~k,+〉 =

√
2|~k|[Ŝ3, â

R†
~k

]|0〉 =

√
2|~k|

∫
d3x[ ~E1(~x) ~A2(~x)− ~E2(~x) ~A1(~x), âR†~k

]|0〉

=

√
2|~k|

∫
d3x[ ~E1(~x), âR†~k

] ~A2(~x)− [ ~E2(~x), â+†
~k

] ~A1(~x), âR†~k
] + ~E1(~x)[ ~A2(~x), âR†~k

]− ~E2(~x)[ ~A1(~x), âR†~k
]|0〉

=

∫
d3x ei

~k·~x
{
i|~k|~eR1 (~k) ~A2(~x)− i|~k|~eR2 (~k) ~A1(~x) + ~E1(~x)~eR2 (~k)− ~E2(~x)~eR1 (~k)

}
|0〉

=

∫
d3x ei

~k·~x
{
i|~k| ~A2(~x)− ~E2(~x) + |~k| ~A1(~x) + i ~E1(~x)

}
|0〉

=

∫
d3x ei

~k·~x
{
|~k|
(
~A1(~x) + i ~A2(~x)

)
+
(
i ~E1(~x)− ~E2(~x)

)}
|0〉

=

√
|~k|
2

∑
λ=1,2

{
(~eλ1(~k) + i~eλ2(~k))(âλ−~k + âλ†~k

)− (~eλ1(~k) + i~eλ2(~k))(âλ−~k − â
λ†
~k

)
}
|0〉

=

√
|~k|
∑
λ=1,2

(~eλ1(~k) + i~eλ2(~k))âλ†~k
|0〉 =

√
|~k|(â1†

~k
+ iâ2†

~k
)|0〉 =

√
2|~k|âR†~k |0〉 = |~k,R〉 (19.71)

where we used Eq. (19.31):

Âi(~x) =
∑
λ=1,2

∫
d−3k√

2|~k|
eλi (~k)

(
âλ~ke

i~k·~x + âλ†~k
e−i

~k·~x)∣∣∣∣
ωk=|~k|

π̂i(~x) = i
∑
λ=1,2

∫
d−3k√

2|~k|
|~k|eλi (~k)

(
âλ~ke

i~k·~x − âλ†~k e
−i~k·~x)∣∣∣∣

ωk=|~k|
(19.72)

Similarly one can check that Ŝ3|~k, L〉 = − |~k, L〉 so the operator Ŝ3 measures the helicity
of the photon with momentum ~k ‖ z.

Part XVIII

20 QED

20.1 Classical theory of interacting Dirac and electromagnetic fields

The Lagrangian (density) for QED has the form

L(x) = − 1

4
FµνF

µν + ψ̄(i6D −m)ψ, Dµψ(x) ≡
(
∂µ − ieAµ

)
(x) (20.1)

where e = epositron = − eelectron. It is a sum of the free electromagnetic Lagrangian
(19.7), free Dirac Lagrangian (13.37) and the interaction Lagrangian

Lint(x) = eψ̄(x)6A(x)ψ(x) (20.2)

describing interaction of electromagnetic field with the Dirac field.
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The corresponding Euler-Lagrange equations are

∂L
∂ψ̄

(x) =
d

dxµ

∂L
∂∂µψ̄

⇒ (i 6D −m)ψ(x) = 0 (20.3)

∂L
∂ψ

(x) =
d

dxµ

∂L
∂∂µψ

(x) ⇒ eψ̄(x)6A(x)−mψ̄(x) = i∂µψ̄(x)γµ ⇔ ψ̄(x)
(
i
←
6D +m) = 0

where ψ̄(x)
←
Dµ ≡ ∂µψ̄(x) + ieψ̄(x)Aµ(x), and

∂L
∂Aν

(x) =
d

dxµ

∂L
∂∂µAν

(x) ⇒ eψ̄γνψ(x) = − ∂µFµν(x) ⇔ ∂µFµν(x) = − ejν(x)

(20.4)

The first two equations (20.3) are Dirac equations in an “external field” Aµ and the last
(20.4) is the Maxwell equation with the source.

20.1.1 Gauge invariance

This theory of interacting fields is invariant under gauge transformations

ψ(x) → eiα(x)ψ(x)

ψ̄(x) → e−iα(x)ψ̄(x)

Aµ(x) → Aµ(x) +
1

e
∂µα(x) (20.5)

where α(x) is an arbitrary (scalar) function of coordinates. Let us check that the Lagrangian
(20.1) is gauge invariant. For FµνFµν it is obvious since Fµν → Fµν (see previous Section)
and for the mass term we get mψ̄(x)ψ(x)→ mψ̄(x)e−iα(x)eiα(x)ψ(x) = mψ̄(x)ψ(x). Let us
now prove that the “covariant derivative” Dµ is gauge invariant (the better word is “gauge
covariant”)

Dµψ(x) =
( ∂

∂xµ
− ieAµ(x)

)
ψ(x) →

(
i
∂

∂xµ
− ieA′µ(x)

)
ψ′(x)

= i
∂

∂xµ
(
eiα(x)ψ(x)

)
− ie

(
Aµ(x) +

1

e
∂µα(x)

)
eiα(x)ψ(x)

= eiα(x)
[
i
∂

∂xµ
ψ(x)− ieAµ(x)ψ(x)

]
= eiα(x)Dµψ(x) (20.6)

Similarly one can prove that ψ̄(x)
←
Dµ → ψ̄(x)

←
Dµ e−iα(x) under the transformation (20.5).

Now we see that the term ψ̄(x)γµDµψ(x) → ψ̄(x)e−iα(x)eiα(x)γµDµψ(x) is gauge in-
variant and so is the Lagrangian (20.1).

The Dirac current is defined as

jµ(x)
def≡ ψ̄(x)γµψ(x) (20.7)

This current is conserved (even in the interacting theory) since

∂µj
µ(x) =

( ∂

∂xµ
ψ̄(x)

)
γµψ(x) + ψ̄(x)

∂

∂xµ
γµψ(x) = ψ̄(x)

(←
Dµ −ieAµ(x)

)
γµψ(x) + ψ̄(x)γµ

(
Dµ + ieAµ(x)

)
ψ(x)

= ψ̄(x)
←
6D ψ(x) + ψ̄(x)6Dψ(x) = ψ̄(x)

(←
6D −im

)
ψ(x) + ψ̄(x)

(
6D + im

)
ψ(x) = 0 (20.8)
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where we used Dirac equations (20.3). The charge Q defined as 21

Q(t)
def≡ − e

∫
d3x j0(t, ~x) = − e

∫
d3x ψ̄(t, ~x)γ0ψ(t, ~x) (20.9)

is conserved:
d

dt
Q(t) = − e

∫
d3x

[ ∂
∂t
j0 + ~∇ ·~j(x, t)− ~∇ ·~j(x, t)

] by parts
= − e

∫
d3x ∂µj

µ(t, ~x) = 0

(20.10)
In a free electromagnetic theory we used the Coulomb gauge ~∇ · ~A = 0, A0 = 0. In the
theory with the interaction it is impossible to satisfy both of these conditions. Indeed,
suppose ~∇ · ~A = 0 then from Maxwell equation (20.4) we get (Φ ≡ A0)

∂µF
µ0 = ∂iF

i0 = ∂i(∂
iA0−∂0A

i) = − ~∇2A0−∂0(~∇· ~A) = − ~∇2A0 = −ej0 (20.11)

so one cannot put A0 = 0 if there are sources of the electromagnetic field, so we will drop
A0 = 0 condition 22 and use Coulomb gauge

~∇ · ~A = 0 (20.12)

Actually, the field A0(x) ≡ Φ(x) is completely determined by those sources since from
classical electrodynamics we know that

~∇2Φ(t, ~x) = − ρ(t, ~x) ⇒ Φ(t, ~x) =

∫
d3x′

ρ(t, ~x′)

4π|~x− ~x′|
(20.13)

where ρ(t, ~x) is a density of continuous distribution of charge (this formula is easy to check
using ~∇2 1

|~x−~x′| = −4πδ(~x− ~x′)). In our case ρ(t, ~x) = −ej0(t, ~x) = −eψ†(t, ~x)ψ(t, ~x) so the
field

A0(t, ~x) = − e
∫
d3x′

ψ†(t, ~x′)ψ(t, ~x′)

4π|~x− ~x′|
(20.14)

is not an independent dynamical variable.
Thus, the dynamical variables (= canonical coordinates) in our theory are Ai(x) and

ψ(x). The corresponding canonical momenta have the form

π(t, ~x) ≡ ∂L
∂ψ̇

(t, ~x) = iψ†(t, ~x) (20.15)

πk(t, ~x) ≡ ∂L
∂Ȧk

(t, ~x) = − Ȧk(t, ~x) + ∂kA0(t, ~x) = Ek(t, ~x)

(self-consistency check is π0(t, ~x) ≡ ∂L
∂Ȧ0

(t, ~x) = 0 which agrees with the fact tat A0 is
not a dynamical variable).

The classical Hamiltonian has the form

H(t) =

∫
d3x
{
π(t, ~x)ψ̇(t, ~x) + πk(t, ~x)Ȧk(t, ~x)− L(t, ~x)

}
(20.16)

=

∫
d3x
{
iψ†(t, ~x)ψ̇(t, ~x) + Ek(t, ~x)[−Ek(t, ~x) + ∂kΦ(t, ~x)]− L(t, ~x)

}
=

∫
d3x

[
ψ†(m− i~γ · ~∇)ψ(t, ~x) +

1

2
[ ~E2(t, ~x) + ~B2(t, ~x)] + ~E · ~∇Φ(t, ~x)− eψ̄6Aψ(t, ~x)

]
21recall that eelectron = −e, see the sign in Eq. (15.36) for quantum charge operator
22Alternatively, one can drop ~∇ · ~A = 0 condition and use the “temporal gauge” A0 = 0
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where we used L = − 1
2( ~E2 − ~B2) + ψ̄(i 6 ∂ −m)ψ + eψ̄ 6Aψ. Now, integrating by parts

term ∼
∫
d3x ~E(t, ~x) · ~∇Φ(t, ~x) = −

∫
d3x ρ(t, ~x)Φ(t, ~x), we can rewrite the Hamiltonian

(20.16) in the form

H(t) =

∫
d3x

(
ψ†(m− i~γ · ~∇− e~γ · ~A)ψ(t, ~x) +

1

2
[ ~E2(t, ~x) + ~B2(t, ~x)]

)
(20.17)

For future use let us divide ~E(x) in the transverse and longitudinal parts

~E = − ~∇ · Φ(x)− ~̇A(x) = ~Eln + ~Etr (20.18)
~Eln(x) ≡ − ~∇ · Φ(x)

~Etr(x) ≡ − ~̇A(x) “transverse′′ because ~∇ · ~Etr =
∂

∂t
~∇ · ~A = 0

Note that ~Eln(x) = ~∇·Φ(x) is not an independent dynamical variable since it is determined
by Dirac fields just like Φ(x) itself.

We get

1

2
[ ~E2 + ~B2] =

1

2
( ~E + ~∇Φ)2 +

1

2
~B2 +

1

2
(~∇Φ)2 =

1

2
( ~̇A2 + ~B2) +

1

2
(~∇Φ)2 (20.19)

so the Hamiltonian takes the form

H(t) =

∫
d3x H(t, ~x) (20.20)

H(t, ~x) = ψ†(t, ~x)(m− i~γ · ~∇− e~γ · ~A)ψ(t, ~x) +
1

2
[ ~̇A2(t, ~x) + ~B2(t, ~x)] +

1

2
(~∇Φ(t, ~x))2

20.2 Quantization

As usually, we take classical canonical coordinates and momenta (20.15) at t = 0 and
promote them to operators

Ai(0, ~x) → Â(~x), πi(0, ~x)→ π̂i(~x) = Êi(~x)

ψ(0, ~x) → ψ̂(~x), π(0, ~x) = iψ†(0, ~x) → iψ̂†(~x)

In addition, we define the operator Â0 ≡ Φ̂ by Eq. (20.21)

Â0(~x) = Φ̂(~x)
def≡ − e

∫
d3x′

ψ̂†(~x′)ψ̂(~x′)

4π|~x− ~x′|
(20.21)

We impose the canonical (anti)commutation relations of the usual form (πi ≡ Ei)

{ψ̂ξ(~x), ψ̂†η(~y)} = δξη(~x− ~y), {ψ̂ξ(~x), ψ̂η(~y)} = {ψ̂†ξ(~x), ψ̂†η(~y)} = 0

[Âi(~x), Êjtr(~y)] = δtr
ijδ(~x− ~y), [Âi(~x), Âj(~y)] = [Êitr(~x), Êjtr(~y)] = 0,

[Âi(~x), ψ̂ξ(~y)] = [Âi(~x), ψ̂†ξ(~y)] = [Êtr
i (~x), ψ̂(~x′)] = [Êtr

i (~x), ψ̂(~x′)] = 0 (20.22)

Also, from equations (20.25) we get

[Â0(~x), Âi(~y)] = 0 (20.23)
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(because Âi commute with ψ̂ and ψ̂†) and

[Â0(~x), Â0(~y)] =

∫
d3x′d3y′

[ψ̂†(~x′)ψ̂(~x′), ψ̂†(~y′)ψ̂(~y′)]

16π2|~x− ~x′||~y − ~y′|

=

∫
d3x′d3y′

ψ̂†(~x′){ψ̂(~x′), ψ̂†(~y′)}ψ̂(~y′)− ψ̂†(~y′){ψ̂(~y′), ψ̂†(~x′)}ψ̂(~x′)

16π2|~x− ~x′||~y − ~y′|

=

∫
d3x′d3y′ δ(~x′ − ~y′) ψ̂

†(~x′)ψ̂(~y′)− ψ̂†(~y′)ψ̂(~x′)

16π2|~x− ~x′||~y − ~y′|
= 0 (20.24)

Because ~̂
El(~x) = ~∇Φ̂(~x) = ~∇A0(~x) commutes with Âi(~y), with ~̂

Etr(~y) and with itself
(see the two above equations) one can replace Êitr in the second line in Eq. (20.22) by full
Êi:

{ψ̂ξ(~x), ψ̂†η(~y)} = δξη(~x− ~y), {ψ̂ξ(~x), ψ̂η(~y)} = {ψ̂†ξ(~x), ψ̂†η(~y)} = 0

[Âi(~x), Êj(~y)] = δtr
ijδ(~x− ~y), [Âµ(~x), Âν(~y)] = [Êi(~x), Êj(~y)] = 0,

[Âi(~x), ψ̂ξ(~y)] = [Âi(~x), ψ̂†ξ(~y)] = [Êtr
i (~x), ψ̂(~x′)] = [Êtr

i (~x), ψ̂(~x′)] = 0 (20.25)

However, Â0 = Φ̂ does not commute with Dirac operators:

[Φ̂(~x), ψ̂(~x′)] =
eψ̂(~x′)

4π|~x− ~x′|
, [Φ̂(~x), ψ̂†(~x′)] = − eψ̂†(~x′)

4π|~x− ~x′|
(20.26)

and therefore the in last line in Eq. (20.25) one cannot replace Êtr
i by Êi

Since ∂iÂi(~x) = −~∇ · ~A(~x) commutes with all canonical coordinates Âi (evident) and
all canonical momenta π̂i (because ∂iδtr

ij(~x− ~x′) = 0 it is a c-number so we can safely set
the Coulomb gauge condition in the operator form

~∇ · ~̂A(~x) = 0 (20.27)

- it will not contradict any commutation relations.
The Hamiltonian is obtained by promotion of classical fields in Eq. (20.20) to operators:

Ĥ =

∫
d3x
[
ψ†(~x)[m− i~γ · ~∇− e~γ · ~A(~x)]ψ(~x) +

1

2
[ ~̂E2

tr(~x) + ~B2(~x)] +
1

2
(~∇Φ(~x))2

]
(20.28)

The Heisenberg operators are defined as usual

Âµ(t, ~x) ≡ eiĤtÂµ(~x)e−iĤt, π̂i(t, ~x) = eiĤtπ̂i(~x)e−iĤt = eiĤtÊi(~x)e−iĤt ≡ Êi(t, ~x)

ψ̂(t, ~x) ≡ eiĤtψ̂(~x)e−iĤt, ˆ̄ψ(t, ~x) ≡ eiĤt ˆ̄ψ(~x)e−iĤt (20.29)

It is easy to see that they satisfy the equal-time commutation relations (cf. Eq. (7.14))

{ψ̂ξ(t, ~x), ψ̂†η(t, ~y)} = δξη(~x− ~y), {ψ̂ξ(t, ~x), ψ̂η(t, ~y)} = {ψ̂†ξ(t, ~x), ψ̂†η(t, ~y)} = 0

[Âi(t, ~x), Êj(t, ~y)] = − iδtr
ijδ(~x− ~y), [Âµ(t, ~x), Âν(t, ~y)] = [Êi(t, ~x), Êj(t, ~y)] = 0,

[Âi(t, ~x), ψ̂ξ(t, ~y)] = [Âi(t, ~x), ψ̂†ξ(t, ~y)] = [
˙̂
Ai(t, ~x), ψ̂ξ(t, ~y)] = [

˙̂
Ai(t, ~x), ψ̂†ξ(t, ~y)] = 0

[Â0(t, ~x), Âi(t, ~y)] = [Â0(t, ~x), Êi(t, ~y)] = [Â0(t, ~x), Â0(t, ~y)] = 0 (20.30)
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The two last formulas in the third line require explanation. From Eq. (20.25) and (20.29)
we get

eiĤtÊtr
i (~x)e−iĤt = eiĤt(Êi(~x)− ∂iΦ̂(~x))e−iĤt = Êi(t, ~x)− ∂iΦ̂(t, ~x) = − ˙̂

Ai(t, ~x)

(20.31)

because

−∂0Âi(t, ~x) + ∂iΦ̂(t, ~x) = eiĤt
(
− i[Ĥ, ~Ai(~x)] + ~∂iΦ̂(~x)

)
e−iĤt (20.32)

= eiĤt
{
− i
∫
d3x′[ ~̂Ej(~x

′), ~Ai(~x)]
(
~̂Ej(~x

′) + ~∂jΦ̂(~x)
)

+ ~∂iΦ̂(~x)
}
e−iĤt

= eiĤt
{∫

d3x′δtr
ij(~x− ~x′)

(
~̂Ej(~x

′) + ~∂jΦ̂(~x)
)

+ ~∂iΦ̂(~x)
}
e−iĤt

= eiĤt
{
~̂Etr
i (~x) + ~∂iΦ̂(~x)

}
e−iĤt = eiĤt

~̂
Ei(~x)e−iĤt =

~̂
Ei(t, ~x) = Êi(t, ~x)

Also, repeating the derivation of Eq. (7.15) we see that

Ĥ(t) =

∫
d3x

[{
ψ̂†(t, ~x)[m− i~γ · ~∇− e~γ · ~A(~x)]ψ̂(t, ~x) +

1

2
[
ˆ̇
~A2(t, ~x) + ~̂B2(t, ~x)] +

1

2

(
~∇Φ̂(t, ~x)

)2]
= Ĥ

(20.33)

actually does not depend on t (but different parts like ĤD(t) = − i
∫
d3xψ̂†(t, ~x)~γ · ~∇ψ̂(t, ~x)

may depend on t!)
The operators (20.29) satisfy the same equations (20.3) and (20.4) as their classical

counterparts. Let us prove this for Gauss law ~∇· ~E(t, ~x) = ρ(t, ~x) ≡ − eψ†ψ(t, ~x). First,
from Eq. (20.32) we see that Êi(t, ~x) = − ∂0Âi(t, ~x) + ∂iΦ̂(t, ~x), same as for classical
fields. Now it is easy to obtain Gauss law in the operator form reads

~∇ · ~̂E(t, ~x) = − ∂iÊi(t, ~x) = − ∂i∂0Âi(t, ~x) + ∂i∂
iΦ̂(t, ~x) = − ∂0(eiĤt∂iÂ

i(~x)e−iĤt
)

+ ∂i∂
iΦ̂(t, ~x)

= − ~∇2Φ̂(t, ~x) = − e ˆ̄ψ†(t, ~x)ψ̂(t, ~x) = − eĵ0(t, ~x) = ρ̂(t, ~x) (20.34)

Similarly one can check that the operators (20.29) satisfy the same equations (20.3) and
(20.4) as their classical counterparts

∂µF̂
µν(x) = − eĵν(x)

(i6 D̂ −m)ψ̂(x) = 0, ˆ̄ψ(x)
(
i
←
6D̂ +m) = 0 (20.35)

where ĵµ(x) = ˆ̄ψ(x)γµψ̂(x) and D̂µ ≡ ∂µ − ieÂµ
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Part XIX

20.3 Interaction picture

To quantize electrodynamics in the interaction picture we separate the Hamiltonian (20.33)
in four parts:

Ĥ = ĤD + Ĥem + Ĥint + ĤCoul, (20.36)

ĤD =

∫
d3x ψ̂†(~x)(m− i~γ · ~∇)ψ̂(~x)

Ĥem =
1

2

∫
d3x [

˙̂
~A2(~x) + ~̂B2(~x)]

Ĥint = − e
∫
d3x ˆ̄ψ(~x)~γ · ~̂A(~x)ψ̂(~x)

ĤCoul =
1

2

∫
d3x (~∇Φ̂(~x))2 = − 1

2

∫
d3x Φ̂(~x)~∇2Φ̂(~x) =

∫
d3xd3y ψ̂†(~x)ψ̂(~x)

e2

8π|~x− ~y|
ψ̂†(~y)ψ̂(~y)

where in the last line we used equation ~∇2Φ̂(~x) = eψ†(~x)ψ(~x) following from the definition
(20.21).

Now let us define “perturbative Hamiltonian” as

Ĥ0
def
= ĤD + Ĥem (20.37)

then Ĥ = Ĥ0 + Ĥint + ĤCoul.
Operators in the interaction representation are defined as usual (note that Eq. (20.30)

⇒ [Ĥem, ĤD] = 0)

ÂI(z) = eiĤ0z0Â(~z)e−iĤ0z0 = eiĤemz0Âi(~z)e−iĤemz0

ψ̂I(z) = eiĤ0z0ψ̂(~z)e−iĤ0z0 = eiĤDz0ψ̂(~z)e−iĤDz0

ˆ̄ψI(z) = eiĤ0z0 ˆ̄ψ(~z)e−iĤ0z0 = eiĤDz0 ˆ̄ψ(~z)e−iĤDz0 (20.38)

⇒ the expansion in ladder operators is a combination of Eqs. (19.57) and (14.21)

ψ̂I(x) = eiĤDtψ̂(~x)e−iĤDt =
∑
s

∫
d−3p√
2Ep

[
u(~p, s)e−ipxâs~p + v(~p, s)eipxb̂s†~p

]∣∣∣∣
p0=Ep

,

ˆ̄ψI(~x) = eiĤDt ˆ̄ψ(~x)e−iĤDt =
∑
s

∫
d−3p√
2Ep

[
v̄(~p, s)e−ipxb̂s~p + ū(~p, s)eipxâs†~p

]∣∣∣∣
p0=Ep

,

ÂiI(x) =
∑
λ=1,2

∫
d−3k√
2ωk

eλi(~k)
(
âλ~ke
−ikx + âλ†~k

eikx
)∣∣∣∣
k0=ωk=|~k|

(20.39)

20.4 Perturbative series for Green functions

The (exact) Green functions are defined in a usual way (cf Eq. (7.20):

G(x1, ...xl, y1, ...ym, z1, ...zn) ≡ 〈Ω|T{ψ̂(x1), ...ψ̂(xl),
ˆ̄ψ(y1), .... ˆ̄ψ(ym), Âµ1(z1), ...Âµn(zn)|Ω〉

(20.40)
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where |Ω〉 is a “true vacuum” of QED (lowest-energy eigenstate of the Hamiltonian (20.36)
and ψ̂, Â are Heisenberg operators (20.29).

