Quantum mechanics of an anharmonic
oscillator as 0+1 quantum field theory

Classical treatment:

Lagrangian
- D . D 2 A
L=x——V(:c)=x——w—ac2——:v4
2 2 2 41
Euler-Lagrange equation < Newton’'s 2nd law
d OL OL N - 5 A 3
— = = —WwW'r— T
dt Ox ox 3!
Canonical momentum
oL :
= — =X
P~ oi

Hamiltonian

w2

2

Change of names: z -+ ¢, p —> 7
_9? w2¢2 >\¢4
2 2 4!

- Lagrangian of the 041 scalar field

2 w2

_ T WS o A g
H—2+2¢+4!¢

2
i =2 2, A 4
H = px L—2—|— :c—|—4!:c
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Quantization:

— ¢, T — 7

¢
Operators ¢ and & act on the wave function

()
FD(0) = pd(d), FD(9) = —i(%cb(@
[Qb, 7T] =1 -

~D 2
~ T CL)AQ )\,\4
HosH=—+4+2 -
2-|- 2¢ +4!¢

Schrodinger picture: ®(¢,t), ¢, 7
Dynamics is governed by the Schrodinger equa-
tion

0

Zacb(Qb, t) — FI¢(¢7 t)
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Heisenberg picture :

¢(¢) — Cl>§chro(¢Aa t=20)

&E(t) eth$e—th

7’1\'(75) — eth%e_th
Dynamics is determined by Heisenberg equa-
tions

d - S

—o(t) = [H, o(t

~6(t) = i[H,3(1)]

d _

LA = ilH, 7 (1))
Perturbation theory < expansion in powers of

a .

Typical problem: find the dispersion (= mean
qbQ) in the ground state of the anharmonic os-
cillator (Q2|4?|Q2)
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QM solution:

~D 2
. _ _ _ T w< ~ . A~
H = Ho+Hin, Ho=—+750% Hnt= 6"
Ground state of the harmonic oscillator
( ):
~ w w2
Hol @) = Eol§) = Eo=—, |9)=e 2*
Ground state of the anharmonic oscillator
( ):
ﬁ|Q> p— Evac|Q>
Perturbative solution
n|</>4| @) >
= O(A
) =1[9) - 4,Z| gy TOOD

In) - eigenstates of Hy (Hermit polynomials),

" (@16°|n)(n|$*| 9)
En — FEq

(Q$%|Q) = (987 8) —
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QFT solution (“interaction picture”)
Some definitions:

Interaction representation:

o1 (t)
7r(t)

eZHthBe_ZHOt

GZHOtﬁ'e_ZHOt

T{o()d(t)} = 0(t—t)p(t)p(t)+0(t'—t)d(t ) (L)

U(t,0) = etlote—iHt - [l(¢ 0) = etHte—1Hot

U(t1,t0) = U(t1,0)07(t5,0)
Group property:

U(ty,t2)U(t2,t3) = U(t1,t3)
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CoOttHdla \Lr\t) = 27Pr\bv)J-
. t _
O(t,0) = Texp—i /O dt B () =

-t/A/-Qt/t,A/A
1—z/odtHI(t)—|—z /Odt/O dat" By () H (£ + ...

Proof:

d - . ifHgt A 24 —iflt _
aU(t, 0) = —ie ad) e =

D Aon, -
—ieZHOtEchle_ZHOtU(t, 0) = —imqb?(t)U(t, 0)

d A - (Y
a(r.h.s.) - —zaﬁb?(t)(l — Z/O di' Hy(t') + )

A
= —i 61t (r.n.s)
Also, ﬁ(t,O)‘t:O = (r.h.s)|,—g =1
=  U(t,0) = (r.h.s.)

Similarly one can prove that

. 11 .
U(ty,tr) = T exp —i/ dt’ Hr (t)
to
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How to find (Q2|¢?|Q2) using the evolution op-

erator?
Key idea: if you take | @) and wait for a long

time, you'll get |€2).
im e HT| gy =7
T—oo(1l—1ie) 9)
(Strictly speaking, we must take T'(1—1i¢), then
T — oo, and only then ¢ — 0).