As usual, we define the “perturbative vacuum” as a direct product of vacuum of free
Dirac theory and vacuum of free electromagnetic theory:

|0〉 = |0D〉|0em〉 (20.41)

This vacuum is annihilated by both fermion and photon annihilation operators

âλ~p |0〉 = b̂λ~p |0〉 = âλ~k |0〉 = 0 (20.42)

Next, we use the property (9.26)

e−iĤT |0〉 T→∞(1−iε)
= e−iE0T |Ω〉〈Ω|0〉, (20.43)

repeat the steps from Eq. (9.31) to Eq. (9.41) and get the Green function (20.40) in the
interaction representation:

〈Ω|T{ψ̂(x1), ...ψ̂(xl),
ˆ̄ψ(y1), .... ˆ̄ψ(ym), Âµ1(z1), ...Âµn(zn)|Ω〉 (20.44)

=
〈0|T{ψ̂I(x1), ...ψ̂I(xl),

ˆ̄ψI(y1), .... ˆ̄ψI(ym), Âµ1I (z1), ...ÂµnI (zn)e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

where

Ĥint(t) = eiĤ0tĤinte
−iĤ0t = − e

∫
d3x ˆ̄ψI(t, ~x)~γ · ~̂AI(t, ~x)ψ̂I(t, ~x) (20.45)

ĤC(t) = eiĤ0tĤCoule
−iĤ0t =

∫
d3xd3y ψ̂†I(t, ~x)ψ̂I(t, ~x)

e2

8π|~x− ~y|
ψ̂†I(t, ~y)ψ̂I(t, ~y) (20.46)

Now we can expand the r.h.s. of Eq. (20.44) in powers of e (⇔ in powers of ĤI and
ĤC) and use Wick’s theorem to get all possible Feynman diagrams. The contractions are:
1. Feynman propagator of Dirac particle

ˆ̂ψI(x) ˆ̄ψI(y) = 〈0|T{ψ̂I(x) ˆ̄ψI(y)}|0〉 =

∫
d−4p

i
e−ip(x−y) m+ 6p

m2 − p2 − iε
= SF (x− y)

(20.47)
and
2. Propagator of transverse photon

̂
ÂiI(x)ÂjI(y) = 〈0|T{ÂiI(x)ÂjI(y)}|0〉 = 〈0|T{ ~̂AIi(x) ~̂AIj(y)}|0〉 (20.48)

=

∫
d−3k

2ωk

∑
λ=1,2

~eλi (~k)~eλj (~k)
(
θ(x0 − y0)e−ik(x−y) + θ(y0 − x0)eik(x−y)

)
=

∫
d−4k

i

1

−k2 − iε
e−ik(x−y)

(
δij −

~ki~kj
~k2

)
=

∫
d−4k

i

1

k2 + iε
e−ik(x−y)

(
gij +

kikj

~k2

)
= Dij

tr(x− y)

where we used Eq. (19.32).
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20.5 Feynman photon propagator and Lorentz invariance of Feynman dia-
grams

Let us introduce the unit 4-vector in time direction η ≡ (1, 0, 0, 0) and rewrite the transverse
photon propagator (20.48) as follows

Dµν
tr (x− y) =

∫
d−4k

i

1

k2 + iε
e−ik(x−y)

(
gµν +

kµkν

~k2
− k0

~k2
(kµην + kνηµ) + k2 η

µην

~k2

)
(20.49)

which can be rewritten as a Feynman propagator plus two additional terms

Dµν
tr (x− y) = Dµν

F (x− y) +Dµν
Ward(x− y) +Dµν

inst(x− y) (20.50)

Dµν
F (x− y) =

∫
d−4k

i

gµν

k2 + iε
e−ik(x−y)

Dµν
W (x− y) =

∫
d−4k

i

gµν

k2 + iε
e−ik(x−y)

(kµkν
~k2
− k0

~k2
(kµην + kνηµ)

)
Dµν

inst(x− y) =

∫
d−4k

i

ηµην

~k2
e−ik(x−y) = − iδ(x0 − y0)

∫
d−3k

ηµην

~k2
ei
~k(~x−~y) = − iδ(x0 − y0)

ηµην

4π|~x− ~y|

The contribution of the term Dµν
W (x − y) vanishes for any S-matrix element due to Ward

identity (see Peskin’s textbook). In addition, the term Dµν
inst(x−y) cancels the contribution

of the instantaneous term Hc in the Hamiltonian so one can use Feynman propagator

Dµν
F (x− y) =

∫
d−4k

i

gµν

k2 + iε
e−ik(x−y) (20.51)

and the interaction Hamiltonian

ĤI(t) = e

∫
d3x ˆ̄ψI(t, ~x) 6ÂI(t, ~x)ψ̂I(t, ~x) (20.52)

for the calculation of S-matrix elements (= physical cross sections).

20.5.1 Electron-positron scattering in the lowest order in perturbation theory

Let us illustrate this using simple example of elastic electron-positron scattering in the
lowest order in perturbation theory. Due to LSZ theorem (we can use Eq. (17.8) without
scalar bosons) we get 23

out〈p2, s2; q2, r2|p1, s1; q1, r1〉in = lim
p2i ,q

2
i→m2

∫
d4x1d

4y1d
4x2d

4y2 e
−ip1x1−iq1y1+ip2x2+iq2y2

× 〈Ω|T{ūξ(p2, s2)(m− 6p2)ξηψ̂η(x2) ˆ̄ψω(y2)(m+ 6q2)ωχvχ(q2, r2)

× ˆ̄ψλ(x1)(m− 6p1)λρuρ(p1, s1)v̄ζ(q1, r1)(m+ 6q1)ζσψ̂σ(y1)}|Ω〉 (20.53)

= lim
p2i ,q

2
i→m2

∫
d4x1d

4y1d
4x2d

4y2 e
−ip1x1−iq1y1+ip2x2+iq2y2 ūξ(p2, s2)(m− 6p2)ξη(m+ 6q2)ωχvχ(q2, r2)

× (m− 6p1)λρuρ(p1, r1)v̄ζ(q1, r1)(m+ 6q1)ζσ
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)e−i

∫
dt (Ĥint(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

23To save space, we omit the interaction-representation index “I” from the operators in what follows
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First, we consider the ratio in the last line in the second order in e and prove that the
contribution of ĤC(t)) cancels with the contribution of the last term in transverse photon
propagator

〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

(20.54)

= 〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)
(
− 1

2

∫
dt Ĥint(t)

∫
dt′ Ĥint(t

′)− i
∫
dtĤC(t))

)
}|0〉

= e2〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)
(
−
∫
d4zd4z′

2
ˆ̄ψ(z)~γ · ~̂A(z)ψ̂(z) ˆ̄ψ(z′)~γ · ~̂A(z′)ψ̂(z′)− i

∫
dtĤC(t))

)
}|0〉

ByWick’s theorem we can replace ...Âi(z)...Âj(z′)... by contraction ̂Âi(z)...Âj(z
′) = Dtr

ij(z−
z′) and get

= − e2

2

∫
d4zd4z′Dµν

tr (z − z′)〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)
( ˆ̄ψ(z)γµψ̂(z)

)( ˆ̄ψ(z′)γνψ̂(z′)
)
}|0〉

−ie2

∫
dtd3zd3z′

ηµην

8π|~x− ~y|
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)

( ˆ̄ψ(t, ~z)γµψ̂(t, ~z)
)( ˆ̄ψγν(t, ~z)ψ̂(t, ~z′)

)
}|0〉

= − e2

2

∫
d4zd4z′

[
Dµν

tr (z − z′) + iδ(z0 − z′0)
ηµην

4π|~x− ~y|

]
× 〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)

( ˆ̄ψ(z)γµψ̂(z)
)( ˆ̄ψ(z′)γνψ̂(z′)

)
}|0〉

= − e2

2

∫
d4zd4z′

[
Dµν
F (z − z′) +Dµν

W (z − z′)
]

× 〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)
( ˆ̄ψ(z)γµψ̂(z)

)( ˆ̄ψ(z′)γνψ̂(z′)
)
}|0〉 (20.55)

It is an exercise in combinatorics (see Bjorken & Drell) to prove that in any order in per-
turbation theory the instantaneous term Dµν

inst in the transverse photon propagator (20.50)
cancels with the Coulomb instantaneous term (20.46) in the interaction Hamiltonian so
we can build perturbation theory with the interaction Hamiltonian (20.52) and the photon
propagator Dµν

F (z − z′) +Dµν
W (z − z′).

A the second step we will demonstrate that one can drop the term Dµν
W (z − z′) when

calculating physical amplitude (20.53). Substituting our result

〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

(20.56)

= − e2

∫
d4zd4z′

[
Dµν
F (z − z′) +Dµν

W (z − z′)
]

× 1

2
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)

( ˆ̄ψ(z)γµψ̂(z)
)( ˆ̄ψ(z′)γνψ̂(z′)

)
}|0〉
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in the r.h.s. of Eq. (20.53) we obtain

out〈p2, s2; q2, r2|p1, s1; q1, r1〉in (20.57)

= − e2 lim
p2i ,q

2
i→m2

∫
d4x1d

4y1d
4x2d

4y2 e
−ip1x1−iq1y1+ip2x2+iq2y2 ūξ(p2, s2)(m− 6p2)ξη(m+ 6q2)ωχvχ(q2, r2)

× (m− 6p1)λρuρ(p1, r1)v̄ζ(q1, r1)(m+ 6q1)ζσ

∫
d4zd4z′

[
Dµν
F (z − z′) +Dµν

W (z − z′)
]

× 1

2
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)

( ˆ̄ψ(z)γµψ̂(z)
)( ˆ̄ψ(z′)γνψ̂(z′)

)
}|0〉

By Wick’s theorem, the T-product in the r.h.s. of this formula reduces to the sum of two
contractions

1

2
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)

( ˆ̄ψ(z)γµψ̂(z)
)( ˆ̄ψ(z′)γνψ̂(z′)

)
}|0〉

=
̂

ψ̂η(x2)
( ˆ̄ψ(z′)γν

̂
ψ̂(z′)

) ˆ̄ψλ(x1)
̂

ψ̂σ(y1)
( ˆ̄ψ(z)γµ ˆ̂ψ(z)

) ˆ̄ψ
ω
(y2)

− ̂
ψ̂η(x2)

( ˆ̄ψ(z′)γν
̂

ψ̂(z′)
) ˆ̄ψω(y2)

̂
ψ̂σ(y1)

( ˆ̄ψ(z)γµ ˆ̂ψ(z)
) ˆ̄ψ

λ
(x1)

=
(
SF (x2 − z′)γνSF (z′ − x1)

)
ηλ

(
SF (y1 − z)γµSF (z − y2)

)
σω

−
(
SF (x2 − z′)γνSF (z′ − y2)

)
ηω

(
SF (y1 − z)γµSF (z − x1)

)
σλ

(20.58)

Performing Fourier integrations, one obtains (k ≡ p2− p1 = q1− q2, k′ ≡ p1 + q1 = p2 + q2)

out〈p2, s2; q2, r2|p1, s1; q1, r1〉in = − e2(2π)4δ(p2 + q2 − p1 − q1)

× lim
p2i ,q

2
i→m2

ūξ(p2, s2)(m− 6p2)ξη(m+ 6q2)ωχvχ(q2, r2)(m− 6p1)λρuρ(p1, s1)v̄ζ(q1, r1)(m+ 6q1)ζσ

×
[ 1

ik2

(
gµν +

kµkν

~k2
− k0

~k2
(kµην + kνηµ)

)( m+ 6p2

i(m2 − p2
2)
γν

m+ 6p1

i(m2 − p2
1)

)
ηλ

( m− 6q1

i(m2 − q2
1)
γµ

m− 6q2

i(m2 − q2
2)

)
σω

− 1

ik′2

(
gµν +

k′µk′ν

~k′
2 − k′0

~k′
2 (k′

µ
ην + k′

ν
ηµ)
)( m+ 6p2

i(m2 − p2
2)
γν

m− 6q2

i(m2 − q2
2)

)
ηω

( m− 6q1

i(m2 − q2
1)
γµ

m+ 6p1

i(m2 − p2
1)

)
σλ

]
= i(2π)4δ(p1 + q1 − p2 − q2)

×e
2

t

[
ū(p2, s2)γνu(p1, s1)

][
v̄(q1, r1)γµv(q2, r2)

](
gµν +

kµkν

~k2
− k0

~k2
(kµην + kνηµ)

)
− e2

s

[
ū(p2, s2)γνv(q2, r2)

][
v̄(q1, r1)γµu(p1, s1)

](
gµν +

k′µk′ν

~k′
2 − k′0

~k′
2 (k′

µ
ην + k′

ν
ηµ)
)

(20.59)

where k ≡ p2 − p1 = q1 − q2, k′ ≡ p1 + q1 = p2 + q2 and we used Mandelstam notations
t = k2, s = k′2.

Now, it is easy to see that due to the properties

ū(p2, s2) 6ku(p1, s1) = ū(p2, s2)[(6p2 −m)− ( 6p1 −m)]u(p1, s1) = 0

v̄(q1, r1) 6kv(q2, r2) = v̄(q1, r1)[(6q1 +m)− (6q2 +m)]v(q2, r2) = 0

ū(p2, s2) 6k′v(q2, r2) = ū(p2, s2)[( 6p2 −m) + ( 6q2 +m)]v(q2, r2) = 0

v̄(q1, r1) 6k′u(p1, s1) = v̄(q1, r1)[(6q1 +m) + ( 6p1 −m)]u(p1, s1) = 0 (20.60)
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the contributions of Dµν
W (k) and Dµν

W (k′) to the r.h.s. of Eq. (20.58) cancel and we get the
result

out〈p2, s2; q2, r2|p1, s1; q1, r1〉in = ie2(2π)4δ(p2 + q2 − p1 − q1) (20.61)

×
([
ū(p2, s2)γνu(p1, s1)

]gµν
t

[
v̄(q1, r1)γµv(q2, r2)

]
−
[
ū(p2, s2)γνv(q2, r2)

]gµν
s

[
v̄(q1, r1)γµu(p1, s1)

])
Note that for the amputated Green function at arbitrary momenta

Gamp
ηωλσ(p1, q1 → p2, q2) = Π(p2

i −m2)(q2
i −m2)

∫
d4x1d

4y1d
4x2d

4y2 (20.62)

× e−ip1x1−iq1y1+ip2x2+iq2y2
〈0|T{ψ̂η(x2) ˆ̄ψω(y2) ˆ̄ψλ(x1)ψ̂σ(y1)e−i

∫
dt (Ĥint(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (Ĥint(t)+ĤC(t))}|0〉

we can cancel the contribution of the instantaneous term Dµν
inst in the transverse photon

propagator (20.50) with the Coulomb instantaneous term (20.46) in the interaction Hamil-
tonian as demonstrated in Eq. (20.56), but in general we cannot remove Dµν

inst from the
photon propagator. Indeed, from Eq. (20.58) we get

Gηωλσ(p1, q1 → p2, q2) = − e2(2π)4iδ(p2 + q2 − p1 − q1) (20.63)

×
[ 1

k2

(
gµν +

kµkν

~k2
− k0

~k2
(kµην + kνηµ)

)
[(m+ 6p2)γν(m+ 6p1)]ηλ[(m− 6q1)γµ(m− 6q2)]σω

− 1

k′2

(
gµν +

k′µk′ν

~k′
2 − k′0

~k′
2 (k′

µ
ην + k′

ν
ηµ)
)

[(m+ 6p2)γν(m− 6q2)]ηω[(m− 6q1)γµ(m+ 6p1)]σλ

]
and, for example,

kν(m+ 6p2)γν(m+ 6p1) = (m+ 6p2)[m− 6p1 − (m− 6p2)](m+ 6p1) = (m+ 6p1)(m2 − p2
2)− (m+ 6p2)(m2 − p2

1)

k′
ν
(m+ 6p2)γν(m− 6q2) = (m+ 6p2)[m+ 6q2 − (m− 6p2)](m− 6q2) = (m+ 6p2)(m2 − q2

2)− (m− 6q2)(m2 − p2
1)

(20.64)

so we see that the contribution of the term Dµν
W drops out only if all fermions are on the

mass shell (p2
i = q2

i = m2). This is a manifestation of the Ward identity which in general
reads as follows

Ward identity:
Suppose we have a general amputated Green function 24 Gamp

µ1,...,µm(k1, ...km, p1, ...pl)

with all electron and positron momenta p1, ...pl on the mass shell (p2
i = m2), then 25

kµii G
amp
µ1,...,µm(k1, ...km, p1, ...pl) = 0 (20.65)

24 Note that sometimes the name “Ward identity” (or “Ward-Takahshi identity” is reserved for a more
general formula relating different off-shell Green functions of which our property (20.65) is a consequence.

25This identity is generally not true for individual Feynman diagrams but it restores when we sum over
the diagrams for G at any given order.
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Using Ward identity it is easy to prove (by induction, See Peskin & Schroeder) that
the terms ∼ aµkν (or kµkν) in the photon propagator do not contribute to any physical
S-matrix element.

Summarising, we have proved (albeit on a simplest example) that one can use the
Feynman photon propagator (20.51) and the interaction Hamiltonian (20.52) for the calcu-
lation of S-matrix elements (≡ scattering cross sections). The result for an arbitrary Green
function reads

〈Ω|T{ψ̂(x1) ˆ̄ψ(x2) ˆ̄ψ(x3)....ψ̂(xm)Â(y1)...Â(yn)}|Ω〉 (20.66)

=
〈0|T{ψ̂I(x1) ˆ̄ψI(x2) ˆ̄ψI(x3)....ψ̂I(xm)ÂI(y1)...ÂI(yn)eie

∫
d4z ˆ̄ψI(z) 6ÂI(z)ψ̂I(z)}|0〉

〈0|T{eie
∫
d4z ˆ̄ψI(z)6ÂI(z)ψ̂I(z)}|0〉

where fermion contractions are given by Dirac propagator (16.3) and photon contractions
are given by Feynman photon propagator (20.51).

From Eq. (20.61) we see that the matrix element of the transition matrix is

M(p1, s1; q1, r1 → p2, s2; q2, r2) (20.67)

= e2
([
ū(p2, s2)γνu(p1, s1)

]gµν
t

[
v̄(q1, r1)γµv(q2, r2)

]
−
[
ū(p2, s2)γνv(q2, r2)

]gµν
s

[
v̄(q1, r1)γµu(p1, s1)

])
which is depicted by two diagrams in Fig. The relative (-) sign is obvious if one redraws

p   p
2

p 
2

p 
1

q1 q2

p 
1

1
p + q

1

q2q1

p 
2

1

Figure 21. Diagrams for the elastic e+e− scattering

these diagrams as

1

1
p + q

1

q2q1

p 
2

1
p   p

2

p 
1

p 
2

q2q1

p 

It is easy to see now that the two diagrams differ by exchange of the fermion lines with
momenta p2 and −q1 going out from left and right vertex.
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20.5.2 QED interaction vertex

The formula (20.67) tells us that the fermion-fermion-photon interaction vertex is ±e in
the set of Feynman rules for reduced Green functions. To fix the sign, let us consider
the three-point fermion-fermion-photon Green function in the lowest order in perturbation
theory.

G(k → p, q)ξη ≡ G(k,−p,−q)ξη =

∫
d4xd4yd4z e−ikz+ipx+iqy〈Ω|T{Âµ(z)ψ̂ξ(x) ˆ̄ψη(y)}|Ω〉(20.68)

=

∫
d4xd4yd4z e−ikz+ipx+iqy 〈0|T{Âµ(z)ψ̂ξ(x) ˆ̄ψη(y)eie

∫
d4w ˆ̄ψ(w)6Â(w)ψ̂(w)}|0〉

〈0|T{eie
∫
d4z ˆ̄ψ(w) 6Â(w)ψ̂(w)}|0〉

= ie

∫
d4xd4yd4zd4w e−ikz+ipx+iqy〈0|T{Âµ(z)ψ̂ξ(x)

( ˆ̄ψ(w) 6Â(w)ψ̂(w)
) ˆ̄ψη(y)}|0〉 + O(e3)

= ie

∫
d4xd4yd4zd4w e−ikz+ipx+iqyDµν

F (z − w)
[
SF (x− w)γνSF (w − y)

]
ξη

+ O(e3)

= ie(2π)4δ(p+ q − k)
gµν

i(k2 + iε)

( m+ 6p)
i(m2 − p2 − iε)

γν(
m− 6q)

i(m2 − q2 − iε)

)
ξη

(20.69)

so we see that the interaction vertex for the set of Feynman rules in the momentum space
is ie(2π)4δ(

∑
pi).

Let us figure out the sign of the vertex for the set of Feynman rules for reduced Green
functions. The definition of a reduced Green function (9.73) reads

G(p1, ..., pN ) = (−i)N−1(2π)4δ
( N∑
i=1

pi

)
G(p1, ..., pN ) (20.70)

First, we see that the photon propagator in this set is gµν

k2+iε
:

−iDµνF (k1)(2π)4δ(k1 − k2) = Gµν(k1,−k2)ξη =

∫
d4z1d

4z2e
−ik1z1+ik2z2 ̂Âµ(z1)Âν(z2) (20.71)

=

∫
d4z1d

4z2e
−ik1z1+ik2z2 Dµν

F (z1 − z2) = (2π)4δ(k1 − k2)
gµν

k2
1 + iε

⇒ DµνF (k) =
gµν

k2 + iε

Note that the sign is different from the propagator of a massless scalar particle (Eq. (6.43)
with m = 0) because physical photons correspond to gij = −δij .

Second, from Eqs. (20.69) and (20.70) we get

G(k → p, q)ξη = e
gµν

(p+ q)2 + iε

( m+ 6p
m2 − p2 − iε

γν(
m− 6q)

m2 − q2 − iε

)
ξη

(20.72)

Recalling that the Dirac propagator in this set of rules is m+6p
m2−p2−iε we see that the fermion-

fermion-photon vertex in the set of Feynman rules for reduced Green functions is e (=
charge of the positron).

20.6 LSZ theorem for QED

To finalize the set of Feynman rules for QED we need the LSZ theorem for matrix elements
of S-matrix. It has the form (up to renormalization Z-factors to be discussed later)
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Figure 22. LSZ theorem for QED

out〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(n)
2 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 , λ

(n′′)
2 |p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 , λ

(m′′)
1 〉in

= lim
k
(k)2
1 →0

lim
k
(n)2
2 →0

lim
p
(i)2
1 →m2

lim
p
(l)2
2 →m2

lim
q
(j)2
1 →m2

lim
q
(m)2
2 →m2

∫ m∏
i=1

dx
(i)
1

m′∏
j=1

dy
(j)
1

m′′∏
k=1

dz
(k)
1

l∏
i=1

dx
(l)
2

n′∏
m=1

dy
(m)
2

n′′∏
n=1

dz
(n)
1

× im+n−m′−n′+m′′+n′′ exp
{
− i

m∑
i=1

p
(i)
1 x

(i)
1 − i

m′∑
j=1

q
(j)
1 y

(j)
1 − i

m′′∑
k=1

k
(k)
1 z

(k)
1 + i

n∑
l=1

p
(l)
2 x

(l)
2 + i

n′∑
m=1

q
(m)
2 y

(m)
2 + i

n′′∑
n=1

k
(n)
2 z

(n)
2

}

× 〈Ω|T{
n∏
l=1

ūξ(p
(l)
2 , s

(l)
2 )(m− 6p(l)

2 )ξηψ̂η(x
(l)
2 )

n′∏
m=1

ˆ̄ψω(y
(m)
2 )(m+ 6q(m)

2 )ωχvχ(q
(m)
2 , r

(m)
2 )

n′′∏
n=1

e
λ
(n)
2

µ
(n)
2

(k
(n)
2 ) k

(n)2
2 Âµ

(n)
2 (z

(n)
2 )

×
m∏
l=1

ˆ̄ψλ(x
(i)
1 )(m− 6p(l)

1 )λρuρ(p
(i)
1 , r

(i)
1 )

m′∏
j=1

v̄ζ(q
(j)
1 , r

(j)
1 )(m+ 6q(j)

1 )ζσψ̂σ(y
(j)
1 )

m′′∏
k=1

e
λ
(k)
1

µ
(k1)
1

(k
(k)
1 ) k

(k)2
1 Âµ

(k)
1 (z

(k)
1 )}|Ω〉 (20.73)

The proof is similar to Sect. 8.2 (see textbook by Bjorken & Drell or Peskin). As in
Yukawa theory, we have ū(p, s) for each outgoing electron, u(p, s) for each incoming electron,
v(p, s) for each outgoing positron, and v̄(p, s) for each incoming positron. In addition, each
incoming and outgoing photon with polarization λ brings in the factor eλµ(k) (convoluted
with corresponding Lorentz index from the amplitude 〈...Aµ(k)...〉).

This LSZ theorem (without Z-factors) is equivalent to Peskin’s mnemonic rule

out〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(n)
2 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 , λ

(n′′)
2 |p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 , λ

(m′′)
1 〉in

= 〈p2, s2; p′2, s
′
2; ...p

(n)
2 , s

(n)
2 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 , λ

(n′′)
2 | exp

{
ie

∫
d4z ˆ̄ψ(z) 6Â(z)ψ̂(z)

}
× |p1, s1; p′1, s

′
1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 , λ

(m′′)
1 〉

where all the states and operators in the r.h.s. of this formula are in the interaction
representation. The contractions of Dirac ladder operators with fermion fields are presented
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in Eq. (17.14)

ˆ̂as2~p2
ˆ̄ψξ(z)

def≡ {âs2~p2 ,
ˆ̄ψξ(z)} =

∑
s

∫
d−3p√
2Ep
{âs2~p2 ,

[
v̄ξ(~p, s)e

−ipz b̂s~p + ūξ(~p, s)e
ipzâs†~p

]
} =

eip2z√
2Ep2

ūξ(~p2, s2)

̂
ψ̂η(z) â

s1†
~p1

def≡ {ψ̂η(z), âs1†~p1 } =
∑
s

∫
d−3p√
2Ep
{
[
uη(~p, s)e

−ipzâs~p + vη(~p, s)e
ipz b̂s†~p

]
, âs1†~p1 } =

e−ip1z√
2Ep1

uη(~p1, s1),

̂ˆ̄ψξ(z) b̂
r1†
~q1

def≡ { ˆ̄ψξ(z), b̂
r1†
~q1
} =

∑
s

∫
d−3p√
2Ep
{
[
v̄ξ(~p, s)e

−ipz b̂s~p + ūξ(~p, s)e
ipzâs†~p

]
, b̂r1†~q1 } =

e−iq1z√
2Eq1

v̄ξ(~q1, r1)

̂̂br2~q2 ψ̂η(z)
def≡ {b̂r2~q2 , ψ̂η(z)} =

∑
s

∫
d−3p√
2Ep
{b̂r2~q2 ,

[
uη(~p, s)e

−ipzâs~p + vη(~p, s)e
ipz b̂s†~p

]
} =

eiq2z√
2Eq2

vη(~q2, r2),

(20.74)

and the contractions of photon ladder operators with Âµ are given by

ˆ̂aλ2~k2
Âµ(z)

def≡ [âλ2~k2
, Âµ(z)] =

∑
λ

∫
d−3k√

2|~k|
eλµ(~k)

[
âλ2~k2

,
(
e−ikzâλ~k + eikzâλ†~k

)]
=

eik2z√
2|~k2|

eλ2µ (~k2)

̂
Âµ(z) âλ1†~k1

def≡ [Âµ(z), âλ1†~k1
] =

∑
λ

∫
d−3k√

2|~k|
eλµ(~k)

[(
e−ikzâλ~k + eikzâλ†~k

)
, âλ1†~k1

]
=

e−ik1z√
2|~k1|

eλ1µ (~k1)

(20.75)

20.7 Set of Feynman rules for QED

Reminder: QED Lagrangian (density)

L(x) = − 1

4
FµνF

µν + ψ̄(i6∂ −m+ e6A)ψ, (20.76)

Green functions in the momentum space are defined as (cf. Eq. (18.2))

G
(
p1, s1; ...p

(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 , λ

(m′′)
1 → p2, s2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 , λ

(n′′)
2

)
=

∫ m∏
i=1

dx
(i)
1

m′∏
j=1

dy
(j)
1

m′′∏
k=1

dz
(k)
1

l∏
i=1

dx
(l)
2

n′∏
m=1

dy
(m)
2

n′′∏
n=1

dz
(n)
1 G

(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
× exp

{
− i

m∑
i=1

p
(i)
1 x

(i)
1 − i

m′∑
j=1

q
(j)
1 y

(j)
1 − i

m′′∑
k=1

k
(k)
1 z

(k)
1 + i

n∑
l=1

p
(l)
2 x

(l)
2 + i

n′∑
m=1

q
(m)
2 y

(m)
2 + i

n′′∑
n=1

k
(n)
2 z

(n)
2

}
(20.77)

where G
(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
is a Green func-

tion in the coordinate space given by Eq. (20.66)

G
(
x1, ...x

(m)
1 , y1, ...y

(m′)
1 , z1, ...z

(m′′)
1 , x2, ...x

(n)
2 , y2, ...y

(n′)
2 , z2, ...z

(n′′)
2

)
(20.78)

= 〈Ω|T{
n∏
l=1

ψ̂(x
(l)
2 )

n′∏
m=1

ˆ̄ψ(y
(m)
2 )

n′′∏
n=1

Â(z
(n)
2 )

m∏
l=1

ˆ̄ψ(x
(i)
1 )

m′∏
j=1

ψ̂(y
(j)
1 )

m′′∏
k=1

Â(z
(k)
1 )}|Ω〉

=
〈0|T{

∏n
l=1 ψ̂I(x

(l)
2 )
∏n′

m=1
ˆ̄ψI(y

(m)
2 )

∏n′′

n=1 ÂI(z
(n)
2 )

∏m
l=1

ˆ̄ψI(x
(i)
1 )
∏m′

j=1 ψ̂I(y
(j)
1 )

∏m′′

k=1 ÂI(z
(k)
1 )}eie

∫
d4z ˆ̄ψI(z)6Â(z)ψ̂I(z)}|0〉

〈0|T{eie
∫
d4z ˆ̄ψI(z)6Â(z)ψ̂I(z)}|0〉
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i

2 2m  p  ip
= /i(m + p)

2
pp1

1 2
p  = p p 

3

4(2   )  

4(2   )  
i

i
d  k4

2.   Dirac fermion propagator 

3.   Vertex

(Arrow on the fermion line in the direction of the flow of negative charge)

5.    Extra factor ( 1) for each fermion loop

6.    Negative relative sign between  two amplitudes obtained by permutation
of identical external lines corresponding to fermions

Feynman rules for Green functions in QED

1.  Photon propagator in Feynman gauge =
k 2k  +i

igµ

7.    No symmetry factors in QED

= 1
(p  p  p )2 3

µ ie

4.    Integrate over all momenta k  of internal lines
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The reduced Green function is defined as usual

G(p1, s1; ...p
(m)
1 ,s

(m)
1 ; q1, r1; ...q

(m′)
1 ,r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 ,λ

(m′′)
1 → p2, s2; ...p

(n)
2 ,s

(m)
1 ; q2, r2; ...q

(n′)
2 ,r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 ,λ

(n′′)
2 )

= (−i)m+m′+m′′+n+n′+n′′−1(2π)4δ
(∑

p
(i)
1 +

∑
q

(i)
1 +

∑
k

(i)
1 −

∑
p

(i)
2 +

∑
q

(i)
2 +

∑
k

(i)
2

)
(20.79)

× G(p1, s1; ...p
(m)
1 , s

(m)
1 ; q1, r1; ...q

(m′)
1 , r

(m′)
1 ; k1, λ1; ...k

(m′′)
1 ,λ

(m′′)
1 → p2, s2; ...p

(n)
2 , s

(m)
1 ; q2, r2; ...q

(n′)
2 , r

(n′)
2 ; k2, λ2; ...k

(n′′)
2 ,λ

(n′′)
2 )

Feynman rules for reduced Green functions in QED

1.  Photon propagator in Feynman gauge =
k 2k  +i

µ  g

2
pp1

1 2
p  = p p 

3

2 2m  p  i
m + p/

p
=2.   Dirac fermion propagator 

3.   Vertex

(Extra factor 1 for each fermion loop)

(Arrow on the fermion line in the direction of the flow of negative charge)

6.    Negative relative sign between  two amplitudes obtained by permutation
of identical external lines corresponding to fermions

7.    No symmetry factors in QED

=   e µ

4(2   )  i

4
( 1)

4(2   )  i

4
4.    Integrate over photon loop momenta k

j j
5.    Integrate over fermion loop momenta p d  p

d  k

j

jj
j

Matrix element of M-matrix in QED

Matrix element of M-matrix is a reduced amputated Green function on a
mass shell multiplied by:

ū(p, s) for each outgoing electron, u(p, s) for each incoming electron, v(p, s)

for each outgoing positron, v̄(p, s) for each incoming positron, and eλµ(k) for each
incoming or outgoing photon.
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Part XX

21 Renormalization in QED

21.1 A problem with UV divergence of Feynman diagrams

A problem: some Feynman diagrams in QED are divergent at large momenta (“UV-
devergent”). Example:

p pp−k

k

=
m+ 6p

m2 − p2 − iε

{
e2

∫
d−4k

i

γµ(m+ 6p− 6k)γν
m2 − (p− k)2 − iε

gµν

k2 + iε

} m+ 6p
m2 − p2 − iε

(21.1)

The expression in braces is a part of so-called “self-energy”

p−k

k

= − Σ(p) = e2

∫
d−4k

i

4m− 2(6p− 6k)

[m2 − (p− k)2 − iε](k2 + iε)
= ? (21.2)

A simple way to calculate (simple) Feynman integrals: Feynman formula

1

AB
=

∫ 1

0
dα

1

(Aα+Bᾱ)2
(21.3)

where we used convenient notation ᾱ ≡ 1 − α (nothing to do with Dirac conjugation!).
Later we will need a more general formula

Γ(a)

Aa
Γ(b)

Bb
=

∫ 1

0
dα αa−1ᾱb−1 Γ(a+ b)

(Aα+Bᾱ)a+b
(21.4)

Using Feynman formula (21.3) we obtain

Σ(p) = e2

∫
d−4k

i

4m+ 2( 6k− 6p)
[m2 − (p− k)2 − iε](−k2 − iε)

= e2

∫
d−4k

i

4m+ 2( 6k− 6p)
[m2α− (p− k)2α− k2ᾱ− iε]2

= e2

∫
d−4k

i

4m+ 2( 6k− 6p)
[m2α− (k − pα)2 − p2ᾱα− iε]2

shift k→k+pα
= e2

∫
d−4k

i

∫ 1

0
dα

4m+ 2( 6k− 6pᾱ)

[m2α− p2ᾱα− k2 − iε]2

= e2

∫ 1

0
dα(4m− 26pᾱ)

∫
d−4k

i

1

[m2α− p2ᾱα− k2 − iε]2
(21.5)

How to calculate
∫ d−4k

i
1

[M2−k2−iε]2 ? Suppose p2 < 0, then M2 > 0 and∫
d−4k

i

1

[M2 − k2 − iε]2
=

∫
d−k0

i

∫
d−2k

1

[M2 + ~k2 − k2
0 − iε]2

(21.6)
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For Euclidean integrals ∫
ddp f(p2) =

π
d
2

Γ
(
d
2

)∫ ∞
0
dp2 (p2)

d
2
−1f(p2) (21.7)

so

k0=ik4=

∫
d−4k

i

1

[M2 + ~k2 + k2
4]2

=

∫
d−4ke

1

[M2 + k2
e ]

2
=

1

16π2

∫ ∞
0
dk2

e

k2
e

(M2 + k2
e)

2
' 1

16π2

∫ ∞
M2

dk2
e

k2
e

= ln∞?

(21.8)

where ke = (k1, k2, k3, k4) is a 4-dimensional vector in the Euclidean space with metric
gµµ = δµν .

If we cut the divergence at some large µUV (“ultraviolet cutoff”), we get

Σ(p) =
e2

16π2

∫ 1

0
dα (4m− 26pᾱ)

∫ ∞
0
dk2

e

k2
e

(m2 − p2ᾱα+ k2
e)

2
=

e2

16π2

∫ 1

0
dα (4m− 26pᾱ) ln

µ2
UV

m2 − p2ᾱα

(21.9)

The necessity of the cutoff may indicate the existence of some new physics at large momenta.
The best known example is transition from four-fermion weak interaction at low energies
to interaction mediated by W-boson at high energies (mW ∼ 80GeV).

21.1.1 Example of non-renormalizable theory: four-fermion “V − A” weak in-
teraction

In 50’s weak interactions were described by so-called four-fermion V −A (= “vector minus
axial-vector”) Lagrangian, a part of which reads

Lint(x) =
GF√

2
[ψ̄(x)γµ(1− γ5)ν(x)][ν̄(x)γµ(1− γ5)ψ(x)] (21.10)

where ν̄(x) is the neutrino field and GF = 1.166 × 10−5GeV−2 is a Fermi constant (extra
1√
2
is for historical reasons).
The free neutrino-antineutrino field is described by the Dirac Lagrangian with m = 0

L(x) = ν̄(x)i 6∂ν(x) (21.11)

which leads to Weyl equations (13.11) and the corresponding decomposition into ladder
operators reads

ν̂(x) =

∫
d−3p√

2|p|
[
υ(~p)e−ipxα̂~p + ς(~p)eipxβ̂†~p

]∣∣∣∣
p0=|p|

ˆ̄ν(~x) =

∫
d−3p√

2|p|
[
ς̄(~p)e−ipxβ̂~p + ῡ(~p)eipxα̂†~p

]∣∣∣∣
p0=|p|

(21.12)

There is no sum over spins since the neutrino has negative helicity so the spinor υ(~p)

is always left υ(~p) = 1−γ5
2 υ(~p) and positive-helicity antineutrino spinor is always right
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e
1

p 
1

q2

p 
2

e

q

Figure 23. Four-femion scattering. Dashed line denotes neutrino

ς̄(~p) = ς̄(~p)1+γ5
2 . The propagator is a massless Dirac propagator and we have ῡ(p) for

outgoing neutrino, υ(p) for incoming neutrino, ς(p) for outgoing antineutrino, and ς̄(p) for
incoming antineutrino.

Let us consider a neutrino-electron scattering in this model. In the leading order in
GF the amplitude of ν-e elastic scattering in this theory reads

M(p1, s1; q1 → p1, s2; q2) =
GF√

2
[ū(p2, s2)γµ(1−γ5)υ(q1)][ῡ(q2)γµ(1−γ5)u(p1, s1)] (21.13)

where ῡ(q2)(1 − γ5) denotes the neutrino spinor and (1 − γ5)υ(q1) the antineutrino one.
The corresponding cross section is in a good agreement with experiment at low energies of
electrons.

However, let us try to calculate the same cross section in the next order in GF . The
corresponding “fish” diagram is shown in Fig. 24

k

1

p 
1

p 
2

q2p  + q  k
1 1

e e

q

Figure 24. Four-fermion scattering in the second order in GF .

and the result is

M(p1, s1; q1 → p1, s2; q2)

=
G2
F

2

∫
d−4k

i
[ū(p2, s2)γµ(1− γ5)

6k
−k2 − iε

γν(1− γ5)u(p1, s1)]ῡ(q2)γµ(1− γ5)
m+ 6p1+ 6 q1− 6k

m2 − (p1 + q1 − k)2
γν(1− γ5)υ(q1)

= [ū(p2, s2)γµ(1− γ5)]ξ[γν(1− γ5)u(p1, s1)]η[ῡ(q2)γµ(1− γ5)]ζ [γ
ν(1− γ5)υ(q1)]σ

×
G2
F

2

∫
d−4k

i

6kξη
−k2 − iε

(m+ 6p1+ 6 q1− 6k)ζσ
m2 − (p1 + q1 − k)2 − iε

(21.14)
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The momentum integral can be calculated gy Feynman’s formula∫
d−4k

i

6kξη
−k2 − iε

(m+ 6p1+ 6 q1− 6k)ζσ
m2 − (p1 + q1 − k)2 − iε

=

∫ 1

0
d−α

∫
d−4k

i

6kξη(m+ 6p1+ 6 q1− 6k)ζσ(
m2α− [k − (p1 + q1)α]2 − sᾱα− iε

)2 (21.15)

=

∫ 1

0
d−α

∫
d−4k

i

(6k + α[ 6p1+ 6q1])ξη(m+ [ 6p1+ 6 q1]ᾱ− 6k)ζσ(
m2α− k2 − sᾱα− iε

)2 ' −
∫ 1

0
d−α

∫
d−4k

i

6kξη 6kζσ(
m2α− k2 − sᾱα− iε

)2
= − 1

4
γρξη(γρ)ζσ

∫ 1

0
d−α

∫
d−4k

i

k2(
m2α− k2 − sᾱα− iε

)2 =
γρξη(γρ)ζσ

4

∫ 1

0
d−α

∫
d−4ke

k2
e(

m2α+ k2
e − sᾱα− iε

)2
= −

γρξη(γρ)ζσ

64π2

∫ 1

0
d−α

∫ ∞
0
dk2

e

k4
e(

m2α+ k2
e − sᾱα− iε

)2 ' −
γρξη(γρ)ζσ

64π2

∫ µ2UV

m2

dk2
e = −

γρξη(γρ)ζσ

64π2
µ2

UV

Nowadays we know that weak interctions are mediated by W-bosons (and Z-boson)
with mW ' 80GeV so instead of “fish” diagram of Fig. 24 we have adiagram shown in Fig.
25 where the coupling constant of νeW interaction gW is called a “weak coupling constant”.

p

q

k

1

q  +k

p  −k1

1111 qq2

p22

q  −q  −k2 1

Figure 25. Four-fermion scattering mediated by W-boson (denoted by curvy line.

The correspondingM-matrix element is

M(p1, s1; q1 → p1, s2; q2) (21.16)

= [ū(p2, s2)γµ(1− γ5)]ξ[γν(1− γ5)u(p1, s1)]η[ῡ(q2)γµ(1− γ5)]ζ [γ
ν(1− γ5)υ(q1)]σ

×
g4
W

4

∫
d−4k

i

6kξη
−k2 − iε

(m+ 6p1+ 6 q1− 6k)ζσ
m2 − (p1 + q1 − k)2 − iε

1

(m2
W − k2 − iε)(m2

W − (q1 − q2 + k)2 − iε)

where the integral over loop momenta is now convergent at momenta k2 ∼ m2
W . If we

consider the region of k2 � m2
W we get the old result

g2
W

4

∫
d−4k

i

6kξη
−k2 − iε

(m+ 6p1+ 6 q1− 6k)ζσ
m2 − (p1 + q1 − k)2 − iε

1

(m2
W − k2 − iε)(m2

W − (q1 − q2 + k)2 − iε)
k2�m2

W'

'
g2
W

m4
W

∫
d−4k

i

6kξη
−k2 − iε

(m+ 6p1+ 6 q1− 6k)ζσ
m2 − (p1 + q1 − k)2 − iε

(21.17)

multiplied by g2W
4m4

W
instead of G

2
W
2 so we can estimate that G2

W ∼
g2W
m4
W

(the correct formula

is G2
F =

g2W
8m4

W
).
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The four-fermion model with Lagrangian (21.10) is an example of so-called “non-
renormalizable” theories which are incomplete at large momenta. The indication of this
incompleteness is the explicit dependence of physical cross sections on the UV cutoff µ like
in the above example.

The situation in QED (and other so-called “renormalizable” theories) is more subtle:
one still needs a UV cutoff µUV for calculation of the individual Feynman diagrams but the
cross sections do not depend explicitly on µ ≡ µUV.

How can it be?

21.1.2 Renormalization program in QED

QCD Lagrangian has the form

LQED(x) = ψ̄(x)
[
i 6∂ −m0 + e0 6A(x)]ψ(x)− 1

4
FµνF

µν (21.18)

The parameters in the Lagrangian are called the “bare mass” m0 and “bare charge” e0. In
principle, there is no reason that they should be equal to “physical mass” of the electron
m and ‘physical charge” e (defined as a coefficient in front of Coulomb potential between
charges V (r) = e2

4πr ).
A priori we do not know the relation between m0 and m and between e0 and e. We’ve

demonstrated that in the leading order in perturbation theory m = m0 and e = e0, but
starting from the next-to-leading order this is no longer true (we have see it for the physical
mass in the KG model, see Eq. (10.18)). In general, m and e can be expressed as an
(infinite) series in coupling constant (= charge e0)

m = m0(1 + a1e
2
0 + a2e

4
0 + ...)

e = e0(1 + b1e
2
0 + b2e

4
0 + ...) (21.19)

(It is easy to see that the parameter of the expansion is e2
0 rathe than e0). Now, suppose we

calculated a certain cross section using Feynman diagrams following from the Lagrangian
(21.18). Naturally, we will get a cross section as a perturbative series in e0 (and m0 will be
the mass in the corresponding propagators) 26:

σ = e4
0(σ

(0)
0 + e2

0σ
(0)
1 + e4

0σ
(0)
2 + ...) (21.20)

The coefficients σ(0)
i in the expansion (21.21) are the functions of scattering momenta as

well as e0, m0, and the ultraviolet cutoff µUV
27. (It may be demonstrated that in QED

the dependence of diagrams on the UV cutoff µUV is no stronger than logarithmical with a
typical term being ∼ em0 (lnµ2

UV)n with m ≥ n.)
Renormalizability in QED:

If one expresses the cross section in terms of e and m rather than e0 and m0

σ = e4(σ0 + e2σ1 + e4σ2 + ...), (21.21)
26Typically, a cross section starts from e40.
27 The renormalization is not specific to the theories with UV divergencies. Even for a theory where all

Feynman diagrams are finite there may be (finite) difference between parameters of the Lagrangian and
physical masses and charges.
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the coefficients σi are finite functions of scattering momenta and physical mass m.
Summary: renormalization program in QED

• Write don Lagrangian in terms of bare mass and bare coupling constant

L = − 1

4
FµνF

µν + ψ̄(i 6∂ −m0 + e0 6A)ψ

• Calculate Feynman diagrams imposing a UV cutofff µUV for (logarithmically) diver-
gent loop momentum integrals.

• Calculate physical mass m in terms of bare Lagrangian parameters m0, e0

m = m0(1 + a1e
2
0 + a2e

2
0 + ...) (21.22)

• To relate e0 to the physical charge e, calculate the non-relativistic limit of Coulomb
exchange. In this limit the result for Coulomb potential between two electrons will
be

V (r) = − e2
0

4πr
(1 + b1e

2
0 + b2e

2
0 + ...)

By definition, the coefficient in front of − 1
4πr is (the square of) the physical charge of

the electron

e2 = − e2
0

4πr
(1 + b1e

2
0 + b2e

2
0 + ...) (21.23)

The coefficients ai and bi are functions of ln
µ2UV

m2
0
.

• Inverse equations (21.22) and (21.23):

m0 = m(1 + c1e
2 + c2e

4 + ...)

e0 = e(1 + d1e
2 + d2e

4 + ...) (21.24)

where the coefficients ci, di are functions of ln
µ2UV
m2 .

• Get rid of m0 in favor of m and rewrite Feynman diagrams as a series in physical
charge e. The resulting expressions for cross sections will not depend on µUV ⇒
perturbative series for cross sections will be finite.

The necessity of the cutoff may indicate our lack of understanding of physics at large
momenta, but the information about this physics at large momenta (like masses of in-
teraction mediators) is screened by the property of renormalizability (unlike the non-
renormalizable theories such as four-fermion model where this information was as explicit
as GF =

g2W
√

2

8m2
W

.
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22 Renormalization program in QED at the one-loop level

22.1 LSZ theorem and physical mass

As we saw in Sect. 10.3, technically it is more convenient to calculate Feynman diagrams
in terms of e0 an physical mass m (rather than in terms of e0 and m0). Similarly to the
scalar theory , we rewrite QED Lagrangian as follows

LQED = − 1

4
FµνF

µν + ψ̄(i 6∂ −m0 + e0 6A)ψ = − 1

4
FµνF

µν + ψ̄(i 6∂ −m)ψ + δmψ̄ψ + e0ψ̄ 6A)ψ

(where δm ≡ m − m0) so the first two terms will form “new” L0 and the last two terms
“new” Lint:

LQED = L0 + Lint (22.1)

L0 = − 1

4
FµνF

µν + ψ̄(i 6∂ −m)ψ, Lint = δmψ̄ψ + e0ψ̄6Aψ

The Dirac propagator for a new L0 is

SF (x− y) =

∫
d−4

i

m+ 6p
m2 − p2 − iε

e−ip(x−y where m is a physical mass (22.2)

and we have “old” Dirac-Dirac-photon vertex e0γµ and a new Dirac-Dirac vertex with con-
stant δm. The “mass counterterm” δm is can be represented as a series in coupling constant
e2

0

δm = m(c1e
2
0 + c2e

4
0 + ...) (22.3)

where the coefficients c1, c2 etc. are fixed by the requirement that the pole of the exact
Dirac propagator G(p) remains at p2 = m2.