—iHT(1—ie) | g>

lim e —

T—00 R _

lim. o~ AT (1—ic) %: IN)(N| @) =
im e~ PacT(1-i9) (10)(Q| g) +
T—00

z,: |N> <N| ¢>e—eT(EN—E\/aC)+iT(EN—EvaC)>

At T — oo
e~ €I'(En—Evac) _ 0 because Eyn > Evac

— lim e—iﬁT(l—ie)| ¢> — |Q> <Q| Q>e—iEvacT(1_i€)
T—o00

Thus

Q) = lim (et g)~te | g)
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111 LCiltllio Ol CvVOIULIVIT OpPCldLUl S
Q) = lim (e”"Fvac—E)T(Q| g))~10(0, —T)| @)
T— 00

(@ = lim (e”"(FracmB)T(g|0))=(g|0(T, 0)

20y — iy (BIO(T,0)¢2T(0, —T)| 9)
S = T i @) 2 BB T

(T'(1 — 7¢e) is always assumed).
By definition of the T-product

U(T,0)$°U(0, ~T) = T{$7(0)U (T, ~T)} =
T{$%(0) exp —i /_TT dt' Hr(t')}
Also,

(8|0(T,~1)| @) = (g|e 10T 2l TiHoT | gy —
20T (gle= 2T | g) — (g|Q) (] P)e 2 Prac—Fo)T

(BT (E0)e Iy gy
T (girpet Fr @iy gy
(0T {32(0)e " o (DY gy
(@|T{e = #H1(0)y g)

= (Q6°|2)
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In general

(QUT{F(t1)...6(tn) }|2) )
(OIT{B1(t1) .. dr(tn)e ™" = #HIy| g)
(@IT{e™ /= 1100y g
- master formula for calculations in the inter-
action representation.

Let us finish the calculation of the dispersion.
In the first order in perturbation theory

et oo dHI() 1 _ z'% /_ o:o dtd3 (1)
SO
(Q¢%Q) = <si|<$2| )
o IR CHOHOYE)
— (|$7(0)| 9)(0|$7(0)| B)]
The correlation functions of the type

(OIT{$F(t)$2(0)}| L) are called Green func-
tions. They are calculated using Feynman rules.
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Feynman rules for the Green functions.

Consider the simplest Green function

G(t —t') = (B|T{dr()p1(t")}| D)

which is called

To find it, we use the formal-
ism for the harmonic oscillator:
~ wo + i7
a =
V2w
.~ wo — T
a p—
Vv 2w

Properties of ladder operators:
[, 7] =i =
[6,a] =1
— canonical commutation relation in terms of
ladder operators.
al @) =0 a —
@nr py ~ |n) al —
Hy = w(a'a + 3)
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Canonical commutation relation =
[Hy,a] = —wa, [Ho,a'] = wal =
piHot5o—iHot — ge—iwt
ciHot 5T ,—iHot — gt piwt } =
5[(15) — eiﬁotq’ge—’iﬁot —
1 a —zwt + an
V2w \/2w \/2w
Now we can find the “propagator”
(P T{pr(t)Pr(tN} @) =
0(t — t/) ~ —jwt ~t iwty o —iwt ~1 iwt!
S (Pl @e ™! +afe ) @@e ™ +ale)| )
+(t - t) =
1 : 1 -
—(glla,alle (| g) + (t & 1)) = —em I
2w 2w

ZHot(a+ T)e—zﬂot wt

(recall that a| @) = (0lal = 0).

Similarly
(PIT{$7(0)67(1)}| @) =
O(t)<g|(ae—zwt 1 ELT zwt)4(a 4 aT)2| Q>

9( £)
Bw
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The result of the calculation can be repre-
sented by

(B|T{3%(0)$7(t)}| @)

= > ¢1(0)91(0)dr (D)1 (t)Pr(£)dr(t)

contractions
Each IS @ propagator

31(H)31(0) = G(t) = ie_w'

represented by a line in a Feynman diagram

The rest is combinatorics:

(B|IT{7(£)d7(0)} @) =

12 ) +3( o (O
@aIa@atoNe = 3( » ()
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= (B|IT{3T(1)$7(0)}| B) — (8]67(0)| B)(B|$7(0)}| @) =

= > of the =

= 12 Q@ = 12G(t) G(0)

Second term (coming from the denominator)
cancels . This is a gen-
eral property. any Green function is represented
by the sum of the relevant connected Feynman
diagrams.