G(p) = i

∫
d4x eipx〈Ω|T{ψ̂(x) ˆ̄ψ(y)}|Ω〉 = i

∫
d4x eipx〈0|T{ψ̂I(x) ˆ̄ψI(y)ei

∫
d4z L̂I(z)}|0〉connected

(22.4)

+

+

+ +

+

x

+ x x

xx ++ x + . . .

=

+ . . .

+ + x

+ +x x+

+ x x

=
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where the sum of the one-particle irreducible (1PI) diagrams

= + +x + .. .

is called (minus) self-energy −Σ(p). Let us calculate it in the leading order in e2
0

Σ(p) = − e2
0

∫
d−4k

i

4m+ 2( 6k− 6p)
[m2 − (p− k)2 − iε](k2 + iε)

+ O(e4
0) (22.5)

From Eq. (21.9) we know that this integral is logarithmically divergent at large k. However,
formula (21.9) was approximate (lnµ2

UV + const?) and we need the rigorous way to cut off
the integrals over large momenta.

Rigorous definition of regularized Feynman diagrams: dimensional regularization and
MS (“minimal subtraction”) scheme

Part XXI

22.2 Dimensional regularization of loop integrals in Feynman diagrams

22.2.1 Step 1: calculation of Feynman integrals in arbitrary dimension of
space-time

Let us start with the discussion of the integration over n-dimensional Euclidean space and
consider the integral ∫

dnp f(p2) = C

∫ ∞
0
dp pn−1 f(p2) (22.6)

- up to some constant C it is evident from dimensional considerations (this constant defines
the surface “area” of unit sphere in n dimensions). To find this constant, we should go to
spherical polar coordinates in d dimensions. We will need only one mathematical formula
for the element of volume in n-dimensional space∫

dnp ≡
∫ ∞

0
pn−1dp

∫ π

0
sinn−2 θn−2dθn−2

∫ π

0
sinn−3 θn−3dθn−3....

∫ π

0
sin θ1dθ1

∫ 2π

0
dφ

(22.7)

where θ1, ...θn−2 are (n-2) polar angles and φ is an azimuthal angle. If the integrand depends
only on p2 the integrals over angles can be easily performed so we obtain∫

dnp f(p2) =

∫ ∞
0

dp pn−1f(p2)

∫ π

0
sinn−2 θn−2dθn−2

∫ π

0
sinn−3 θn−3dθn−3....

∫ π

0
sin θ1dθ1

∫ 2π

0
dφ f(p2)

=
2πn/2

Γ(n/2)

∫ ∞
0

dp pn−1f(p2) (22.8)

where 2πn/2

Γ(n/2) is a surface area of unit sphere in the space of n dimensions. (The quick check
gives 2π for n=2 and 4π for n=3).
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The integral
∫
d−dp in Minkowski space is defined as a product of integration over p0

and integration over (d− 1)-dimensional Euclidean space of vectors ~p:∫
d−dp ≡

∫
dp0

2π

∫
dd−1p

(2π)d−1
(22.9)

Let us calculate now the Feynman integral for Σ(p) in arbitrary number of dimensions
d:

− Σ̃(p) ≡ e2
0

∫
d−dk

i

γα[m+ ( 6p− 6k)]γα

[m2 − (p− k)2 − iε](k2 + iε)
+ O(e4

0) (22.10)

As a first step, we re-derive the formula (21.5)

Σ̃(p) = e2
0

∫
d−4d

i

dm+ (d− 2)(6k− 6p)
[m2 − (p− k)2 − iε](−k2 − iε)

= e2
0

∫ 1

0
dα

∫
d−4k

i

dm+ (d− 2)(6k− 6p)
[m2α− (p− k)2α− k2ᾱ− iε]2

= e2
0

∫ 1

0
dα

∫
d−dk

i

dm+ (d− 2)( 6k− 6p)
[m2α− (k − pα)2 − p2ᾱα− iε]2

shift k→k+pα
= e2

0

∫ 1

0
dα

∫
d−4k

i

dm+ (d− 2)( 6k− 6pᾱ)

[m2α− p2ᾱα− k2 − iε]2

= e2
0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

∫
d−d−1~k

∫
dk0

2πi

1

[m2α− p2ᾱα+ ~k2 − k2
0 − iε]2

(22.11)

where we used frmulas γµγµ = δµµ = d and γµγαγµ = (2− d)γα.
Let us assume first that p2 < 0, then the poles in p0 complex plane are located as

shown in Fig. 26 and we can turn the contour of integration on 90◦ counterclockwise so

k0

Figure 26. Wick’s rotation:
∫
dk0 → i

∫
dkd

it will run along the imaginary axis (this is sometimes called Wick’s rotation to Euclidean
space). Introducing new variable k0 = ikd we get

Σ̃(p) = e2
0

∫ 1

0
dα

∫
d−d−1~k

∫
dkd
2π

dm− (d− 2)6pᾱ
[m2α− p2ᾱα+ ~k2 + k2

d − iε]2
(22.12)

Now the d − 1-dimensional Euclidean space of ~k and one additional Euclidean coordinate
kd form the Euclidean space of d-dimensional vectors k = (~k, kd) so the integral (22.12) can
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be rewritten as

Σ̃(p) = e2
0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

∫
d−dk

1

[m2α− p2ᾱα+ k2]2
(22.13)

= e2
0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

Γ(d/2)

(4π)d/2

∫ ∞
0
dk2 (k2)

d
2
−1

[m2α− p2ᾱα+ k2]2
= e2

0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

Γ
(
2− d

2

)
(m2α− p2ᾱα)2− d

2

where we’ve used Eq. (22.12) and the integral∫ ∞
0
dt ta−1 Γ(b)

(t+B)b
=

Γ(a)Γ(b− a)

Bb−a (22.14)

It can be demonstrated (by analytic continuation) that at arbitrary p2 the result for the
integral (22.13) has the form

Σ̃(p) = e2
0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

∫
d−dk

i

1

[m2α− p2ᾱα+ k2 − iε]2
(22.15)

= e2
0

∫ 1

0
dα(dm− (d− 2)6pᾱ)

Γ
(
2− d

2

)
(m2α− p2ᾱα− iε)2− d

2

It should be noted that formally the integral (22.12) id defined only for d = 1, 2 and 3,
but the r.h.s of Eq. (22.15) gives us an opportunity to define this integral at arbitrary (ral
or complex) d by analytic continuation. It is easy to see that at d = 4 the r.h.s. of Eq.
(22.15) has a simple pole 1

4−d (recall that Γ(ε) = 1
ε − C + O(ε) where C ' 0.577 is an

Euler constant).

22.2.2 Step 2: definition of UV cutoff µUV

We define
Σd(p) ≡ µ̃4−dΣ̃d(p) (22.16)

and expand Σd(p) as a function of d around the pole at d = 4.

Γ
(
2− d

2

)
=

Γ
(
3− d

2

)
2− d

2

=
1

2− d
2

− C +O
(
2− d

2

)
, C = −ψ(1) = 0.577... (22.17)

so

µ̃4−d(4π)2− d
2

(m2α− p2ᾱα− iε)2− d
2

= 1 +
(
2− d

2

)
ln

4πµ̃2

m2α− p2αᾱ− iε
+ O

(
2− d

2

)2 (22.18)

and we get

Σd(p) =
e2

0

(4π)d/2
µ̃4−d

∫ 1

0
dα(dm− (d− 2)6pᾱ)

Γ
(
2− d

2

)
(m2α− p2ᾱα)2− d

2

(22.19)

=
e2

0

16π2

[4m−6p
2− d

2

− 2m+ 6p +

∫ 1

0
dα(4m− 26pᾱ)

(
ln

µ̃2/4π

m2α− p2αᾱ− iε
− C + O

(
2− d

2

))]
=

e2
0

16π2

[4m−6p
2− d

2

− 2m+ 6p +

∫ 1

0
dα(4m− 26pᾱ)

(
ln

µ2

m2α− p2αᾱ− iε
+ O

(
2− d

2

))]
where µ2 ≡ µ̃2

4πe
−C ≡ UV cutoff in the “MS scheme”.
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22.2.3 Step 3: minimal subtraction scheme

We define the “regularized self-energy” in the leading order as

Σreg(p) ≡ lim
d→4

(
Σd(p)− pole at d = 4

)
=

e2
0

16π2

[∫ 1

0
dα (4m−26pᾱ) ln

µ2

m2 − p2ᾱα− iε
−2m+ 6p

]
(22.20)

In general,
Σreg(p) = mΣ1(p2)− 6pΣ2(p2) (22.21)

where Σreg
1,2(p) =

∑∞
n=2 e

n
0fn
( p2
µ2
, m

2

µ2

)
and fn are scalar logarithmical functions.

Let us return now to the calculation of exact Dirac propagator (22.4)

Gd(p) =
1

m− 6p
− 1

m− 6p
Σd(p)

1

m− 6p
+

1

m− 6p
δm

1

m− 6p
− 1

m− 6p
δm

1

m− 6p
Σd(p)

1

m− 6p

− 1

m− 6p
Σd(p)

1

m− 6p
δm

1

m− 6p
+

1

m− 6p
Σd(p)

1

m− 6p
Σd(p)

1

m− 6p
+

1

m− 6p
δm

1

m− 6p
δm

1

m− 6p

=
1

m− 6p+ Σd(p)− δm
(22.22)

⇒
Greg(p) =

1

m− 6p+ Σreg(p)− δm
(22.23)

Now we must find δm from the condition that Greg(p) has a pole at p2 = m2 (at the physical
mass m). Near p2 ' m2 The exact propagator Greg(p) (22.23) can be rewritten as

Greg(p) =
1

m− 6p+ Σreg(p)− δm
=

1

m[1 + Σreg
1 (p2)]− 6p[1 + Σreg

2 (p2)]− δm

=
m[1 + Σreg

1 (p2)]− δm+ 6p[1 + Σreg
2 (p2)](

m[1 + Σreg
1 (p2)]− δm

)2 − p2[1 + Σreg
2 (p2)]2

(22.24)

and it has a pole at p2 = m2 only if the denominator vanishes at p2 = m2:(
m[1 + Σreg

1 (m2)]− δm
)2

= m2[1 + Σreg
2 (m2)]2 ⇒ m[1 + Σreg

1 (m2)]− δm = m[1 + Σreg
2 (m2)]

⇒ δm = m
[
Σreg

1 (m2)− Σreg
2 (m2)

]
(22.25)

Note that since Σ1(p2) and Σ2(p2) depend on δm2 due to diagrams like x , the
equation (22.25) should be solved anew in each order in perturbation theory.

In the lowest order we get

Σreg
1 (p2) =

e2
0

4π2

∫ 1

0
dα ln

µ2

m2α− p2ᾱα− iε
− e2

0

8π2

Σreg
2 (p2) =

e2
0

8π2

∫ 1

0
dα ᾱ ln

µ2

m2α− p2ᾱα− iε
− e2

0

16π2
(22.26)

so

δm = m
[
Σreg

1 (m2)− Σreg
2 (m2)

]
= m

e2
0

8π2

[∫ 1

0
dα (1 + α) ln

µ2

m2α2
− 1

2

]
= m

e2
0

8π2

[3

2
ln
µ2

m2
+ 2
]

(22.27)
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Thus, we have arranged that the exact propagator has a pole at p2 = m2. As we know
from the KG theory, the residue at this pole is so-called Z-factor which enters the LSZ
theorem (see the discussion in Sect 10.3). Let us find this factor (called Z2 for historical
reasons) in the leading order in perturbation theory. Near p2 = m2

Σreg
i (p2) = Σreg

1 (m2) + (p2 −m2)
d

dp2
Σreg
i (p2)

∣∣∣∣
p2=m2

+ O(p2 −m2)2 (22.28)

so the numerator in the Eq. (22.24) behaves as

m[1 + Σreg
1 (p2)]− δm+ 6p[1 + Σreg

2 (p2)] = (m+ 6p)
[
1 + Σreg

2 (m2)
]

+ O(p2 −m2)(22.29)

and the denominator(
m[1 + Σreg

1 (p2)]− δm
)2 − p2[1 + Σreg

2 (p2)]2 = (p2 −m2)
{

2m
(
m[1 + Σreg

1 (m2)]− δm
)∂Σreg

1

∂p2

∣∣∣
p2=m2

− [1 + Σreg
2 (m2)]2 − 2m2[1 + Σreg

2 (m2)]
∂Σreg

2

∂p2

∣∣∣
p2=m2

}
+ O(p2 −m2)2

= (m2 − p2)[1 + Σreg
2 (m2)]

{
1 + Σreg

2 (m2)− 2m2
(∂Σreg

1

∂p2
− ∂Σreg

2

∂p2

)∣∣∣
p2=m2

}
(22.30)

Thus, the exact propagator near the pole behaves as

G(p)
p2→m2

= Z2
m+ 6p

m2 − p2 − iε
+ const (22.31)

with the residue determined by Eq. (22.30)

Z−1
2 = 1 + Σreg

2 (m2)− 2m2
(∂Σreg

1

∂p2
− ∂Σreg

2

∂p2

)∣∣∣
p2=m2

(22.32)

In the leading order in perturbation theory we get from Eq. (22.26)

Z2 = 1− e2
0

8π2

[∫ 1

0
dα ᾱ ln

µ2

m2α2
− 1

2
− 2

∫ 1

0
dα
( 1

α
− α

)]
+ O(e4

0)

= 1− e2
0

16π2
ln
µ2

m2
− e2

0

8π2
+

e2
0

4π2

∫ 1

0
dα
( 1

α
− α

)
+ O(e4

0) (22.33)

Note that the integral in the r.h.s. of this equation is “infrared divergent” as α → 0.
To calculate it one needs to introduce a small photon mass λ2 and then one gets ln m2

λ2

instead of the IR divergence. This is a typical situation in theories with massless particles:
the emission of a massless particle near the the mass shell is “infrared divergent” at small
momenta so to regulate it one needs an additional “IR cutoff” like a small photon mass.
Fortunately, in our case this IR divergence cancels with the corresponding term in Z1 due
to Ward identity so the physical electric charge is “infrared safe”.
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22.3 LSZ for electron scattering

Similarly to the scalar case, Z2 is the coefficient of proportionality between ψ̂ and ψ̂in,out:

ψ̂(x)
t→−∞→ Z

1
2
2 ψ̂in(x), ψ̂(x)

t→∞→ Z
1
2
2 ψ̂out(x) (22.34)

(the proof just repeats the derivation of Eq. (10.31)). The LSZ theorem (20.53) takes the
form

out〈p2, s2; p′2, s
′
2|p1, s1; p′1, s

′
1〉in = lim

p2i ,→m2

∫
d4x1d

4x′1d
4x2d

4x′2 e
−ip1x1−ip′1x′1+ip2x2+ip′2x

′
2

× 1(√
Z2

)4 〈Ω|T{ūξ(p2, s2)(m− 6p2)ξηψ̂η(x2)ūζ(p
′
2, s
′
2)(m− 6p′2)ζσψ̂σ(x′2)

× ˆ̄ψλ(x1)(m− 6p1)λρuρ(p1, s1) ˆ̄ψω(x′1)(m− 6p′1)ωχuχ(p′1, s
′
1)}|Ω〉

=
1(√
Z2

)4 lim
p2i→m2

ūξ(p2, s2)(m− 6p2)ξηūζ(p
′
2, s
′
2)(m− 6p′2)ζσ

× (m− 6p1)λρuρ(p1, r1)(m− 6p′1)ωχuχ(p′1, s
′
1)Gησλω(p1, p

′
1 → p2, p

′
2) (22.35)

where

Gησλω(p1, p
′
1 → p2, p

′
2) (22.36)

=

∫
d4x1d

4x′1d
4x2d

4x′2 e
−ip1x1−ip′1x′1+ip2x2+ip′2x

′
2
〈0|T{ψ̂η(x2)ψ̂σ(x′2) ˆ̄ψλ(x1) ˆ̄ψω(x′1)ei

∫
dt L̂int(t)}|0〉

〈0|T{ei
∫
dt L̂int(t)}|0〉

= sum of all Feynman diagrams with 4 electron tails (22.37)

Similarly to the scalar case (see Eq. (10.32) we can represent the sum of these diagrams as
shown in Fig. 27
where Gamp is a sum of one-particle irreducible diagrams with four electron tails and G(p)

is an exact Dirac propagator (22.4). We get

Gησλω(p1, p
′
1 → p2, p

′
2) = Gηη′(p2)Gσσ′(p′2)Gamp

η′σ′λ′ω′(p1, p
′
1 → p2, p

′
2)Gλ′λ(p1)Gω′ω(p′1)

and therefore

lim
p2i→m2

(m− 6p2)ξη(m− 6p′2)ζσGησλω(p1, p
′
1 → p2, p

′
2)(m− 6p1)λρ(m− 6p′1)ωχ

= lim
p2i→m2

[
(m− 6p2)G(p2)

]
ξη′

[
(m− 6p′2)G(p′2)

]
ζσ′

[
G(p1)(m− 6p1)

]
λ′ρ

[
G(p′1)(m− 6p′1)

]
ω′χ
Gamp
η′σ′λ′ω′(p1, p

′
1 → p2, p

′
2)

= Z4
2G

amp
ξζρχ(p1, p

′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
(22.38)

where we used Eq. (22.31). The matrix element of S-matrix takes the form

S(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) =

(√
Z2

)4
ū(p2, s2)ξū(p′2, s

′
2)ξ′G

amp
ξξ′ηη′(p1, p

′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.39)
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Figure 27. Electron-electron scattering. Double line denotes exact propagator G(p)

or, in terms ofM-matrix

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Z2

2 ū(p2, s2)ξū(p′2, s
′
2)ξ′Gamp

ξξ′ηη′(p1, p
′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.40)
where

Gamp = + + + + + ++ ...

p
1

p
2

p’ p’
1 2

- diagrams with exchange p2 ↔ p′2 in the final state.

The last three diagrams on this figure are still divergent so we need to take care of
these UV divergencies. Let us start with the last diagram displaying the e2

0 correction to
the photon propagator.

22.4 Photon propagator and Z3

The diagrams for photon propagator are shown in Fig. 28.
Similarly to the Dirac propagator, let us group the diagrams in 1PI blocks as shown below:

Dµν(q) +  = + .. .+  

where
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+  + + + .. .+  

Figure 28. Feynman diagrams for exact photon propagator Dµν(p)

Πµν(q) = + .. .+ +

is the photon self-energy called “polarization operator” (for a reason discussed in the next
lecture).

In the leading order in e2
0 the polarization operator is given by the diagram

Πl.o.
µν (q) = = − e2

0

∫
d−4p

i

tr{γµ(m+ 6p)γν(m+ 6p− 6q)
(m2 − p2 − iε)[m2 − (p− q)2 − iε]q

p

q−p
In dimensional regularization 28

Πl.o.
µν (q) = − e2

0µ̃
4−d
∫
d−dp

i

tr{γµ(m+ 6p)γν(m+ 6p− 6q)
(m2 − p2 − iε)[m2 − (p− q)2 − iε]

= − 4e2
0µ̃

4−d
∫
d−dp

i

m2gµν − pµ(q − p)ν − qν(q − p)µ + gµνp · (q − p)
(m2 − p2 − iε)[m2 − (p− q)2 − iε]

= − 4e2
0µ̃

4−d
∫
d−dp

i

[
m2gµν − pµ(q − p)ν − pν(q − p)µ + gµνp · (q − p)

]∫ 1

0
dα

1

[m2 − (p− qα)2 − q2ᾱα− iε]2

shift p→p+qα
= − 4e2

0µ̃
4−d
∫
d−dp

i

∫ 1

0
dα
m2gµν − (p+ qα)µ(qᾱ− p)ν − (p+ qα)ν(qᾱ− p)µ + gµν(p+ qα) · (qᾱ− p)

[m2 − p2 − q2ᾱα− iε]2

linear terms drop
= − 4e2

0µ̃
4−d
∫
d−dp

i

∫ 1

0
dα

(m2 + q2ᾱα− p2)gµν + 2pµpν − 2ᾱαqµqν
[m2 − p2 − q2ᾱα− iε]2

(22.41)

Using formulas∫
d−dp

i

Γ(a)

(M2 − p2 − iε)a
=

1

(4π)
d
2

Γ
(
a− d

2

)
(M2 − iε)a−

d
2

, (22.42)∫
d−dp

i
pµpν

Γ(a)

(M2 − p2 − iε)a
=

gµν
d

∫
d−dp

i

p2Γ(a)

(M2 − p2 − iε)a
= − gµν

d

1

(4π)
d
2

Γ
(
a− d

2 − 1
)

(M2 − iε)a−
d
2
−1

28In principle, the dimension of Dirac γ-matrix is 2
d
2 but this is an overall factor which we can keep equal

to 4 in practical calculations.
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we obtain

Πl.o.
µν (q)

= − 4e2
0

µ̃4−d

(4π)
d
2

∫ 1

0
dα
{ Γ

(
2− d

2

)
(m2 − q2ᾱα− iε)2− d

2

[(m2 + q2ᾱα)gµν − 2ᾱαqµqν ] +
Γ
(
1− d

2

)
gµν

(m2 − q2ᾱα− iε)1− d
2

(d
2
− 1
)}

= − 4e2
0

µ̃4−d

(4π)
d
2

∫ 1

0
dα
{ Γ

(
2− d

2

)
(m2 − q2ᾱα− iε)2− d

2

[(m2 + q2ᾱα)gµν − 2ᾱαqµqν ]− gµν
(m2 − q2ᾱα)Γ

(
2− d

2

)
(m2 − q2ᾱα− iε)2− d

2

= 8(qµqν − q2gµν)e2
0

µ̃4−d

(4π)
d
2

∫ 1

0
dα

ᾱαΓ
(
2− d

2

)
(m2 − q2ᾱα− iε)2− d

2

(22.43)

The regularized polarization operator (in the MS scheme) is obtained by subtraction of the
pole at d = 4

Πreg
µν (q) = 8(qµqν − q2gµν)e2

0

µ̃4−d

(4π)
d
2

∫ 1

0
dα

ᾱαΓ
(
2− d

2

)
(m2 − q2ᾱα− iε)2− d

2

− e2
0

12π2

qµqν − q2gµν

2− d
2

= (qµqν − q2gµν)
e2

0

2π2

∫ 1

0
dα ᾱα ln

µ2

m2 − q2ᾱα− iε
(22.44)

so

Πreg
µν (q) = (qµqν − q2gµν)Πreg(q2)

Πreg(q2) =
e2

0

2π2

∫ 1

0
dα ᾱα ln

µ2

m2 − q2ᾱα− iε
+ O(e4

0) (22.45)

The “transverse” structure of polarization operator

Πµν = (qµqν − gµνq2)Π(q2) (22.46)

is actually due to the gauge invariance of QED.

Proof

1. Proof #1: from Ward identity qµΠµν(q) = 0 ⇒ Πµν(q) ∼ (qµqν − gµνq2).

2. Proof # 2: from conservation of current ∂µĵµ(x) = 0:

Define
Π̃µν(q) = i

∫
d4x eiqx〈Ω|T{ĵµ(x)ĵν(0)}|Ω〉 (22.47)
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qµΠ̃µν =

∫
d4x

( ∂

∂xµ
eiqx

)
〈Ω|T{ĵµ(x)ĵν(0)}|Ω〉 = −

∫
d4x eiqx

∂

∂xµ
〈Ω|T{ĵµ(x)ĵν(0)}|Ω〉

−
∫
d4x eiqx

∂

∂xµ

[
θ(x0)〈Ω|ĵµ(x)ĵν(0)|Ω〉+ θ(−x0)〈Ω|ĵν(0)ĵµ(x)|Ω〉

]
= −

∫
d4x eiqx

∂

∂x0

[
θ(x0)〈Ω|ĵ0(x)ĵν(0)|Ω〉+ θ(−x0)〈Ω|ĵν(0)ĵ0(x)|Ω〉

]
−
∫
d4x eiqx

∂

∂xi

[
θ(x0)〈Ω|ĵi(x)ĵν(0)|Ω〉+ θ(−x0)〈Ω|ĵν(0)ĵi(x)|Ω〉

]
= −

∫
d3x〈Ω|[ ˆ̄ψγ0ψ̂(~x), ˆ̄ψγνψ̂(~0)]|Ω〉 −

∫
d4x eiqx

[
θ(x0)〈Ω|∂µĵµ(x)ĵν(0)|Ω〉+ θ(−x0)〈Ω|ĵν(0)∂µĵµ(x)|Ω〉

]
= −

∫
d3x e−i~q·~x〈Ω| ˆ̄ψ(~x)γ0{ψ̂(~x), ˆ̄ψ(~0)}γνψ̂(~0)− ˆ̄ψ(~0)γν{ψ̂(~0), ˆ̄ψ(~x)}γ0ψ̂(~x)

= − 〈Ω| ˆ̄ψ(~0)γνψ̂(~0)− ˆ̄ψ(~0)γνψ̂(~0)|Ω〉 = 0 (22.48)

and therefore
Π̃µν(q) = (qµqν − q2gµν)Π̃(q2) (22.49)

It is easy to see that

Π̃µν(q) =

+  + + + .. .+  

+  = + .. .+  

⇒ Π̃(q2) =
Π(q2)

1 + Π(q2)

where we used the formula

(qµqξ − q2gµξ)(q
ξqν − q2δξν) = − q2(qµqν − q2gµν) (22.50)

Photon propagator

Dµν(q) +  = + .. .+  

=
gµν
q2

+
gµα
q2

(qαqβ − q2gαβ)Π̃(q2)
gβν
q2

=
gµν
q2

+ (qµqν − q2gµν)Π̃(q2)

=
gµν
q2

+ (qµqν − q2gµν)
Π(q2)

1 + Π(q2)
=

gµν
q2[1 + Π(q2)]

+
qµqν
q4

Π(q2)

1 + Π(q2)
(22.51)
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Due to Ward identity, the longitudinal part (second term in the r.h.s.) does not contribute
to any of the S-matrix elements
⇒
we can use the exact photon propagator in the form

Dµν(q) =
gµν

q2[1 + Π(q2)]
(22.52)

As q2 → 0

Dµν
q2→0→ gµν

q2

1

1 + Π(0)
(22.53)

NB: Dµν(q) has a pole at q2 = 0 ⇒ photon remains massless in all orders in perturbation
theory. It is a consequence of gauge invariance.

After regularization

Dreg q2→0→ gµν
Z3

q2

Z3 =
1

1 + Πreg(0)
= 1−Πreg(0) = 1− e2

0

12π2
ln
µ2

m2

⇒ Z3 = 1− e2
0

12π2
ln
µ2

m2
+ O(e4

0) (22.54)

22.5 LSZ for Compton scattering

Similarly to the case of KG and Dirac fields (see Eqs. (10.31) and (22.34)) ,
√
Z3 is the

coefficient of proportionality between Heisenberg operators and in-and out- operators

Âi(x)
t→−∞→ Z

1
2
3 Â

i
in(x), Âi(x)

t→∞→ Z
1
2
3 Â

i
out(x) (22.55)

The LSZ formula (20.73) for Compton scattering (with Z-factors taken into account) has
the form

out〈p2, s2; k2, λ2|p1, s1; k1, λ1〉in (22.56)

= lim
p2i→m2,k2i→0

k2
1k

2
2e
λ2
µ (~k2)eλ1ν (~k1)

∫
d4x1d

4y1d
4x2d

4y2 e
−ip1x1−ik1z1+ip2x2+ik2z2

× 1

Z2Z3
〈Ω|T{ūξ(p2, s2)(m− 6p2)ξηψ̂η(x2)Âν(z2) ˆ̄ψλ(x1)(m− 6p1)λρuρ(p1, s1)Âµ(z1)}|Ω〉

=
1

Z2Z3
lim

p2i→m2,k2i→0
k2

1k
2
2e
λ2
µ (~k2)eλ1ν (~k1)ūξ(p2, s2)(m− 6p2)ξη(m− 6p1)λρuρ(p1, r1)Gµνηλ(p1, k1 → p2, k2)

where

Gµνηλ(p1, k1 → p2, k2) (22.57)

=

∫
d4x1d

4z1d
4x2d

4z2 e
−ip1x1−ik1z1+ip2x2+ik2z2

〈0|T{ψ̂η(x2) ˆ̄ψλ(x1)Âν(z2)Âµ(z1)ei
∫
dt L̂int(t)}|0〉

〈0|T{ei
∫
dt L̂int(t)}|0〉

= sum of all Feynman diagrams with two electron and two photon tails (22.58)
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= + + + +

+ .. .+ +++

Similarly to the case of electron scattering (see Fig. 27), one can sum up self-energy
insertions and write the Compton amplitude as a product of four exact propagators and
the four-particle 1PI Green function:

amp
m

m

m
GampGamp

Figure 29. Compton scattering. Thick wavy line denotes the exact photon propagator Dµν(p) and
double line the exact Dirac propagator G(p)

Here Gamp is a sum of one-particle irreducible diagrams with two electron and two
photon tails and D(p) is an exact photon propagator (22.4). We get

Gµνηλ(p1, k1 → p2, k2) = Dνν′(k2)Dµµ′(k1)Gηη′(p2)(Gamp)µ
′ν′

η′λ′ (p1, p
′
1 → p2, p

′
2)Gλ′λ(p1)

and therefore

lim
p2i→m2,k2→0

k2
1k

2
2(m− 6p2)ξηG

µν
ηλ(p1, k1 → p2, k2)(m− 6p1)λρ

= lim
p2i→m2,k2i→0

k2
1Dµµ′(k1)k2

2Dνν′(k2)
[
(m− 6p2)G(p2)

]
ξη′

[
G(p1)(m− 6p1)

]
λ′ρ

(Gamp)µ
′ν′

η′λ′ (p1, p
′
1 → p2, p

′
2)

= Z2
2Z

2
3 (Gamp)µνξρ (p1, k1 → p2, k2)

∣∣∣
p2i=m

2,k2i=0
(22.59)
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where we used Eqs. (22.31) and (23.27). The matrix element of S-matrix (22.56) takes the
form

S(p1, s1; k1, λ1 → p2, s2; k2, λ2) = Z2Z3e
λ1
µ (k1)eλ2ν (k2)ū(p2, s2)ξ(G

amp)µνξη (p1, k1 → p2, k2)
∣∣∣
p2i=m

2,k2i=0
uη(p1, s1)

(22.60)
or equivalently (cf. Eq. (22.64))

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Z2Z3ū(p2, s2)ξū(p′2, s

′
2)ξ′Gamp

ξξ′ηη′(p1, p
′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.61)
where

Gamp = + + + +

+ diagrams with exchange of incoming and outgoing photons.

22.6 Physical charge

It is natural to define physical charge of the electron as the coefficient in in Coulomb
potential

V (r) =
e2

4πr
(22.62)

at large distances r → ∞ (which corresponds to the limit ~q → 0 in the Fourier transform
of Coulomb potential V (~q) = e2

~q2
.)

The set of non-relativistic diagrams for electron-electron scattering is given in Fig. 30

+ + −   p  <−> p’

Coulomb exchange
in the leading order

Second iteration
of Coulomb exchange

Third iteration
of Coulomb exchange

22

Figure 30. Non-relativistic diagrams for ee scattering. Dashed line denotes Coulomb potential
(22.62)

Here = − e2

q̃2
4m2δs1s2δs′1s′2

= Fourier transform of the Coulomb potential (22.62)

(22.63)
To express this physical charge in terms of the parameters in the Lagrangian we should

consider the electron-electron scattering in QED, take the non-relativistic limit ~pi � m and
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the limit ~q → 0 to get the large-distance behavior of Coulomb potential (in the c.m. frame
q = (0, ~q)).

The matrix element of transition matrix (22.64) has the form

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Z2

2 ū(p2, s2)ξū(p′2, s
′
2)ξ′Gamp

ξξ′ηη′(p1, p
′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.64)
where in the non-relativistic limit

Gamp = + + + + + +

Next−to−leading orderCoulomb exchange
in the leading order corrections to Coulomb exchange

Second iteration
of Coulomb exchange

Small in the NR limit

- diagrams with exchange p2 ↔ p′2 in the final state.

In ~q → 0 limit the sum of the corrections to Coulomb exchange gives free propagator
multiplied by Z3:

+ + .. .+ = γµ
Dµν(q)

q2
γν

q2→0→ γµ
gµνZ3

q2
γν (22.65)

and therefore

Gamp =

(22.66)

+ + +
Second iteration

of Coulomb exchangeZ3
−   p  < > p’2 2

p
1

p
2

p’
1

p’
2

22.6.1 The exact QED vertex and Z1

Definition:

Λµ(p1, p2) =

(22.67)
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p
1

p
2

q = p  -p
1 2

+ + +

= sum of all 3-point 1PI diagrams without γµ.
Property (another Ward identity)

Λµ(p, p) = − ∂

∂pµ
Σ(p) (22.68)

Let us prove it in the leading order in perturbation theory.

Λµ(p1, p2) = = e2
0

∫
d−k

i
γα

m+ 6p1− 6k
m2 − (p1 − k)2 − iε

γµ
m+ 6p2− 6k

m2 − (p2 − k)2 − iε
γβ
gαβ

k2

(22.69)
p

1
p

2

q = p  -p
1 2

p  - k
1

p  - k
2

k

⇒ Λµ(p, p) = e2
0

∫
d−k

i
γα

m+ 6p− 6k
m2 − (p− k)2 − iε

γµ
m+ 6p− 6k

m2 − (p− k)2 − iε
γβ

gαβ

k2 + iε
(22.70)

On the other hand

− ∂

∂pµ
Σ(p) =

∂

∂pµ
e2

0

∫
d−k

i
γα

m+ 6p− 6k
m2 − (p− k)2 − iε

γβ
gαβ

k2 + iε
(22.71)

= e2
0

∫
d−k

i
γα

[ γµ
m2 − (p− k)2 − iε

+ 2(p− k)µ
m+ 6p− 6k

[m2 − (p− k)2 − iε]2
]
γβ

gαβ

k2 + iε

= e2
0

∫
d−k

i
γα
γµ(m2 − (p− k)2) + 2(p− k)µ(m+ 6p− 6k)

[m2 − (p− k)2 − iε]2
γβ

gαβ

k2 + iε
= r.h.s. of Eq. (22.70)

Graphically

=

k

p p

p - k

k

p pp - kp - k

q = 0

d

d p

d

d p
=

p - k p - k p - k

Using this property, the Ward identity (22.68) can be easily proved in an arbitrary
order in perturbation theory.

For completeness, let us present the explicit form of Λ(p, p) in the leading order

Λreg
µ (p, p) = = (22.72)

=
e2

0

8π2
γµ

[∫ 1

0
dα ᾱ ln

µ2

m2α− p2ᾱα− iε

]
− e2

0

8π2
pµ

∫ 1

0
dα

ᾱα(4m− 26pᾱ)

m2α− p2αᾱ− iε
+ O

(
2− d

2

)

k

p pp - kp - k

q = 0
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22.6.2 Physical electric charge

From Eq. (22.79) we see that in the limit q → 0 we need the contribution of the QED
vertex Γµ(p1, p1). The QED vertex function is defined as follows:

Γµ(p1, p2) = = sum of all 3− point 1PI diagrams = γµ+Λµ(p1, p2)

(22.73)

p1 p2

p  −p11 2

The corresponding term in theM-matrix (22.64) at q → 0 is proportional to

1

q2
ū(p1, s2)Γµ(p1, p1)u(p1, s1)ū(p′1, s

′
2)γµu(p1, s1)+

1

q2
ū(p1, s2)γµ(p1, p1)u(p1, s1)ū(p′1, s

′
2)Γµu(p1, s1)

(22.74)
From “Ward identity #2” (22.68) we get

Γreg
µ (p, p) = γµ + Λreg

µ (p, p) = γµ −
∂

∂pµ
Σreg(p) (22.75)

= γµ −
∂

∂pµ
[
mΣreg

1 (p2)− 6pΣreg
2 (p2)

]
= γµ

[
1 + Σreg

2 (p2)
]
− 2pµ

[
m

∂

∂p2
Σreg

1 (p2)− 6p ∂

∂p2
Σreg

2 (p2)
]

and therefore

ū(p, r)Γreg
µ (p, p)u(p, s) =

[
1 + Σreg

2 (p2)
]
ū(p, r)γµu(p, s)− 2pµū(p, r)

[
m

∂

∂p2
Σreg

1 (p2)− 6p ∂

∂p2
Σreg

2 (p2)
]
u(p, s)

=
[
1 + Σreg

2 (p2)
]
ū(p, r)γµu(p, s)− 2mpµ

[ ∂
∂p2

Σreg
1 (p2)− ∂

∂p2
Σreg

2 (p2)
]
ū(p, r)u(p, s)

= 2pµ
[
1 + Σreg

2 (p2)
]
δrs − 4m2pµ

[ ∂
∂p2

Σreg
1 (p2)− ∂

∂p2
Σreg

2 (p2)
]
δrs

= 2pµδss′
([

1 + Σreg
2 (p2)

]
− 4m2

[ ∂
∂p2

Σreg
1 (p2)− ∂

∂p2
Σreg

2 (p2)
])

= 2pµδrsZ
−1
2 (22.76)

where we used Eq. (22.31) and normalization of spinors (25.22).
Historically, the coefficient of proportionality between the exact vertex Γµ on the mass

shell and bare vertex γµ was called Z−1
1 so we have proved that

u(p, s′)Γreg
µ (p, p)u(p, s)

p2=m2

= Z−1
1 u(p, s′)γµu(p, s) (22.77)

and therefore we’ve got the result
Z1 = Z2 (22.78)

which is also called “Ward identity” 29.
Now we are in a position to assemble the final one-loop result for the Coulomb potential.

The matrix element of M-matrix in the non-relativistic case is given by Eq. (22.74). In
the limit q = p1 − p2 → 0

29We have obtained this result keeping in mind the leading-order diagrams in Eq. (22.79) but the
derivation itself is valid in all orders in perturbation theory.
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Gamp

(22.79)

+ +Z3= q +

p'
1

p
1

p
1

p'
1

q Second iteration

of Coulomb exchange
 -    p  < > p'2 2

p'  ~ p'
2 1

p'  ~ p'
2 1

2
p  ~ p

1
2

p  ~ p
1

Since at q2 → 0
and

p'
1

p'  ~ p'
2 1

p
1 2

p  ~ p
1

= =(Z  -1)1
- 1 (Z  -1)1

- 1

the equation (22.79) takes the form

Gamp(p1, p
′
1 → p1 − q, p′1 + q)

(22.80)
+Z   Z3= Second iteration


of Coulomb exchange
 -    p  < > p'2 21
- 2

Thus, the matrix element of M-matrix of electron-electron scattering in the nonrela-
tivistic limit and at q → 0 takes the form

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = +Z   Z  Z2

2 - 2

p
1

p'
1

q

p  =p  -q
12

p'  =p +q
2 1

3 1 Iterations of Coulomb exchange
 -   p  < > p'2 2

q→0
= Z2

2Z3Z
−2
1 ū(p2, s2)γµu(p1, s1)ū(p′2, s

′
2)γµu(p′1, s

′
1)
e2

0

q2
− (p2 ↔ p′2) + iterations

= − 4m2 e
2
0

~q2
Z2

2Z3Z
−2
1 − (~q ↔ ~p1 − ~p′2) + iterations (22.81)

Comparing this to the non-relativistic expression for Coulomb potential (22.63) we see that
the physical charge of the electron is expressed in terms of the parameters of the Lagrangian
as

e2 = Z2
2Z3Z

−2
1 e2

0 = Z3e
2
0 (22.82)

where we used “Ward identity # 3” Z1 = Z2, see Eq. (22.78).
In the leading order in perturbation theory Z3 is given by Eq. (23.27) so

e2 = Z3e
2
0 = e2

0

(
1− e2

0

12π2
ln
µ2

m2

)
+O(e4

0) (22.83)

If we now express e2
0 in terms of e2

e2
0 = e2

(
1 +

e2

12π2
ln
µ2

m2

)
+O(e4) (22.84)

we will discover that the dependence on the UV cutoff µ disappears from physical cross
sections. Let us illustrate that on the example of Compton scattering.
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22.6.3 Compton scattering revisited

We rewrite theM-matrix for Compton scattering

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Z2Z3ū(p2, s2)ξū(p′2, s

′
2)ξ′Gamp

ξξ′ηη′(p1, p
′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.85)
in terms of physical charge e

e2
0 = Z2

1Z
−2
2 Z−1

3 e2 (22.86)

and get

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Z2

1Z
−1
2 ū(p2, s2)ξū(p′2, s

′
2)ξ′Gamp

ξξ′ηη′(p1, p
′
1 → p2, p

′
2)
∣∣∣
p2i=m

2
uη(p1, s1)uη′(p

′
1, s
′
1)

(22.87)
where Gamp is given by the same set of diagrams but with physical charge e in each vertex.

Gamp = + + + +

+ diagrams with exchange of incoming and outgoing photons.

Now, rewriting Z2
1Z
−1
2 as

Z2
1Z
−1
2 =

1

[1 + (Z−1
1 − 1)]2

1

1 + (Z2 − 1)
' 1 + 2(Z−1

1 − 1)− (Z2 − 1) + O(e4) (22.88)

we can redraw the diagrams for M-matrix as follows (for simplicity, we do not display
diagrams with exchange of incoming and outgoing photons)

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = (22.89)

+ + + +

=

+ +   O(e  )
6

+   O(e  )6

-  (Z   -1)1

- 1-  (Z   -1)1

- 1
++

+ + x -  (Z   -1)2

- 1
Z   Z1 2

2

+ x

It is easy to see that the expression in each parentheses is UV finite (and the last
diagram is finite by itself). Indeed, consider for example
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-  (Z   -1)1

- 1

k

k1

p
1

p
1

k1
p  +k

1 1

= e3

∫
d−4k

k2 + iε
γα

m+ 6p1− 6k
m2 − (p1 − k)2 − iε

γµ
m+ 6p1+ 6k1− 6k

m2 − (p1 + k1 − k)2 − iε
γα − (Z−1

1 − 1)eγµ (22.90)

= e3

∫
d−4k

k2 + iε
γα

m+ 6p1− 6k
m2 − (p1 − k)2 − iε

γµ
m+ 6p1+ 6k1− 6k

m2 − (p1 + k1 − k)2 − iε
γα

− e3

∫
d−4k

k2 + iε
γα

m+ 6p1− 6k
m2 − (p1 − k)2 − iε

γµ
m+ 6p1+ 6k1− 6k

m2 − (p1 + k1 − k)2 − iε
γα
∣∣∣∣
p21=m2,k21→0

where we have used the definition of Z1 factor as a vertex on the mass shell and at zero
momentum transfer (22.77). It is clear now that the UV divergence at k → ∞, present in
each of the integrals in the r.h.s. of this equation, cancels in their sum. Similarly one can
demonstrate that the UV divergence in the self-energy diagram in the last line in r.h.s. of
Eq. (22.89) is canceled by (Z2 − 1) subtraction:

1

m− 6p
[
δm− Σreg(p)

]
− (Z2 − 1) =

e2
0

8π2

m+ 6p
m2 − p2

[3

2
m ln

µ2

m2
+ 2m+m− 6p

2

−
∫ 1

0
dα(2m−6pᾱ) ln

µ2

m2α− p2αᾱ− iε

]
+

e2
0

8π2

[∫ 1

0
dα ᾱ ln

µ2

m2α2
− 1

2
− 2

∫ 1

0
dα
( 1

α
− α

)]
= − e2

0

4π2

∫ 1

0
dα
( 1

α
− α

)
+

e2
0

8π2

m+ 6p
m2 − p2

∫ 1

0
dα(2m− 6pᾱ) ln

(
1 +

ᾱ(m2 − p2)

αm2

)]
(22.91)

where we used Eqs. (22.25), (22.33) and (22.26). We see now that the r.h.s. of the above
equation does not depend on the UV cutoff µ (and does not have a pole as p2 → m2 which
means that our δm is correct at this order of perturbation theory).

The general statement is that in each order in perturbation theory the matrix elements
ofM-matrix become UV-finite after re-expressing e0 in terms of physical charge according
to Eq. (22.86). This property is called renormalizability of the theory. Most of the quantum
field theories describing Nature are renormalizable (e.g. all ingredients of the Standard
model have this property). A well-known exception is a theory of gravity which, being
quantized in a usual way, leads to the non-renormalizable theory.

22.7 Effective coupling constant

Let us calculate physical electric charge for a certain heavy fermion like muon. If the mass
of this fermion is M we get from eq. (22.83)

e2
M = e2

0

(
1− e2

0

12π2
ln

µ2

M2

)
+O(e4

0) (22.92)

It is more revealing to express the charge of heavy fermion in terms of physical charge of
the electron rather than e0. We get from Eqs. (22.83) and (22.93)

e2
M = e2

(
1 +

e2

12π2
ln
µ2

m2

)(
1− e2

12π2
ln

µ2

M2

)
= e2

(
1 +

e2

12π2
ln
M2

m2

)
+O(e4) (22.93)
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It can be demonstrated that a more accurate version of this equation looks like (e(m) ≡ e

- charge of the electron)

e2(M) =
e2(m)

1− e2(m)
12π2 ln M2

m2

+ O(e4)(m)) (22.94)

We see that the strength of the electromagnetic interaction increases with the mass of
the interacting particles. This property is characteristic of all quantum field theories except
non-Abelian gauge theories like QCD or a theory of weak interactions. In such theories
there is an asymptitic freedom - the strength of the interaction decreases with the mass of
the particle. In QCD, for example,

g2(M) =
g2(m)

1 + bg
2(m)
16π2 ln M2

m2 +O(g4)
(22.95)

where b = 11− 2
3nf (nf ≡ “number of active quarks” which is 3 for JLab energies). Unfor-

tunately, before discussing QCD and asymptotic freedom in detail we need to elaborate on
the renormalization program.

23 Renormalization in QED in terms of “renormalized fields”

There is technically more convenient renormalization program in QFT formulated in terms
of so-called “renormalized fields” whose propagators have poles at physical masses with unit
residues. (The relevant discussion can be found in Chapter 10 of Peskin & Schroeder).

As a starting point, we rewrite the QED Lagrangian changing the notations ψ̂ to ψ̂(0)

and Âµ to Â(0)
µ

L̂ = − 1

4
F̂ (0)
µν F̂

(0)µν + ˆ̄ψ(0)(i6∂ −m0 + e0Â
(0)
)
ψ̂(0) (23.1)

(from now on the fields in the Lagrangian (23.1) ψ̂(0) and Âµ to Â(0)
µ will be called “un-

renormalized fields”). Next, we rewrite this Lagrangian in terms of “renormalized fields” ψ̂
and Âµ defined as

ψ̂(x)
def≡ Z

− 1
2

2 ψ̂(0)(x), Âµ(x)
def≡ Z

− 1
2

3 Âµ(0)(x) (23.2)

(the constants Z2 and Z3 will be specified below)

L̂ = − 1

4
Z3F̂µνF̂

µν + Z2
ˆ̄ψ(i6∂ −m0 + e0Z

1
2
3 Â
)
ψ̂ (23.3)

At the next step we rewrite this Lagrangian in terms of physical mass of the electron m

and physical charge e

L̂ = − 1

4
Z3F̂µνF̂

µν + Z2
ˆ̄ψ(i6∂ −m

)
ψ̂ + Z1e

ˆ̄ψÂψ̂ − δm ˆ̄ψψ̂ (23.4)

where δm ≡ m−m0 and
Z1 ≡

e0

e
Z2Z

1
2
3 (23.5)
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Finally, we split the Lagrangian (23.4) into three parts: free Lagrangian (with physical
mass), interaction Lagrangian (with physical charge) and counterterm Lagrangian

L = L0 + Lint + Lct

L0 = − 1

4
F̂µνF̂

µν + ˆ̄ψ(i6∂ −m)ψ̂, Lint = e ˆ̄ψ6Âψ̂,

Lct =
1

4
(Z3 − 1)F̂µνF̂

µν + (Z2 − 1) ˆ̄ψ(i6∂ −m)ψ̂ + (Z1 − 1)e ˆ̄ψ6Âψ̂, (23.6)

Now we calculate Feynman diagrams with this Lagrangian using some suitable cutoff for
UV divergencies (usually dimensional regularization) and adjust parameters Z1, Z2, and
Z3 in any order of perturbation theory in such a way that the terms coming from the
counterterm Lagrangian cancel the divergencies of Feynman diagrams obtained with usual
Lagrangian L̂0 +L̂int. 30

Note that we build the interaction representation using L0 so for the purpose of ob-
taining the set of Feynman diagrams both L̂int and L̂ct constitute an interaction terms so,
for example, for Compton scattering amplitude one obtains

〈Ω|T{ψ̂η(x2) ˆ̄ψλ(x1)Âν(z2)Âµ(z1)}|Ω〉 = lim
d→4

〈0|T{ψ̂η(x2) ˆ̄ψλ(x1)Âν(z2)Âµ(z1)ei
∫
ddz[L̂int(x)+L̂ct(x)]}|0〉

〈0|T{ei
∫
ddz[L̂int(x)+L̂ct(x)]}|0〉

(23.7)
where all the fields in the r.h.s. are in the interaction representation. The ladder operators
are defined in a usual way as coefficients of the expansion of fields in the interaction rep-
resentation in plane waves so the commutation relations between ladder operators will be
the same. Thus, the Feynman rules for QED are as given on p. 145 (with physical electron
mass m and physical charge e) plus new interaction vertices coming from the counterterm
Lagrangian

m

p p

-(Z  -1)(m-p)2 /

p p p - q
q

k k

(Z  -1)1e (Z  -1)(k  k  - g    k  )3
2

Figure 31. Vertices coming from the counterterm Lagrangian.