N <s2|<}52|s2> — G(0) — iA /oo dtG2(£)G(0)

A dt6—2zw|t|) _
2w

1 2

Z(l — @) + O(\9)

This may be a wierd way to calculate (¢2) in
quantum mechanics, but it generalizes to field
theories.
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QFT for the Klein-Gordon field

o(Z,t) —
(if my = O it would be observable like electric
field).
(02 4+ m?)¢(z) =0 —
— analog of Maxwell’'s equations.
= (&,t), 82 = aiai

Classical theory:
Lagrangian L = [d3zL(Z,t),

m2

1
Lo = —0,060Fd — —p?
0 2;@ @ 2<b

— Lagrangian density for the free KG field

1 m2 A
— 29,00Pdp— — 2 M4
— Lagrangian density for the self-interacting

KG field .

Euler-Lagrange egn reproduces the KG equa-
tion
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Quantization of the free KG field
For simplicity: one-dimensional KG field ¢(x,t)

2 T ’x 2 m2
Lo(t)_/d <¢( 1) (¢(2,t)) _m ¢2($7t)>

Idea: KG field < superposition of oscillators.
of the KG field:

_n cp cp cpO cp1 cp2 cpn cpn+1...

A
1

:ﬁ%ﬁwmw

- harmonic oscillators at each point of the lat-
tice with nearest-neighbor interaction.

2 m2
Lo(t) :az[¢n(t) (¢n—|—1(t) ¢n(t)) o . qb,%(t)]

2a2
Change of the label: ¢, — ¢(xn,t) =
Lo(t) =
12 _ 2 2
ay [¢ (gnat) . (¢($n+aa;)az¢(mnat)) . m7¢2(xn’t)]
In the a — O this reproduces

the above KG Lagrangian
Phys 872 -15- Spring 2001




Quantization of a set of oscillators.

Canonical momenta: Ty = ggo = adn
n

Hg = anﬁbn - LO —
ay [ (mnat) + (¢(zn+a, t) ¢($nat)) 4+ m qbQ(:cn,t)]

In the contlnuum limit we get

2 / 2 2
. T (.’L‘,t) ¢(x7t) m 2
Ho= [do[T"22 4 22050 4 2 2(a, 1)
As usual, for quantization of the set of os-
cillators we promote ¢, and m, to operators

satisfying canonical commutation relations

[ngaﬁ'n] = 10mn, [(Emyﬁgn] = [Tm,7n] =0
In terms of ¢(xn) and w(xn) this reads

[¢($m)a 7T(xn)] —5mn
which reduces to
[p(z), T(y)] = id(z — y),
[¢(2), d(y)] = [7(x),7(y)] =0

in_the continuum limit.
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The 3-dimensional KG field is the a — 0 limit
of the 3d lattice of harmonic oscillators with
nearest-neighbor interaction =

The canonical commutation relations are

[6(2), 7(§)] = i6>(x — y),
[6(2), (D] = [7(2), 7(§)] =

lLadder operators

a e

F

(%) = —z/ Ep aﬁe?’pf — ate_iﬁ?)
/2Ep b

(Ep — \/m + _’2)
It is easy to check that

azal] = (2m)33 - ) }
=

5 = [ L (a7 4l

[ﬁa }Z[at,at,}—O
can

= nonical commutation relations.
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Classical Hamiltonian

2 2
/d3 (CL‘ t) V(b(; , t) m #2(7,1)]

/d3 7T (37) V¢($) m 2(_,)]
2
In terms of ladder operators

. Ey, 4+ o Tt~
Hp = /d3p?p(a;gaﬁ—l— aﬁaﬁ) = /cT3pEpaT_a~

(we throw away the oo constant Eg = L3 [ d3p%).

= [Ho, a5 = —Epdy, [Ho, T] pat =
eiﬁotap —iHot __ — 5 ﬁe—iEpt, zHot ; —iHot _ atezEpt

The Heisenberg operators are defined as usual

o(Z,t) = ettlotg(@)e Hol | 7(z,t) = eHolz(z7)e 10!

o(z) = [ a.-e~PT | Zi 1pT

i k(e |
() =—if \/TEP

where x = (&,t) and pz = Ept — pZ
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Basic property

ag| @) =0
where | @) is the ground state of the quantized

field (= the lattice of oscillators).

Proof:
Suppose az| @) # 0. Denote this state by |X).