Now we shall specify the equations for counterterm coefficients Z1, Z2 and Z3. As we
mentioned above, Z2 and Z3 are to be determined from the conditions that the residues at
the poles of exact Dirac and photon propagators are equal to 1 and δm should be obtained
from requirement that the pole of Dirac propagator remains at p2 = m2, same as before

30In a general QFT with divergent diagrams one can always add counterterms to the Lagrangian in such
a way that they cancel the UV divergencies appearing in Feynman diagrams with original Lagrangian.
However, for renormalizable theory the number of this counterterms is finite (three for QED, as seen from
Eq. (23.41) whereas for a non-renormalizable theory the number of these counterterms is increasing with
the order of perturbation theory making this theory an unusable theory with infinitely many coupling
constants.
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(see Eq. (22.27):

G(p)
p2→m2

→ m+ 6p
m2 − p2 − iε

, D(k)
k2→0→ 1

k2 + iε
(23.8)

Let us find δm, Z2 and Z3. First, to get δm we express the exact Dirac propagator as in
Eq. (22.4)

G(p) =
1

m− 6p+ Σ(p)− δm
=

1

m[1 + Σ1(p2)]− 6p[1 + Σ2(p2)]− δm

=
m[1 + Σ1(p2)]− δm+ 6p[1 + Σ2(p2)](

m[1 + Σ1(p2)]− δm
)2 − p2[1 + Σ2(p2)]2

(23.9)

but with self-energy Σ(p) = mΣ1(p2)− 6 pΣ2(p2) including “new” vertices coming from
counterterms in Fig. 31 proportional to (Z1 − 1), (Z2 − 1), and (Z3 − 1)

Σ(p) =

(23.10)
= + +x ++ + .. .

(δm counterterm is treated separately, as before, see Eq. (22.4)). From the condition
that the denominator in Eq. (23.9) vanishes at p2 = m2 we have the same equation

δm = m
[
Σ1(m2)− Σ2(m2)

]
(23.11)

but the first-order expressions for Σ1(m2) and Σ2(m2) should now include the contribution
of (Z2−1) counterterm. Fortunately, this counterterm is proportional to m− 6p so it brings
equal contributions to Σ1 and Σ2 which cancel in their difference in the r.h.s. of Eq. (23.11)
and therefore we can recycle the old result (23.21) with physical charge e in place of e0 (see
also Eq. (22.26))

Σold
1 (p2) =

e2

2π2(4− d)
+

e2

4π2

∫ 1

0
dα ln

µ2

m2α− p2ᾱα− iε
− e2

8π2

Σold
2 (p2) =

e2

8π2(4− d)
+

e2

8π2

∫ 1

0
dα ᾱ ln

µ2

m2α− p2ᾱα− iε
− e2

16π2
(23.12)

and get

δm = m
[
Σ1(m2)− Σ2(m2)

]
=

3me2

8π2(4− d)
+m

e2

8π2

[3

2
ln
µ2

m2
+ 2
]

(23.13)

Next, let us find Z2 from the first requirement in Eq. (23.8). From Eqs. (22.31) and
(22.32) we know that

G(p)
p2→m2

=
[
1 + Σ2(m2)− 2m2

(∂Σ1

∂p2
− ∂Σ2

∂p2

)∣∣∣
p2=m2

]−1 m+ 6p
m2 − p2 − iε

+ const

(23.14)
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so the first condition Eq. (23.8) yields

Σ2(m2) = 2m2
(∂Σ1

∂p2
− ∂Σ2

∂p2

)∣∣∣
p2=m2

(23.15)

The first-order self-energy is given by two first diagrams in the r.h.s. of Eq. (23.10). The
first diagram was calculated in Sect. 22.2.3 (see Eq. (23.12)) while the second is
−(Z2 − 1)(m−6p) so we get

Σ1(p2) =
e2

2π2(4− d)
+

e2

4π2

∫ 1

0
dα ln

µ2

m2α− p2ᾱα− iε
− e2

8π2
+ (Z2 − 1)

Σ2(p2) =
e2

8π2(4− d)
+

e2

8π2

∫ 1

0
dα ᾱ ln

µ2

m2α− p2ᾱα− iε
− e2

16π2
+ (Z2 − 1) (23.16)

which leads to 31

Z2 − 1 =
e2

8π2(d− 4)
− e2

16π2

(
ln
µ2

m2
+ 2
)

+
e2

4π2

∫ 1

0
dα
( 1

α
− α

)
(23.17)

(cf. Eq. (22.33)). Let us now find Z1 from the requirement that the exact electron-elector-
photon vertex gives exactly eγµ at the mass shell and zero momentum transfer:

ū(p, s′)Γµ(p, p)u(p, s′) = eū(p, s′)γµu(p, s′) = 2pµδss′e (23.18)

In the first order in e2 the exact vertex is given by the diagrams in Fig. 32. If we keep

+ +p p - q
q

e

p p - q
q

k

e ee

p p - q
q

(Z  -1)1e
+  O(e  )5(p,p-q)    =

Figure 32. Exact vertex function in the first two orders

the notation Λ(p, p − q) for the set of diagrams in Eq. (22.67) (Λµ = sum of all 3-point
1PI diagrams without γµ and without (Z1 − 1)γµ) in the leading order we obtain from Eq.
(23.18)

ū(p, s′)Λµ(p, p)u(p, s)
p2=m2

= −(Z1 − 1)ū(p, s′)γµu(p, s) = − 2pµδss′(Z1 − 1) (23.19)

Due to Ward identity (22.68) 32

Λµ(p, p) = − ∂

∂pµ
[
Σ(p)−(Z2−1)(m− 6p)

]
= γµ(1−Z2)+γµΣ2(p2)−2pµ

[
mΣ′1(p2)− 6pΣ′2(p2)

]
(23.20)

31As we mentioned after Eq. (22.33), the integral over α in the r.h.s. of this equation is “infrared
divergent” so to calculate it one needs to introduce a small photon mass λ2 and then one gets const =
ln m2

λ2 + 9
4
. Fortunately, due to Ward identity this IR divergence cancels with the corresponding term in Z1

so the physical electric charge is “infrared safe”.
32we have replaced Σ(p) by Σ(p) + (Z2 − 1)(m− 6p) in Ward identity since we redefined Σ to include the

(Z2 − 1) counterterm so Σreg
old which enters the Ward identity (22.68) is Σreg

old = Σnew − (Z2 − 1)(m− 6p)
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(see Eq. (22.75)) so

ū(p, r)Λµ(p, p)u(p, s) = [1− Z2 + Σ2(p2)]ū(p, r)γµu(p, s)− 2pµū(p, r)
[
mΣ′1(p2)− 6pΣ′2(p2)

]
u(p, s)

= 2pµδss′
(

1− Z2 + Σ2(p2)− 4m2
[
Σ′1(p2)− Σ′2(p2)

])
(23.21)

(see Eq. (22.76). At p2 = m2 the two last terms in the r.h.s. cancel due to Eq. (23.15) and
we obtain

ū(p, r)Λµ(p, p)u(p, s)
p2=m2

= − 2pµδss′(Z2 − 1) (23.22)

which gives due to Eq. (23.19)

Z1 − 1 = Z2 − 1 ⇒ Z1 = Z2 (23.23)

- same result as before. Thus, we do not need a new parameter for the vertex counterterm:
the Ward identity ensures that the vertex counterterm is e(Z2 − 1)γµ. The condition
Γµ(m,m) = γµ preserves the property that the physical charge is equal to e in all orders
in perturbation theory. In practical calculation our condition Γµ(m,m) = γµ means that
Γµ(p, q) = Γµ(p, q)− Γµ(m,m) + γµ and therefore instead of the (UV divergent) diagrams
for the vertex Γ(p, q) we can calculate the difference of the diagrams for Γ(p, q) and Γ(m,m)

which is UV safe so the dependence of µ disappears.
For future use, let us present the explicit form if Λµ(p, p) in the leading order (cf. Eq.

(22.72)

Λµ(p, p) = = (23.24)

=
e2

8π2
γµ

[ 1

4− d
− 1

2
+

∫ 1

0
dα ᾱ ln

µ2

m2α− p2ᾱα− iε

]
− e2

8π2
pµ

∫ 1

0
dα

ᾱα(4m− 26pᾱ)

m2α− p2αᾱ− iε
+ O

(
2− d

2

)

k

p pp - kp - k

q = 0

Finally, let us discuss Z3 and the effective charge. From conservation of current
∂µjµ(x) = 0 we obtained the result (22.52)

Dµν(q) =
gµν

q2[1 + Π(q2)]
(23.25)

which ensures that the pole stays at q2 = 0 in any order of perturbation theory keeping the
photon massless. To get the expression for Z3 in e2 order we consider two first diagrams
for the polarization operator

Πµν(q) = (23.26)+ +   O(e  )4
q (Z  -1)(q  q  - q  g    )2

3
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and use the second requirement (23.8) that the residue in the pole should be kept equal to
1 which means that Π(q2)

∣∣
q2=0

= 0. We obtain

Π(q2)
∣∣
q2=0

= Πold(q2)
∣∣
q2=0

+ (Z3 − 1) = 0 ⇒ (Z3 − 1) = −Πold(0) (23.27)

and recycling the old result (22.43) we get

Z3 − 1 =
e2

12π2

[ 2

d− 4
− ln

µ2

m2

]
(23.28)

Finally, to get the relation between physical charge and e0 in the Lagrangian we recall the
definition (23.5) and “Ward identity #3” Z1 = Z2 and obtain

e2
0 = Z−1

3 e2 ' e2
(

1− e2

12π2

[ 2

d− 4
− ln

µ2

m2

])
+ O(e4) (23.29)

To compare physical charge of a heavy fermion with mass M to the charge of the electron
e one should repeat our whole renormalization program for this heavy fermion. The result
will be the Eq. (23.29) with the different physical mass M :

e2
0 ' e2(M)

(
1− e2(M)

12π2

[ 2

d− 4
− ln

µ2

M2

])
+ O(e4(M)) (23.30)

Since e0 in the Lagrangian is the same we get

e2

e2(M)
=

1− e2(M)
12π2

[
2
d−4 − ln µ2

M2

]
1− e2

12π2

[
2
d−4 − ln µ2

m2

] + O(e4) = 1− e2

12π2
ln
M2

m2
+ O(e4) (23.31)

which gives the same rule for running coupling constant

e2(M) =
e2(m)

1− e2(m)
12π2 ln M2

m2

+ O(e4) (23.32)

as we obtained in the previous Section, see Eq. (22.94)

23.0.1 Final set of Feynman rules for reduced Green functions in QED in terms
of renormalized fields

In each order in perturbation theory, the counterterms should be obtained from the condi-
tions that

• the pole of exact Dirac propagator stays at p2 = m2 (defines δm) with the residue 1
(defines Z2 − 1)

• the pole of exact photon propagator at q2 = 0 has residue 1 (defines Z3 − 1)

• the electron-electron vertex in the non-relativistic limit at momentum transfer q → 0

is equal to physical charge e (defines Z1 − 1)
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1p

m Mass counterterm
p p

-(Z  -1)(m-p)2 /
p p

Z    counterterm2

(Z  -1)(k  k  - g    k  )3
2

k k
Z    counterterm3

Vertex counterterm(Z  -1)
1e

p p - q

q

Dirac propagator (with physical mass m)m - p - i/

Vertex (with physical charge e)
p p - q

q
e

Photon propagator (in Feynman gauge)
k

k  + i

g

2

Figure 33. Feynman rules for diagrams with renormalized fields

It can be proved that the Feynman diagrams obtained from the rules in Fig. 33 are UV
finite - the UV divergencies are canceled by counterterms order by order in perturbation
theory.

Let us summarize the leading-order counterterms

δm

m
= =

3e2

8π2(4− d)
+

e2

8π2

[3

2
ln
µ2

m2
+ 2
]

+ O(e4)

Z1 − 1 = Z2 − 1 =
e2

8π2(d− 4)
− e2

16π2

(
ln
µ2

m2
+

9

4
+ ln

m2

λ2

)
Z3 − 1 =

e2

12π2

[ 2

d− 4
− ln

µ2

m2

]
(23.33)

where λ is an IR cutoff (“photon mass”), see the footnote on p. 176. With these countertems
all one-loop Feynman diagrams are finite. For example, it is easy to see that the one-loop
diagrams for Compton scattering (22.89) are finite since the subtractions in parentheses,
which were coming before from the expansion of Z1Z

−2
2 Z3 factor in Eq. 22.89, will be

provided now by the counterterms in Fig. 33.
Note also that LSZ theorem is Eq. (20.73) with renormalized fields ψ̂ and Â (and

without any Z-factors) so the Feynman rules for reduced Green functions in Fig. 33 are
supplied by usual rules for matrix elements ofM-matrix:
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Matrix element of M-matrix is a reduced amputated Green function on a mass shell
multiplied by: ū(p, s) for each outgoing electron, u(p, s) for each incoming electron, v(p, s)

for each outgoing positron, v̄(p, s) for each incoming positron, and eλµ(k) for each incoming
or outgoing photon.

23.0.2 Renormalization at a Euclidean point

The renormalization scheme which we worked out in previous Sections works well in many
theories, but unfortunately not in QCD. The problem is that the fields in QQCD Lagrangian
are quarks and gluons but there are no “physical” quarks and gluons - the physical states
are hadrons (bound states of quarks and gluons). There is, however, a modification of the
renormalization procedure that works for QCD and in preparation for QCD discussion in
next Section we will develop it here using the familiar example of QED. (A detailed analysis
can be found in Peskin Ch. 12.2).

The basic idea that instead of defining coupling constant(s) and Z-factors at the phys-
ical mass p2 = m2 we perform the renormalization at a certain Euclidean point p2 = −M2

and repeat the program of previous Section: rewrite this Lagrangian in terms of “renormal-
ized fields” ψ̂ and Âµ defined as

ψ̂(x)
def≡ Z

− 1
2

2 ψ̂(0)(x), Âµ(x)
def≡ Z

− 1
2

3 Âµ(0)(x) (23.34)

so that
L̂ = − 1

4
Z3F̂µνF̂

µν + Z2
ˆ̄ψ(i6∂ −m0 + e0Z

1
2
3 Â
)
ψ̂ (23.35)

and the counterterms are obtained from the requirement that

G(p)
p2−→−M2

→ mM+ 6p
m2
M − p2

, D(k)
k2→−M2

→ 1

k2
, (23.36)

and from the condition that the electron-electron-photon vertex 33

Γµ(p, p)
p2=−M2

= eMγµ + other structures (23.37)

where mM ≡ m(M) and eM ≡ e(M) are some parameters (depending on M) related to
physical charge and physical mass by formulas

mM = m
(
1 + a1e

4 + a2e
6 + ...), e2

M = e2 + b1e
4 + b2e

6 + ... (23.38)

(The coefficients an and bn will turn out to be UV finite, typically
(

ln M2

m2

)n).
Next, as before, we rewrite bare Lagrangian (23.35) in terms of mM and eM as follows

L̂ = − 1

4
Z3F̂µνF̂

µν + Z2
ˆ̄ψ(i6∂ −mM

)
ψ̂ + Z1eM

ˆ̄ψÂψ̂ − δm ˆ̄ψψ̂ (23.39)

33 As we saw from Ward identity (22.68), the exact vertex Γµ(p, p) has the general matrix structure
aγµ + bpµ + cpµ6p, see Eq. (22.75). In previous Section, when we performed subtractions on the mass shell
, we used the condition ū(p, s)Γµ(p, p)u(p, s′) = ephysū(p, s)γµ(p, p)u(p, s′) to fix the coefficient in front of
the proper structure. Now at p2 = −M2 we do not have spinors u(p, s) (they are defined as solutions of
Dirac equation for p2 = m2

phys) so we will require that the coefficient in front of the γµ structure is equal
to eM , in other words Γµ(p, p) = eMγµ + bpµ + cpµp (the structure γµ can be singled out for example by
taking tr{Γµ 6η} where the vector η = (1, 0, 0, 0) is orthogonal tp p).
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where δm ≡ mM −m0 and
Z1 ≡

e0

eM
Z2Z

1
2
3 , (23.40)

and split the Lagrangian (23.39) into three parts: free Lagrangian (with mass mM ), inter-
action Lagrangian (with charge eM ) and counterterm Lagrangian

L = L0 + Lint + Lct

L0 = − 1

4
F̂µνF̂

µν + ˆ̄ψ(i6∂ −mM )ψ̂, Lint = eM
ˆ̄ψ6Âψ̂,

Lct =
1

4
(Z3 − 1)F̂µνF̂

µν + (Z2 − 1) ˆ̄ψ(i6∂ −mM )ψ̂ + (Z1 − 1)eM
ˆ̄ψ6Âψ̂, (23.41)

Feynman rules for this Lagrangian (for reduced Green functions) are presented in Fig. (34)

1p

(Z  -1)(k  k  - g    k  )3
2

k k
Z    counterterm3

Dirac propagator (with mass m     )m   -p - i/

Vertex (with charge e     )
p p - q

q

Photon propagator (in Feynman gauge)
k

k  + i

g

2

(M)

(M)

p p
Z    counterterm2-(Z  -1)(m    -p)2 /

Vertex counterterm

p p - q

q
(Z  -1)

1
e(M)

(M)

(M)

Mass counterterm
p p

m

e(M)

Figure 34. Feynman rules for diagrams with renormalized fields

Now we calculate Feynman diagrams with this Lagrangian using some suitable cutoff
for UV divergencies (usually dimensional regularization) and adjust parameters Z1, Z2, and
Z3 in any order of perturbation theory in such a way that the conditions (23.39) and (23.40)
are satisfied. Similarly to the previous case (renormalization on physical mass and charge)
the terms coming from the counterterm Lagrangian cancel the divergencies of Feynman
diagrams obtained with usual Lagrangian L̂0 +L̂int.
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Let us demonstrate how this scheme works at the one-loop level.
First, we need to calculate counterterms. We start with Z2. The exact Dirac propagator

is given by Eq. (23.9)

G(p) =
1

mM− 6p+ Σ1(p)− δm
=

mM [1 + Σ1(p2)]− δm+ 6p[1 + Σ2(p2)](
mM [1 + Σ1(p2)]− δm

)2 − p2[1 + Σ2(p2)]2
(23.42)

where Σ(p) is given by the same diagrams as in Eq. (23.10) (with mM and eM in place of
m and e) so we can recycle Eq. (23.16):

Σ1(p2) =
e2
M

2π2(4− d)
+
e2
M

4π2

∫ 1

0
dα ln

µ2

m2
Mα− p2ᾱα− iε

−
e2
M

8π2
+ (Z2 − 1)

Σ2(p2) =
e2
M

8π2(4− d)
+
e2
M

8π2

∫ 1

0
dα ᾱ ln

µ2

m2
Mα− p2ᾱα− iε

−
e2
M

16π2
+ (Z2 − 1)(23.43)

Now we will find δm and Z2 from the condition G(p)
p2−→−M2

→ mM+ 6p
m2
M+M2 , see Eq. (23.36).

The expansion of the numerator of Eq. (23.42) near p2 = −M2 yields

mM [1 + Σ1(p2)]− δm+ 6p[1 + Σ2(p2)]
p2→−M2

= mM [1 + Σ1(−M2)]− δm+ 6p[1 + Σ2(−M2)] + O(p2 +M2)

= (mM+ 6p)[1 + Σ2(−M2)] +mM [Σ1(−M2)− Σ2(−M2)]− δm + O(p2 +M2) (23.44)

so from the requirement that the numerator should be proportional tomM+ 6p at p2 = −M2

we see that

δm

mM
= Σ1(−M2)−Σ2(−M2) =

e2
M

8π2

[ 3

4− d
−1

2
+

∫ 1

0
dα (1+α) ln

µ2

m2α+M2ᾱα

]
+ O(e4

M )

(23.45)
Next, the denominator in Eq. (23.42) behaves as(
mM [1 + Σ1(p2)]− δm

)2 − p2[1 + Σ2(p2)]2 = (m2
M +M2)[1 + Σ2(−M2)]2 + O(p2 +M2)

(23.46)
so

G(p)
p2→−M2

→ mM+ 6 p
m2
M +M2

1

1 + Σ2(−M2)
+ O(p2 +M2) (23.47)

and therefore to get the condition (23.36) we need Σ2(−M2) = 0 which gives

Z2 − 1 = −
e2
M

8π2(4− d)
−
e2
M

8π2

∫ 1

0
dα ᾱ ln

µ2

m2
Mα+M2ᾱα

+
e2
M

16π2
(23.48)

Let us now find the vertex counterterm. The exact vertex up to the first order in e2
M is

given by diagrams in Fig. 32. As in previous Section, we denote the sum of all three-point
1PI diagrams without eMγµ and without (Z1 − 1)eMγµ by Λ(p, p− q) and get from Ward
identity (22.68)

Λµ(p, p) = − ∂

∂pµ
[
Σ(p)−(Z2−1)(mM− 6p)

]
= γµ(1−Z2)+γµΣ2(p2)−2pµ

[
mMΣ′1(p2)− 6pΣ′2(p2)

]
(23.49)
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see Eq. (23.20) and the footnote # 32 on page 176. In the explicit form (see Eq. (23.24))

Λµ(p, p) (23.50)

=
e2
M

8π2
γµ

[ 1

4− d
− 1

2
+

∫ 1

0
dα ᾱ ln

µ2

m2
Mα− p2ᾱα− iε

]
−

e2
M

8π2
pµ

∫ 1

0
dα

ᾱα(4mM − 26pᾱ)

m2
Mα− p2αᾱ− iε

+ O
(
2− d

2

)
Since at p2 = −M2 from Eq. (23.47) we have Σ2(−M2) = 0, the equation (23.49)

reduces to

Λµ(p, p)
p2→−M2

→ = γµ(1− Z2)− 2pµ
[
mMΣ′1(−M2)− 6pΣ′2(−M2)

]
(23.51)

This equation agrees with Eqs. (23.50) and (23.48), (23.43) in the first order in perturbation
theory. Now, from the condition

eMγµ + eM (Z1 − 1)γµ + Λ(p, p) ≡ Γµ(p, p)
p2=−M2

= eMγµ + other structures (23.52)

we get Z1 = Z2 as before.
Finally, to get the Z3 − 1 counterterm we should use the second requirement (23.36).

The exact photon propagator is

Dµν(q) = +
q (Z  -1)(q  q  - q  g    )2

3
+ +

+ + + +  ...

=
gµν
q2

+
gµα
q2

(qαqβ − q2gαβ)
[
Πold(q2) + (Z3 − 1)

]gβν
q2

(23.53)

+
gµα
q2

(qαqβ − q2gαβ)
[
Πold(q2) + (Z3 − 1)

]gβγ
q2

(qγqδ − q2gγδ)
[
Πold(q2) + (Z3 − 1)

]gδν
q2

+ ...