Ho|X) = Hoaz| @) = [Ho,azl| @) + azHo| ) =
—Epag| @) + Eoaz| @) = (Eo — Ep)|X)
We see, that the state | X) has enegry less than

the ground state energy which is impossible
= aﬁ| @) = 0.

) = aj e —-
Proof; construct momentum operator and check
that Plg) = plp), H|p) = Eplp).

of the classical KG
field :

O (7, 1) = D6(F, 0" 67, 1)~ % (9005 -m6)
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Hamiltonian:

H) = [ d3:c@00(a: 0= [d% (Vf)Q n m22¢2)

3 g [ 3
/d x(3-|—...) N H_/d o (5 + )
of the KG field:
Pi(t) = / d3200% (% t) = / d31¢die = / d3rrdie
o pPi= / 327 (2)0'd(F)

In terms of ladder operators

Similarly, H|p) = Ep|p).

Hlp) = Eplp), Plp) = plp)

= |p) is the one-particle state.
Al = _
Clpl- |Q> |p17 . 7pn>

Check: H’lpl, vesPn) = (Epy + ... Ep,)|P1,---,0n),

Plp1,...,pn) = (P1 + ...Pn)|P1, .-, Pn)
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Go(z—y) = (BIT{o(x)d(y) }| &)

a|¢>=<¢|a*=0¢

Go(z —y) =

0(z0 — yo) | XL c=iv(e=v) (glazal,| 0) + (2 > v)

2./EpE! Pop

[az, aﬁ,] = (2n)383@F-p) =
Go(z —y) =

0(xo — yo) [ %e_mp(m_y)”iﬁ(f—g} + (z < y)
It can be rewritten in the rel.-inv. form:

d4 1

Go(z —y) = lim Pe—in(z—y)
o y) = e—0 ) m2 — p? — e
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Scnrodainger equation in Qr 1
: : & 72 w2 72
Harmonic oscillator: H = S -+ 7§b .
Coordinate representation:
W(¢) - wave function.

FU(P) = W(e), FW(P) = —z’(%w(qb)

- operators ¢ and 7.
Stationary Schrodinger equation HW(¢) = EqW(¢):

2 242
2L (e +f

i () = EqW(9)

Wave function for the (1-dim) lattice KG model
in the coordinate representation

P({¢r}) =V (...b0—n—1,9-n,---00, 91, ---Pn, d—n—_1,--)

Canonical operators:

&Enw({ﬁbk}) — anw({ﬁbk}),
AoV ({d)) = —ia%wm})
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In the continuum limit a — O

V({or}) — W(o(z)) —
Canonical operators:

= ¢(z)W(9) = d(z)V(e),
#(zn)V({¢r}) = —itz5-W({er})
= 7(x)WV(p) =7

For the lattice model

V({op+ hi}) = V{or}) 1> hpmpW({or})
= W({¢r}) +iad h(zp)m(zp)V({or})
Compare to
W ((x) + h(z)) = W(p()) + [ doh(z) 552

= F(@)V () = —igyryV(9)
Check: CCR (canonical comm. relations)

[@(w), (W (¢) = —ig(x)

500y )W(¢)+

5o(x) _
= 0(x —
o) so(y) TPV

(For F(¢) = ¢(a) F}g?ﬁ+h) F(¢)+
J dyh(y)o(y —a) = G505 = 6(y — a))
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Stationary Schrodinger eqn HoW (¢) = EqW (¢):

72( ()2
/d [ ; ) ¢( ) + 9252( )}W(Qb(ﬂ?)) = EgW(¢(x))

In the “coordlnate baS|s

H(2)W($(x)) = ¢(z) W (¢(2)) }
R(@)WV($(2)) = —igz0yV($(2)

1 2,2 —
- /d:c (W) +¢'? (2)+m2¢? (2)| W (p(z)) = BoW(¢(x))

Solution : W(d(z)) = e 3)dz d(@)Wo(w)
Vacuum energy : Ey = L31 [dp Ep
Here R
We(z) | dyW (z — y)é(y)

W(z—y) = [dpEpe Erlz—y)

w 12
The operator W is the analog of w in the e 2?
solution for the harmonic oscillator.
In the momentum space

W((z)) = e~ 2 Tp Epp(@)d(-p)
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Self-interacting Klein-Gordon field