=
gµν
q2

+ (qµqν − q2gµν)
Πold(q2) + (Z3 − 1)

1 + Πold(q2) + (Z3 − 1)
=

gµν
q2[1 + Πold(q2) + (Z3 − 1)]

+ qµqν × smth

where Πold(q2) is given by Eq. (22.43) (with “new” eM and mM )

Πold
µν (q) = 8e2

M

µ̃4−d

(4π)
d
2

∫ 1

0
dα

ᾱαΓ
(
2− d

2

)
(m2

M − q2ᾱα− iε)2− d
2

+ O(e4
M )

=
e2
M

6π2(4− d)
+
e2
M

2π2

∫ 1

0
dα ᾱα ln

µ2

(m2 − q2ᾱα− iε)
+ O(e4

M ) (23.54)

We see that in order so to satisfy second of the conditions (23.36) we need

Z3 − 1 = −Πold(q2)
∣∣
q2=−M2 =

e2
M

6π2(d− 4)
−
e2
M

2π2

∫ 1

0
dα ᾱα ln

µ2

m2 +M2ᾱα
+ O(e4

M )

(23.55)
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Let us present all counterterms in this scheme

Z1 − 1 = Z2 − 1 =
e2
M

8π2(d− 4)
−
e2
M

8π2

∫ 1

0
dα ᾱ ln

µ2

m2
Mα+M2ᾱα

+
e2
M

16π2
+ O(e4

M )

Z3 − 1 =
e2
M

6π2(d− 4)
−
e2
M

2π2

∫ 1

0
dα ᾱα ln

µ2

m2 +M2ᾱα
+ O(e4

M ) (23.56)

If one now takes M2 = 0 in the above equations one obtains the counterterms for regular-
ization on the mass shell (23.17) and (23.27). Note that here counterterm Z2 is IR - finite,
quite unlike the renormalization on the mass shell where Z2 given by Eq. (23.33) needs IR
cutoff. This is the reason why the renormalization with subtractions at the Euclidean point
is very convenient for dealing with theories with massless particles (like QCD) since in such
scheme all counterterms are IR-finite so the UV and IR divergencies are disentangled.

It is easy to see that the counterterms (23.56) subtract all UV divergencies in one-loop
diagrams obtained with Fig. 34 Feynman rules. For example, in the case of Compton
scattering (22.89) we get

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = (23.57)

=

+ +   O(e  )
6

+

+ + x -  (Z   -1)2

+  (Z   -1)1
+  (Z   -1)1

+

It is easy to see that the expression in each parentheses is UV finite (and the last
diagram is finite by itself). Indeed, consider for example

k

k1

p
1

p
1

k1
p  +k

1 1+ (Z   -1)1

= e3
M

∫
d−dk

i(k2 + iε)
γα

mM+ 6p1− 6k
m2
M − (p1 − k)2 − iε

γµ
mM+ 6p1+ 6k1− 6k

m2
M − (p1 + k1 − k)2 − iε

γα + (Z1 − 1)eγµ

= e3
M

∫
d−dk

i(k2 + iε)
γα

m+ 6p1− 6k
m2 − (p1 − k)2 − iε

γµ
mM+ 6p1+ 6k1− 6k

m2
M − (p1 + k1 − k)2 − iε

γα

−e3
Mγµ

[ 1

8π2(d− 4)
− 1

8π2

∫ 1

0
dα ᾱ ln

µ2

m2
Mα+M2ᾱα

+
1

16π2

]
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= e3
M

∫
d−dk

i(k2 + iε)

[
γα

mM+ 6p1− 6k
m2
M − (p1 − k)2 − iε

γµ
mM+ 6p1+ 6k1− 6k

m2
M − (p1 + k1 − k)2 − iε

γα

− γα
mM+ 6p1− 6k

m2
M − (p1 − k)2 − iε

γµ
mM+ 6p1+ 6k1− 6k

m2
M − (p1 + k1 − k)2 − iε

γα
∣∣∣∣
p21=M2,k21→0

]
+ eMΛ(p1, p1)

∣∣∣∣
p21=M2

− e3
Mγµ

[ 1

8π2(d− 4)
− 1

8π2

∫ 1

0
dα ᾱ ln

µ2

m2
Mα+M2ᾱα

+
1

16π2

]
where we have added and subtracted

Λµ(p, p) = e2
M

∫
d−dk

i(k2 + iε)
γα

mM+ 6p1− 6k
m2
M − (p1 − k)2 − iε

γµ
mM+ 6p1− 6k

m2
M − (p1 − k)2 − iε

γα

at p2 = M2. It is clear now that the integral over k in the r.h.s. id UV divergent at d→ 4

since the leading term at k →∞ cancels in the difference of the integrands. As to the last
term in the r.h.s. of this equation, from the explicit form of Λµ(p, p) (23.50) it is equal to

−
e2
M

8π2
pµ

∫ 1

0
dα

ᾱα(4mM − 26pᾱ)

m2
Mα+M2αᾱ− iε

which is finite.
Srimilarly, repeating the calculation in Eq. (22.91) one can demonstrate that the UV

divergence in the self-energy diagram in the last line in r.h.s. of Eq. (23.57) is canceled by
(Z2 − 1) subtraction so the amplitude of Compton scattering (23.57) is finite.

Finally, let us discuss relation between e(M) and physical charge e. From Eq. (23.40)
(and Z1 = Z2) we see that

e2
M = e2

0Z3 = e2
0

[
1 +

e2
0

6π2(d− 4)
− e2

0

2π2

∫ 1

0
dα ᾱα ln

µ2

(m2 +M2ᾱα)
+ O(e4

0)
]

(23.58)

On the other hand, in the previous Section we’ve got the relation between e0 and physical
charge e

e2
0 = e2

(
1− e2

12π2

[ 2

d− 4
− ln

µ2

m2

])
+ O(e4) (23.59)

(see Eq. (23.29). Comparing these two equations we obtain

e2
M = e2

[
1 +

e2

2π2

∫ 1

0
dα ᾱα ln

m2 +M2ᾱα

m2
+ O(e4)

]
(23.60)

Again, we see that at large M the “effective charge” e(M) increases.

Part XXII

24 QCD

QCD is a theory of interacting quarks and gluons. The eight gluons are described by
Aaµ - 8 real massless vector fields (like 8 different photons). It will be convenient to use
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matrix notation: Aµ ≡ Aaµt
a where ta are 8 Gell-Mann matrices- Hermitian matrices with

properties Trta = 0, Trtatb = 1
2δ
ab (for the explicit form, see any textbook).

The matrices ta are the generators of SU(3)group - the group of unitary 3×3 matrices
Ω with det Ω = 1. An arbitrary SU(3) matrix can be parametrized as exp(i

∑8
1 ω

ata) where
ωa are real numbers. The group SU3 is non-Abelian since in general Ω1Ω2 6= Ω2Ω1.

The three quarks are described by the three-component SU(3) spinor ψkξ (the quark of
each color k has the additional Lorentz (bi)spinor index ξ similarly to the gluon which has
color index a and vector index µ). Also, there are different quarks which can be described
by an additional index called flavor. For now, six quarks are known: u (up), d)down),
s(strange), c (charm), b (beauty) , and t (top).

The QCD is an example of so-called Yang-Mills theories which are generalizations of
QED to the case of non-Abelian gauge group (another example is the Weinberg-Salam
theory of weak interactions).

24.1 Lagrangian and non-Abelian gauge symmetry

Let us recall gauge invariance in QED. The Lagrangian (density) for QED is given by Eq.
(20.1)

L(x) = − 1

4
FµνF

µν + ψ̄(i6D −m)ψ, Dµψ(x) ≡
(
∂µ − ieAµ(x)

)
ψ(x) (24.1)

It is invariant under Abelian gauge transformations (20.5)

ψ(x) → eiα(x)ψ(x)

ψ̄(x) → e−iα(x)ψ̄(x)

Aµ(x) → Aµ(x) +
1

e
∂µα(x) (24.2)

(Abelian because multiplication by eiα forms and Abelian group U1).
The QCD Lagrangian is similar to Eq. (24.1)

L = −1

2
Tr GµνG

µν +
∑

flavors

ψ̄f (i6D −mq)ψf (24.3)

where

Gµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ],

Dµ ≡ ∂µ − igAµ (24.4)

and g is called QCD coupling constant. The Gell-Mann matrices ta satisfy the relation

[ta, tb] = ifabctc (24.5)

where fabc are SU(3) structure constants. They are totally antisymmetric in all indices and
satisfy the Jacobi identity

fabmf cdm + facmfdbm + fadmf bcm = 0 (24.6)
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Using Eq. (24.6) one can rewrite Gµν as

Gµν =

8∑
a=1

taGaµν , Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν (24.7)

In what follows I will omit the summation index (as usual, the summation of the repeated
indices will be implied).

Non-Abelian gauge invariance:

ψ(x) → Ω(x)ψ(x) (24.8)

ψ̄(x) → ψ̄(x)Ω†(x)

Aµ(x) → Ω(x)Aµ(x)Ω†(x) +
i

g
Ω(x)∂µΩ†(x)

Let us prove that the QCD Lagrangian (24.3) is invariant under the above transforma-
tions: LQCD → LQCD.

First, we prove that Gµν(x)→ Ω(x)Gµν(x)Ω†(x):

Gµν(x) → ∂µ
(
ΩAνΩ† + ig−1Ω∂νΩ†

)
−ig

(
ΩAµΩ† + ig−1Ω∂µΩ†

)(
ΩAνΩ† + ig−1Ω∂νΩ†

)
− (µ↔ ν)

=
(
∂µΩ

)
AνΩ† + Ω

(
∂µAν

)
Ω† + ΩAν∂µΩ† + ig−1

(
∂µΩ

)
∂νΩ†

+ ig−1Ω∂µ∂νΩ† − igΩAµAνΩ† + Ω
(
∂µΩ†

)
ΩAνΩ†

+ ΩAµ∂νΩ† + ig−1Ω
(
∂µΩ†

)
Ω∂νΩ† − (µ↔ ν)

= Ω
(
∂µAν − igAµAν

)
Ω† − (µ↔ ν) = ΩGµνΩ†

( we used the property Ω∂µΩ† = −
(
∂µΩ

)
Ω†)

Next, we prove that Dµψ(x)→ Ω(x)Dµψ(x):

Dµψ(x)→
[
∂µ − igΩAµ(x)Ω†(x) + Ω(x)

(
∂µΩ†(x)

)]
Ω(x)ψ(x)

= Ω(x)∂µψ(x)− igΩ(x)Aµ(x)ψ(x) = Ω(x)Dµψ(x)

Finally,

Tr Gµν(x)Gµν(x) → Tr Ω(x)Gµν(x)Ω†(x)Ω(x)Gµν(x)Ω†(x) = Tr Gµν(x)Gµν(x),

ψ̄(x)6Dψ(x)→ ψ̄(x)Ω†(x)γµΩ(x)Dµψ(x) = ψ̄(x)6Dψ(x)

mψ̄(x)ψ(x)→ mψ̄(x)Ω(x)Ω†(x)ψ(x) = mψ̄(x)ψ(x)

so the Lagrangian (24.3) is invariant under transformations (24.8).
Classical theory: non-linear equations(

DµGµν
)a

= −g
∑

flavors

ψ̄qt
aγνψ,

(i 6D −mq)ψq(x) = 0, ψ̄(i 6
←
D +mq)ψq(x) = 0 (24.9)

(here
(
DµGµν

)a ≡ ∂µGaµν + gfabcAbµGcµν).
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To solve the non-linear equations (24.9) is very difficult. Up to now, only a few explicit
solutions of DµGµν = 0 (for “pure gluodynamics”) are known, the most famous example is
the so-called instanton

Aaµ =
1

g
ηaµν

(x− x0)ν

(x− x0)2 + ρ2

with the finite action 8π2 (and “topological charge” 1
8π2 ε

µναβ
∫
d4x Gaµν(x)Gaαβ(x) = 8π2).

24.1.1 Energy-momentum tensor in QCD

From Noether theorem on gets (cf Eqs. (19.44) and (14.28) )

Tµν =
∑ ∂L

∂µAaα
∂νAaα +

∂L
∂∂νψ

∂µψ + ∂µψ̄
∂L
∂∂νψ̄

− gµνL (24.10)

= −Gaµα∂νAaα + iψ̄γνDµψ − gµνL

= −GaµαGaνα +
gµν

4
GaξηGaξη +

i

4
ψ̄
(
γµ

↔
Dν +γν

↔
Dµ

)
ψ + total derivative

so the symmetric form of energy-momentum tensor is

Tµν = − 2Tr Gaµα(x)Gaνα(x) +
gµν

2
Tr Gaξη(x)Gaξη(x) +

i

4
ψ̄(x)

(
γµ

↔
Dν +γν

↔
Dµ

)
ψ(x)

(24.11)
It is easy to see that energy-momentum tensor (24.11) is gauge invariant since it is made
of fields Gµν , ψ and Dµψ which are only “rotating”:

Gµν(x) → Ω(x)Gµν(x)Ω†(x), (24.12)

ψ(x) → Ω(x)ψ(x), Dµψ(x) → Ω(x)Dµψ(x), ψ̄(x) → ψ̄(x)Ω(x), ψ̄(x)
←
D
µ
→ ψ̄(x)

←
D
µ

24.2 QCD quantization

Announcement of the result:
Perturbation theory - like QED: free Lagrangian ≡ 8 issues of electrodynamics labeled by
a = 1÷ 8 plus three free Dirac fields
⇒ Feynman rules are the same, except now we have the self-interaction of gluons.
This is almost true - Ward identity in QCD is different ⇒ ghosts.

QCD Lagrangian can be written as a sum of three terms

L = LF + LD + Lint (24.13)

LF = − 1

4
F aµν F

aµν , Fµν ≡ ∂µAν − ∂νAµ (24.14)

LD =
∑

flavors

ψ̄f (i6∂ −mf )ψf (24.15)

Lint = 2igTr
{
∂µAν [Aµ, Aν ]

}
+ g

∑
flavors

ψ̄q 6Aψq −
g2

2
Tr
{

[Aµ, Aν ][Aµ, Aν ]
}
(24.16)

Or, another representaion of Lint:

Lint = g
∑

flavors

ψ̄q 6Aψq − gfabc (∂µAaν)AbµA
c
ν −

g2

4
fabnf cdnAaµA

b
νA

cµAdν (24.17)
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(Recall [ta, tb] = ifabctc).
As in QED, we choose the Coulomb gauge: the canonical coordinates are the quark

fields ψkfξ (x) and potentials Aai (x) satisfying the Coulomb gauge condition

∂iAai i(x) = − ~∇ · ~Aa(x) = 0 (24.18)

and the canonical momenta are (cf. Eq. (20.15))

πkf (t, ~x) ≡ ∂L
∂ψ̇kf

(t, ~x) = iψk†f (t, ~x) (24.19)

πai (t, ~x) ≡ ∂L
∂Ȧai

(t, ~x) = −Ga0i(t, ~x) = − Ȧai (t, ~x) + ∂iA
a
0(t, ~x)− gfabcAb0Aci (x) ≡ Eai (t, ~x)

The gluon field strength E ia = −G0i
a is sometimes called the “chromoelectric field” (and

Bi ≡ 1
2ε0ijkG

jk “chromomagnetic field”)

Ĥ(t) =

∫
d3x

[
πai (t, ~x)Ȧai(t, ~x) + iψk†f (t, ~x)ψ̇kf (t, ~x)− L(t, ~x)

]
(24.20)

=

∫
d3x
[1

2
[~̂Ea · ~̂Ea(t, ~x) + ~Ba · ~Ba(t, ~x)] + ψk†f [mδkl − iδkl~γ · ~∇− gtakl~γ · ~Aa]ψlf (t, ~x)

]
(cf. Eq. (20.17) for QED). As in QED, the scalar potential Aa0(x) ≡ Φa(x) is not an
independent variable but is expressed through equation of motion (Gauss law)

DiGi0 = − gψ̄taγ0ψ (24.21)

⇔ [δab∇2 − 2gfabc( ~Ac · ~∇)− g2facnf bdn ~Am · ~Ad]Ab0 = gψ̄taγ0ψ − gfabc ~Ab · ~̇Ac

as

Aa0(t, ~x) = Φa(t, ~x) = −g
∑

flavors

∫
d3x′

ψk†taklψ
l(t, ~x′)− fabc ~Ab · ~̇Ac(t, ~x′)

4π|~x− ~x′|
+ O(g2) (24.22)

Classical QCD Hamiltonian in Coulomb gauge is a sum of 8 QED Hamiltonians (20.20)
with the new interaction terms due to gluon self-interactions (24.16)

Ĥ(t) =

∫
d3x
[1

2
[ ~̂Eatr · ~̂Eatr(t, ~x) + ~Ba · ~Ba(t, ~x)] +

1

2
~∇Φa(t, ~x) · ~∇Φa(t, ~x) (24.23)

+ ψk†f [mδkl − iδkl~γ · ~∇− gtakl~γ · ~Aa]ψlf (t, ~x) + gfabc∂µAaνAbµA
c
ν(t, ~x) + g2fabnf cdnAaµA

b
νA

cµAdν(t, ~x)
]

where a = 1÷8 for gluons and k = 1, 2, 3 for quarks (and flavor index f = 1, 2... for quarks)

24.3 Interaction picture

To quantize QCD in the interaction picture we repeat the procedure of Sect. 20.3 for QED.
To this end we need to separate the Hamiltonian (24.23) in the free part and interaction

– 190 –



part. As a first step, we separate field strength Gaµν (chromoelectric and chromomagnetic
fields) in the Abelian part and non-Abelian parts:

Gaµν = F aµν + gfabcAbµA
c
ν , F aµν ≡ ∂µA

a
ν − µ↔ ν (24.24)

Eai = Eai − gfabcAb0Aci , Eai ≡ − Ȧi + ∂iA0, Bai = Bai + gε0ijkA
bjAck, Bai ≡ ε0ijk∂

jAak

Next, as in QED, we separate the Hamiltonian (24.23) in four parts (cf. Eq. (20.36)):

H = Hquark +Hgluon +Hint +HCoul, (24.25)

Hquark =
∑

flavors

∫
d3x ψkf†(t, ~x)(m− i~γ · ~∇)ψkf (t, ~x)

Hgluon =
1

2

∫
d3x [ ~̇Aa(t, ~x) · ~̇Aa(t, ~x) + ~Ba(t, ~x) · ~Ba(t, ~x)]

Hint =

∫
d3x

[
− g ˆ̄ψkf~γ · ~Aataklψ̂lf (t, ~x) + gfabc(∂iAaj)AbiA

c
j(t, ~x) +

g2

4
fabnf cdnAaiA

b
jA

ciAdj(t, ~x)
]

HCoul =
1

2

∫
d3x ( ~DAa0(t, ~x))2 = − g

2

∫
d3x Aa0(~x)

[
ψ†taψ(t, ~x)− fabc ~Ab · ~̇Ac(t, ~x)]

=

∫
d3xd3y [ψk†taklψ

l(t, ~x)− fabc ~Ab · ~̇Ac(t, ~x)]
g2

8π|~x− ~y|
[ψk†taklψ

l(t, ~y)− fabc ~Ab · ~̇Ac(t, ~y)] + O(g3)

where in the last line we used equation (24.27).
To quantize the theory with the Hamiltonian (24.25) we, as usually, promote canonical

coordinates at t = 0 to operators ψkf (0, ~x) → ψ̂kf (~x) and Ai(t, ~x) → Âai (~x) satisfying
canonical commutation relations (20.22)

{ψ̂kfξ (~x), ψ̂lhη † (~y)} = δξη(~x− ~y)δklδfh, {ψ̂kfξ (~x), ψ̂lgη (~y)} = {ψ̂kf†ξ (~x), ψ̂lg†η (~y)} = 0

[Âai(~x), (Êtr)
bj(~y)] = δtr

ijδ
abδ(~x− ~y), [Âai(~x), Âbj(~y)] = [Êaitr (~x), Êbjtr (~y)] = 0,

[Âai(~x), ψ̂kfξ (~y)] = [Âai(~x), ψ̂†kfξ(~y)] = [(Êtr)ai (~x), ψ̂kf (~x′)] = [(Êtr)ai (~x), ψ̂kf (~x′)] = 0

(24.26)

Note that we imposed CCR between canonical coordinates and transverse Abelian parts
of canonical momenta (Êtr)ai (~x) = − ˙̂

Aai . As in QED, the scalar potential Âa0 is not and
independent dynamical variable since it is determined by quantum version of Eq. (24.27).

Âa0(~x) = Φ̂a(~x) = −g
∑

flavors

∫
d3x′

ψ̂k†(~x′)taklψ̂
l(~x′) + fabc ~Ab(~x′) · ~Etr(~x′)

4π|~x− ~x′|
+O(g2) (24.27)

The expansion in ladder operators is constructed similarly to Eq. (20.39):

ψ̂kfξ (x) =
∑
s

∫
d−3p√
2Ep

[
uξ(~p, s)e

i~p·~xâskf~p + vξ(~p, s)e
−i~p·~xb̂skf†~p

]∣∣∣∣
Ep=

√
m2
f+~p2

, (24.28)

ˆ̄ψkfIξ (~x) =
∑
s

∫
d−3p√
2Ep

[
v̄ξ(~p, s)e

i~p·~xb̂skf~p + ūξ(~p, s)e
−i~p·~xâskf†~p

]∣∣∣∣
Ep=

√
m2
f+~p2

,

(ÂI)
a
i (x) = eitĤgluonÂai (~x)e−itĤgluon =

∑
λ=1,2

∫
d−3k√
2ωk

eλi (~k)
(
âaλ~k e

i~k·~x + âaλ†~k
e−i

~k·~x)∣∣∣∣
ωk=|~k|
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Similarly to QED, the commutation relations between ladder operators

[âaλ~k , â
bλ′†
~k′

] = (2π)3δ(~k − ~k′)δabδλλ′ (24.29)

{âkfs~p , âlf
′s′†

~p′ } = {b̂kfs~p , b̂lf
′s′†

~p′ } = (2π)3δklδff
′
δss′δ(~p− ~p′)

(with all other (anti)commutators being 0) lead to CCRs (24.26)
The quantum version of Coulomb-gauge QCD Hamiltonian (24.25) reads

Ĥ = Ĥquark + Ĥgluon + Ĥint + ĤCoul, (24.30)

Ĥquark =

∫
d3x ψ̂k†(~x)(m− i~γ · ~∇)ψ̂k(~x)

Ĥgluon =
1

2

∫
d3x [

˙̂
~Aa(~x) ·

˙̂
~Aa(~x) + ~Ba(~x) · ~̂Ba(~x)]

Ĥint =

∫
d3x

[
− g ˆ̄ψ~γ · ~̂Aψ̂(~x) + gfabc(∂iÂaj)Abi Â

c
j(~x) +

g2

4
fabnf cdnÂai Â

b
jÂ

ciÂdj(~x)
]

ĤCoul =
1

2

∫
d3x ( ~DÂa0(~x))2 = − g

2

∫
d3x Âa0(~x)

[
ψ̂†taψ̂(~x)− fabc ~̂Ab · ~̇̂Ac(~x)]

=

∫
d3xd3y [ψ̂k†taklψ̂

l(~x)− fabc ~̂Ab · ~̇̂Ac(~x)]
g2

8π|~x− ~y|
[ψ̂k†taklψ̂

l(~y)− fabc ~̂Ab ·~̇Âc(~y)] + O(g3)

The Heisenberg operators are defined by usual formulas

Âaµ(t, ~x) ≡ eiĤtÂaµ(~x)e−iĤt, π̂ai (t, ~x) = eiĤtπ̂ai (~x)e−iĤt = eiĤtÊai (~x)e−iĤt ≡ Êai (t, ~x)

ψ̂k(t, ~x) ≡ eiĤtψ̂k(~x)e−iĤt, ˆ̄ψk(t, ~x) ≡ eiĤt ˆ̄ψk(~x)e−iĤt (24.31)

It is easy to see that the Heisenberg operators satisfy the equal-time commutation rela-
tions (24.26) (cf. Eq. (7.14)), and, repeating the argument of Eq. (7.15) we see that
Ĥ(t) ≡

∫
d3xĤ(ψ(t, ~x), A(t, ~x)) does not depend on time. In addition, after some algebra

it can be demonstrated that Heisenberg operators satisfy the same equations of motion
(24.9) as their classical counterparts (cf. Eq. (20.34)):(

DµĜµν
)a

= −g
∑
f

¯̂
ψkf (ta)klγνψ̂

lf ,

(i 6 D̂ −mf )ψ̂kf (x) = 0, ˆ̄ψ(i 6
←
D̂ +mf )ψkf (x) = 0 (24.32)

where D̂µψ̂kf (x) ≡ [∂µδ
kl − igtaÂa(x)]ψ̂lf (x). (As we noted above, the flavor index f is just

a label so it can be put up or down as seems convenient).
To build the interaction representation, we define “perturbative Hamiltonian” as

Ĥ0
def
= Ĥquark + Ĥgluon (24.33)

then Ĥ = Ĥ0 + Ĥint + ĤCoul.
Operators in the interaction representation are defined as usual (note that Eq. (24.26)

⇒ [Ĥquark, Ĥgluon] = 0)

ÂaiI (z) = eiz0Ĥ0Âai(~z)e−iz0Ĥ0 = eiz0ĤgluonÂi(~z)e−iz0Ĥgluon

ψ̂I(z) = eiĤ0z0ψ̂(~z)e−iĤ0z0 = eiz0Ĥquarkψ̂(~z)e−iz0Ĥquark

ˆ̄ψkfI (z) = eiĤ0z0 ˆ̄ψkf (~z)e−iĤ0z0 = eiz0Ĥquark ˆ̄ψkf (~z)e−iz0Ĥquark (24.34)
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These operators can be expressed in terms of ladder ladder operators similarly to Eq.
(20.39):

ψ̂kfIξ (x) = eitĤquarkψ̂kf (~x)e−itĤquark =
∑
s

∫
d−3p√
2Ep

[
uξ(~p, s)e

−ipxâskf~p + vξ(~p, s)e
ipxb̂skf†~p

]∣∣∣∣
p0=Ep

,

ˆ̄ψkfIξ (~x) = eitĤquark ˆ̄ψkf (~x)e−itĤquark =
∑
s

∫
d−3p√
2Ep

[
v̄ξ(~p, s)e

−ipxb̂skf~p + ūξ(~p, s)e
ipxâskf†~p

]∣∣∣∣
p0=Ep

,

(ÂI)
a
i (x) = eitĤgluonÂai (~x)e−itĤgluon =

∑
λ=1,2

∫
d−3k√
2ωk

eλi (~k)
(
âaλ~k e

−ikx + âaλ†~k
eikx

)∣∣∣∣
k0=ωk=|~k|

(24.35)

Now we define |Ω〉 as a true QCD vacuum (= lowest-energy eigenstate of Hamiltonian
(24.30) and |0〉 as a “perturbative vacuum” which is lowest-energy eigenstate of H0. Since
H0 can be represented as

Ĥ0 = Ĥgluon + Ĥquark (24.36)

=

∫
d−3k ωk

∑
λ,a

âaλ†~k
âaλ~k

∣∣∣∣
ωk=|~k|

+
∑

s,k,flavors

∫
d−3p Efp (âskf†~p âskf~p + b̂skf†~p′ b̂skf~p )

∣∣∣∣
Efp=

√
m2
f+~p2

(cf. Eqs (19.37) and (14.16)) we see that the perturbative vacuum is annihilated by âaλ~k ,

âskf~p , and b̂skf~p :
âaλ~k |0〉 = âskf~p |0〉 = b̂skf~p |0〉 = 0 (24.37)

Similarly to QED, the states

|k, a〉 =
√

2ωk, |k, s, f〉 =
√

2Ef â
aλ†
~k
|0〉, |k, s, f〉 =

√
2Ef b̂

skf
~p |0〉 (24.38)

are one-gluon, one-quark and one-antiquark states. Similarly, one can define states of
multiple free quarks and gluons as an eigenstates of Ĥ0. 34

The Green functions in QCD are defined as matrix elements of T-product of operators
switched between true-vacuum states

G
(
x, ...x(m), y, ...y(n), z, ...z(l)

)
(24.39)

= 〈Ω|T{
m′∏
m=1

ψ̂
km′
fm′

(x(m′))

n∏
n′=1

ˆ̄ψ
kn′
fn′

(y(n′))

l∏
l′=1

Â
al′
µl′ (z

(l′))}|Ω〉

To find the perturbative expansion of these Green functions we will use our old trick (9.29)

|Ω〉 = lim
ε→0

lim
τ→∞

1

e−iE0T 〈Ω|0〉
Û(0,−T )|0〉

∣∣∣∣
T=τ(1−iε)

(24.40)

34There are no free quarks or gluons in Nature. The observed particles are hadrons which are (unsepa-
rable) bound states of quarks and gluons. Despite that, sometimes it is convenient to pretend that there is
no confinement and calculate cross sections of production of quarks and gluons. For example, the ampli-
tude of e+e− annihilation into hadrons can be calculated at high energies as as a square of M-matrix of
transitions between electron-positron and quark-antiquark (and gluon in higher orders in g2) states. The
usual lore is that quarks and gluons transfer to hadrons with probability 1 and the kinematical properties
of a high-energy process are not affected by this “quarks+gluons → hadrons” transition
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which is correct in any theory with non-degenerate vacuum. Repeating the usual steps, we
get

〈Ω|T{
m′∏
m=1

ψ̂
km′
fm′

(x(m′))
n∏

n′=1

ˆ̄ψ
kn′
fn′

(y(n′))
l∏

l′=1

Â
al′
µl′ (z

(l′))}|Ω〉 (24.41)

=
〈0|T{

∏m′

m=1 ψ̂
km′
Ifm′

(x(m′))
∏n
n′=1

ˆ̄ψ
kn′
Ifn′

(y(n′))
∏l
l′=1 Â

al′
Iµl′

(z(l′))e−i
∫
dt (ĤI(t)+ĤC(t))}|0〉

〈0|T{e−i
∫
dt (ĤI(t)+ĤC(t))}|0〉

where ĤI and ĤC are Ĥint and ĤCoulomb made from interaction-representation operators
(24.35).

Now we can expand the r.h.s. of Eq. (24.48) in powers of e (⇔ in powers of ĤI and
ĤC) and use Wick’s theorem to get all possible Feynman diagrams. The contractions are:
1. Quark propagator

̂
ψ̂kfξ (x) ˆ̄ψ

lf ′

η
(y) = 〈0|T{ψ̂klξ (x) ˆ̄ψlf

′
η (y)}|0〉 = δklδff

′
∫
d−4p

i
e−ip(x−y) mf+ 6p

m2
f − p2 − iε

(24.42)

and
2. Propagator of transverse gluon (cf Eq. (20.48))

ˆ̂Aia(x)Âjb(y) = 〈0|T{Âia(x)Âjb(y)}|0〉 = δab〈0|T{ ~̂Aai (x) ~̂Abj(y)}|0〉 (24.43)

= δab

∫
d−3k

2ωk

∑
λ=1,2

~eλi (~k)~eλj (~k)
(
θ(x0 − y0)e−ik(x−y) + θ(y0 − x0)eik(x−y)

)
= δab

∫
d−4k

i

1

k2 + iε
e−ik(x−y)

(
gij +

kikj

~k2

)
= δabDij

tr(x− y)

(in what follows we omit index “I” of the interaction representation). This transverse prop-
agator can be expressed as (20.50)

Dµν
tr (x− y) = Dµν

F (x− y) +Dµν
Ward(x− y) +Dµν

inst(x− y) (24.44)

Dµν
F (x− y) =

∫
d−4k

i

gµν

k2 + iε
e−ik(x−y)

Dµν
W (x− y) =

∫
d−4k

i

gµν

k2 + iε
e−ik(x−y)

(kµkν
~k2
− k0

~k2
(kµην + kνηµ)

)
Dµν

inst(x− y) =

∫
d−4k

i

ηµην

~k2
e−ik(x−y) = − iδ(x0 − y0)

∫
d−3k

ηµην

~k2
ei
~k(~x−~y) = − iδ(x0 − y0)

ηµην

4π|~x− ~y|

where η = (1, 0, 0, 0). In QED, the contribution of Dµν
inst canceled with the terms arising

from the expansion of Coulomb term ĤC in Eq. (24.48) and the contribution of Dµν
W

vanished due to Ward identity (20.65). In QCD the situation is more subtle: the Ward
identity is (slightly) different so the contribution of longitudinal unphysical gluons is not
canceled in the gluon loops.

It was proved (using functional integrals) that a good way to memorize these need-
to-be-subtracted longitudinal remnants in gluon loops is to introduce a new term in the

– 194 –



Lagrangian

∆L = c̄(−∂µDµ)mncn = − c̄n(x)∂2cn(x) + igc̄m(x)tamn∂
µ
(
Aaµ(x)cn(x)

)
(24.45)

with the condition that new “ghost” massless scalar particle c live only in loops (and there
are eight of them, a = 1 ÷ 8). In addition, there is a factor (-1) for any ghost loop so
one may consider the ghost particle as a scalar fermion (the spin-statistics theorem is not
applicable to ghosts since they are not physical particles).

Summarizing, we can use the photon propagator DF
µν for gluons, take away HC from

the exponential in Eq. (24.48), and introduce the ghost particles (24.45) which can live only
in loops. A good way to memorize this is to write down the “Lagrangian in the Feynman
gauge"

24.3.1 QCD Lagrangian for practical calculations in Feynman gauge

The Lagrangian for QCD practitioners is LQCD + (gauge-fixing term = −1
2∂

µAaµ∂
νAaν) +

ghost term (24.45)

LF = −1

2
Tr GµνG

µν +
∑

flavors

ψ̄f (i6D −mq)ψf −
1

2
∂µAaµ∂

νAaν + c̄(−∂µDµ)mncn (24.46)

It can be rewritten as a sum of free Lagrangian and interaction Lagrangian

L(x) = L0(x) + Lint(x) (24.47)

L0(x) =
1

2
Aaµ∂

2Aaµ(x) +
∑
f

ψ̄kf (i6∂ −mf )ψkf − c̄a∂2ca

Lint(x) = g
∑

flavors

ψ̄kf 6Aataklψlf − gfabc(∂µAaν)AbµA
c
ν −

g2

4
fabnf cdnAaµA

b
νA

cµAdν + igc̄mtamn∂
µ
(
Aaµc

n
)

The interaction representation of Green functions is

〈Ω|T{
m′∏
m=1

ψ̂
km′
fm′

(x(m′))

n∏
n′=1

ˆ̄ψ
kn′
fn′

(y(n′))

l∏
l′=1

Â
al′
µl′ (z

(l′))}|Ω〉 (24.48)

=
〈0|T{

∏m′

m=1 ψ̂
km′
Ifm′

(x(m′))
∏n
n′=1

ˆ̄ψ
kn′
Ifn′

(y(n′))
∏l
l′=1 Â

al′
Iµl′

(z(l′))ei
∫
d4z (L̂int(z))}|0〉

〈0|T{ei
∫
d4z L̂in(z)}|0〉

where all the operators in the r.h.s. are in the interaction representation, Lint is given by
Eq. (24.47) and the propagators

̂
ψ̂kfξ (x) ˆ̄ψlf

′
η (y) = 〈0|T{ψ̂klξ (x) ˆ̄ψlf

′
η (y)}|0〉 = δklδff

′
∫
d−4p

i
e−ip(x−y) mf+ 6p

m2 − p2 − iε
(24.49)

̂Âµa(x)Âνb (y) = 〈0|T{Âia(x)Âjb(y)}|0〉 = δab
∫
d−4k

i

gµν

k2 + iε
e−ik(x−y) = δabDµν

F (x− y)

ˆ̂ck(x)ˆ̄cl(y) = δab
∫
d−4k

i

−1

k2 + iε
e−ik(x−y) (24.50)

follow from the Feynman-gauge Lagrangian L0 in th Eq. (24.47). In addition, the operators
ĉ and ˆ̄c are fermions, so they anticommute (and there is (-1) for any ghost loop as usual for
fermions).
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24.3.2 Feynman rules for QCD

Let us summarize Feynman rules for reduced Green functions in QCD. (As usual, the
reduced Green function is defined as G(p1, ...pn) = (−i)n−1(2π)4δ(

∑
pi)G(p1, ..., pn))

Quark propagatorm - p - i/
1

p

Gluon propagator in Feynman gauge
k

p Ghost propagator

k l

a

Quark-gluon vertex

Feynman rules for QCD 

p - q
b c

a

pq
Ghost-gluon vertexigf     pabc

a p

b c

p p

1

2 3

Triple gluon vertex

a b

c d

Four-gluon vertex

g t a
k l

2

ab

- p   - i

2

g ab

k  + i

-igf     [(p - p )  g     + (p  -p )   g    + (p  -p )  g     ]
abc

1 2 2 3 3 1

-g [f      f      (g     g     - g    g    ) + f      f      (g    g    - g    g    ) + f       f       (g    g   - g    g    )]abm cdm2 acm bdm adm bcm

Figure 35. Feynman rules for reduced Green functions in QCD

As usually, there is also
∫ d−k

i for each gluon loop and −
∫ d−p

i for each quark and ghost
loop.

Thus, as in QED, we have perturbation theory for Green functions. However, unlike
QED, we do not observe quarks and gluons (in the initial or final stages of a scattering
process). Instead, we see only hadrons in our detectors. This property is called “color
confinement”.

Color confinement: only particles which are singlets with respect to color SU(3) group
can be observed. Colored particles are confined within their interaction range (∼ 1 fermi).

How to calculate the mass of, say, ρ-meson in QCD: take some current jµ(x) with
quantum numbers of ρ-meson (e.g. ūγµu(x)− d̄γµd(x) for ρ0) and calculate
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i

∫
d4x〈Ω|T{jµ(x)jν(0)}|Ω〉 = (24.51)

= = (pµpν − gµν)Π(p2)+ + + + .. .

The “polarization operator” Π(p2) must have a pole at p2 → m2
ρ and the residue in this

pole is 〈Ω|ρ〉|2. If somebody some day will calculate Π(p2) exactly, he/she will find a pole

Π(p2)
p2→m2

ρ→ 〈Ω|jµ(0)|ρ〉|2

m2
ρ − p2 − iε

(24.52)

and determine the mass of the ρ-meson. For now, no one has an idea tow to do that.
Instead: approximate calculation in the Euclidean space using lattice simulations.

Π(p2 = −P 2) ' const

m2
ρ + P 2

⇒ Π(x) ' e−mρ|x| (24.53)

Thus, one calculates the correlation function (24.51) in the Euclidean theory using lattice
simulations of the functional integral for this correlation function and matches the behavior
of this function in the coordinate space to e−mρ|x|.

To calculate scattering amplitudes of hadron-hadron scattering in QCD is much more
complicated. A typical meson-baryon scattering in QCD looks like

Meson: bound state oq quark and antiquark

Baryon: bound state of three quarks

Figure 36. A cartoon of meson-baryon scattering in QCD

To get this amplitude we use factorization theorems to reduce it to simple matrix
elements which can be calculated on the lattice.
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24.4 Asymptotic freedom in QCD

25 Appendix

25.1 Dirac matrices and spinors in spinor representation

The set of Dirac matrices in the spinor representation is:

γµ =
(

0 σµ

σ̄µ 0

)
(25.1)

Here σµ = (σ0, ~σ), σ̄µ = (σ0,−~σ), where σ0 is a unit matrix and σx, σy, and σz are Pauli
matrices. In the explicit form:

γ0 =
(

0 σ0
σ0 0

)
, γ1 =

(
0 σx
−σx 0

)
, γ2 =

(
0 σy
−σy 0

)
, γ3 =

(
0 σz
−σz 0

)
, (25.2)

where

σ0 =
(

1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(25.3)

The γ5 matrix has the form:

γ5 = iγ0γ1γ2γ3 =
(−I 0

0 I

)
=

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 (25.4)

and it anticommute with all matrices γµ:

γµγ5 = −γ5γ
µ (25.5)

Master property of γ-matrices:

γµγν + γνγµ = 2gµν (25.6)

Consequences:

6a 6a = aµa
µ ≡ a2 for any 4− vector a

6aγµ 6a = 2aµ 6a− γµa2

γµγαγ
µ = −2γα

γµγαγβγ
µ = 4gαβ

γµγαγβγξγ
µ = −2γξγβγα (25.7)

Traces:

Tr {γµγν} = 4gµν

Tr {γµγνγλγρ} = 4(gµνgλρ + gµρgνλ − gµλgνρ)
Tr {γµγνγ5} = 0

Tr {γµγνγλγργ5} = 4iεµνλρ

Tr {γµγνγλγργξγη} = 4
(
gµν(gλρgξη + gρξgλη − gλξgρη)− gµλ(gνρgξη + gρξgνη − gνξgρη)

+ gµρ(gνλgξη − gνξgλη + gλξgνη)− gµξ(gρηgνλ + gνηgλρ − gνρgλη)

+ gµη(gλρgνξ + gρξgνλ − gλξgνρ)
)

(25.8)
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where ε is totally antisymmetric symbol (ε0123 = 1 = −ε0123). Trace of any odd number of
γ-matrices is zero.

Useful formula:
εµναβε

αβλρ = −2
(
δλµδ

ρ
ν − δλν δρµ

)
(25.9)

Complex conjugation:
γ†µ = γ0γµγ0, γ†5 = γ5 (25.10)

and therefore (
ū(p)γµ1 ...γµnu(p′)

)†
= ū(p′)γµn ...γµ1u(p)(

v̄(p)γµ1 ...γµnv(p′)
)†

= v̄(p′)γµn ...γµ1v(p) (25.11)

The explicit form of the spinors with definite z- component of the spin in the rest frame
λ = ±1

2 is:

u( 1
2

)(p) =
(√pσ( 1

0

)
√
pσ̄
(

1
0

) ) =
1√

2(p0 +m)

 (m+ p0 − ~p · ~σ)
(

1
0

)
(m+ p0 + ~p · ~σ)

(
1
0

)
u(− 1

2
)(p) =

(√pσ( 0
1

)
√
pσ̄
(

0
1

) ) =
1√

2(p0 +m)

 (m+ p0 − ~p · ~σ)
(

0
1

)
(m+ p0 + ~p · ~σ)

(
0
1

) (25.12)

v( 1
2

)(p) =

(
−√pσ

( 0
1
)

√
pσ̄
( 0

1
) ) =

1√
2(p0 +m)

 (−m− p0 + ~p · ~σ)
(

0
1

)
(m+ p0 + ~p · ~σ)

(
0
1

) 
v(− 1

2
)(p) =

( √
pσ
( 1

0
)

−
√
pσ̄
( 1

0
)) =

1√
2(p0 +m)

 (m+ p0 − ~p · ~σ)
(

1
0

)
(−m− p0 − ~p · ~σ)

(
1
0

) (25.13)

and

ū( 1
2

)(p) =
1√

2(p0 +m)
((1, 0)(m+ p0 + ~p · ~σ); (1, 0)(m+ p0 − ~p · ~σ))

ū(− 1
2

)(p) =
1√

2(p0 +m)
((0, 1)(m+ p0 + ~p · ~σ); (1, 0)(m+ p0 − ~p · ~σ)) (25.14)

v̄( 1
2

)(p) =
1√

2(p0 +m)
((0, 1)(m+ p0 + ~p · ~σ); (0, 1)(−m− p0 + ~p · ~σ))

v̄(− 1
2

)(p) =
1√

2(p0 +m)
((1, 0)(−m− p0 − ~p · ~σ); (1, 0)(m+ p0 − ~p · ~σ)) (25.15)

Here u(λ(p) and v̄λ(p) are the spinors corresponding to electron and positron (respectively)
with spin λ (in the rest frame) and ū(λ(p) ,vλ(p) are the Dirac conjugate spinors.

The spinors for the states with definite helicity h = ±1
2 are:

u[ 1
2

](p) =
1√

2(p0 +m)

(
(m+ p0 − |~p|)ω(1)

(m+ p0 + |~p|)ω(1)

)
, u[− 1

2
](p) =

1√
2(p0 +m)

(
(m+ p0 + |~p|)ω(2)

(m+ p0 − |~p|)ω(2)

)
(25.16)
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v[ 1
2

](p) =
1√

2(p0 +m)

(
(−m− p0 − |~p|)ω(2)

(m+ p0 − |~p|)ω(2)

)
, v[− 1

2
](p) =

1√
2(p0 +m)

(
(m+ p0 − |~p|)ω(1)

(−m− p0 − |~p|)ω(1)

)
(25.17)

where two-component spinor ω has the form:

ω(1) =

(
e−iα cos

(
θ
2

)
ei(φ−α) sin

(
θ
2

) ) , ω(2) =

(
−e−iα sin

(
θ
2

)
ei(φ−α) cos

(
θ
2

) ) (25.18)

where θ and φ are the polar and asimuthal angle of the momentum ~p and the phase α is
arbitrary (it is convenient to choose α = φ as in Eq. (13.53)).

Let us present also the explicit form of the Dirac conjugate spinors with definite helicity:

ū[ 1
2

](p) =
1√

2(p0 +m)

(
ω(1)†(m+ p0 + |~p|), ω(1)†(m+ p0 − |~p)|

)
ū[− 1

2
](p) =

1√
2(p0 +m)

(
ω(2)†(m+ p0 − |~p|), ω(2)†(m+ p0 + |~p)|

)
(25.19)

and

v̄[ 1
2

](p) =
1√

2(p0 +m)

(
ω(2)†(m+ p0 − |~p|), ω(2)†(−m− p0 − |~p|)

)
v̄[− 1

2
](p) =

1√
2(p0 +m)

(
ω(1)†(−m− p0 − |~p|), ω(1)†(m+ p0 − |~p|)

)
(25.20)

where

ω1† =

(
eiα cos

θ

2
, ei(α−φ) sin

θ

2

)
ω2† =

(
−eiα sin

θ

2
, ei(α−φ) cos

θ

2

)
(25.21)

Properties of spinors:
1. Orthogonality

ūλ(p)uλ
′
(p) = 2mδλλ′ = −v̄λ(p)vλ

′
(p)

ūλ(p)γµuλ
′
(p) = v̄λ(p)γµvλ

′
(p) = 2pµδλλ′

ūλ(p)vλ
′
(p) = 0 = v̄λ(p)uλ

′
(p) (25.22)

2.Completeness ∑
λ=1,2

(
uλα(p)ūλβ(p)− vλα(p)v̄λβ(p)

)
= δαβ∑

λ=1,2 u
λ
α(p)ūλβ(p) = (m+ 6p)αβ∑

λ=1,2 v
λ
α(p)v̄λβ(p) = ( 6p−m)αβ (25.23)

If sµ is a four-vector of spin of the particle, then

ū(p, s)γµγ5u(p, s) = −v̄(p, s)γµγ5v(p, s) = 2msµ (25.24)
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and also

uα(p, s)ūβ(p, s) =

(
1 + γ5 6s

2
( 6p+m)

)
αβ

, vα(p, s)v̄β(p, s) =

(
1 + γ5 6s

2
(6p−m)

)
αβ

(25.25)
For the particle with helicity 1

2 the 4-vector of spin is sµ(p, h = 1
2) = ( |~p|m ,

~pp0
|~p|m) and for the

particle with helicity −1
2 it is sµ(p, h = −1

2) = (− |~p|m ,−
~pp0
|~p|m)

Check of ūs(~p)γ0vs
′
(−~p) = v̄s(~p)γ0us

′
(−~p) = 0:

ū( 1
2

)(~p)γ0v(− 1
2

)(−~p) =
1

2(p0 +m)

(
(1, 0)(m+p0+~p·~σ); (1, 0)(m+p0−~p·~σ)

)( 0 σ0

σ0 0

)( (m+ p0 + ~p · ~σ)
( 1

0
)

(−m− p0 + ~p · ~σ)
( 1

0
)) = 0

v̄( 1
2

)(~p)γ0u(− 1
2

)(−~p) =
1

2(p0 +m)

(
(0, 1)(m+p0+~p·~σ); (0, 1)(−m−p0+~p·~σ)

)( 0 σ0

σ0 0

)( (m+ p0 + ~p · ~σ)
( 1

0
)

(m+ p0 − ~p · ~σ)
( 1

0
)) = 0

(25.26)
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