1 m2 A
. 3.+ pog e 20 A4
L—/d e

207 = 2 N2 2
= [ a3 VHBDT L 20 1y A

Quantization - same as for the free KG field:
¢ — ¢(T), m — 7(T)

[3(2), #(D] = i6>(F—-9), [,¢] =[7,7] =0

7?2 = = T =\2 2 R
A= / Bz §$)+V¢;‘”) + ¢2<f)+%¢4]

Heisenberg picture: ¢(z) and #(x) depend on
time
b(z) = 3(&,1) = M g(2)e
7(z) = 7(Z,t) = etz () et
Vectors of state (like the vector of ground state
|€2)) do not depend on time.
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Heisenberg equations for the self-interacting
Klein-Gordon field

[6(Z, ), 7(F,1)] = et [p(), 7 ()]e Tt =
[6(Z,t), 7(7F,t)] = i6>(F — §) for any t

o O ifftr,n —iflt _ -tor e
23,0 = 2 etg(@eit = il 3(z,0) =
2

~2 (= = T( =2l 4\2
’i/dsml[ﬂ- (zat) _I_qu(sc,t) m

_"2 =/
> + > o° (T, 1)

A iy - _ .
+E¢4(f’,t), q/,(:,—5775)] equal—timeCCR

/ B7&@ D6(E — &) = 7(2, 1)
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0 0

a,]T(x t) = aethﬂ_(zﬁ»)e—th — Z[H 7(Z,t)] =
~2 2 2
/d3 / (; ) V¢(2 ) _I_'”; (}52(3—:»/’75)

equal—-timeCCR

+ ¢4< 1), 7(Z,1)]
i [ d®2'(z - f’>{<v2 - MA@, 1) — 1)
= (V2 = m?)3(@, 1) - 2637, 07 (@, 1

= Heisenberg equations are
%A — 2N 7 A 73 }:>
GR(7,0) = (V2 —mdE1) — 3830

520 D) = (V2 —m?)d(,1) - §*(%,1) =
(0 +m)d(x) = — 5 (a)

Heisenberg operator ¢(x) satisfies the same KG
equation as the classical field ¢(x).

Phys 872 -27- Spring 2001



Cross sections are determined by Green func-

tions (Q|T{¢(z1)$(z2)...6(zn)}|<2)

S(p1,p — p2,p5) =
146 p1 — X p2)T(p1,p] — P2, 05)
.S/ theorem:

S(p1,p1 — p2,p5) = lim _MN(pf —m?)
p;—m?

. . / / . . / /
/ d4x1d4x/1d4w2d4w12e—zp1x1—zp1x1+zp2x2—|-zp2x2

(QT{P(z1)d(z7)P(z2)P(x5) }€2)
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Perturbation theory: H = Hg + Hint

H —/d3 AQ(x) qu(fc)Q m? 2(—»)]

2
Hint — /d3334_.¢
Interaction representation defined as in QM
b1(3,t) = eotg(@)e ot 71(,1) = Motz (7)ot
Literally repeating all the steps we get
(Q@(z1)...0(zn)|Q2) =

(OIT{Br(w1).--Br(wn)e /- #HI D} g)
(@IT{e ™" |- tHI (1) g

where | 0) is the “perturbative vacuum” (=
ground state of Hy).

[ dtH(t) = — [d%zLi(z) =

(Q¢(21)...3(wn)|2) = )
(BIT{31(21)... 81 (zn)e [ ©oL1(2)y| gy
(@|T{et ] T*=L1()}| g
This master formula is relativistic invariant

(although the intermediate steps were not).
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Cross section in the first order in .

BT (G1(@)d1 ()1 (e1)b1(oh) [ ded (2)) ] )
A

:iﬂ >

" contractions

B1(21)31(21)B1(21)B1(25) [ d*2d1(2)B1(2)61(2)$1(w)

Each contraction is a free propagator

¢1(z1)¢1(z) = Go(z1 — )

= Feynman diagram for the
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Feynman diagram in the momentum represen-
tation

G(p1,p1 = P2,p5) =
/d4x1d4x/1d4x2d4x/2€—ip1x1—ip’lw’l-l—ip2w2+ip’2x'2
(QT{p(z1)P(z7)P(z2)P(25)}Q2) =
—ix(2m)*6(p1 + Py — 2 — Pb)
(m2 — p?)(m?2 — p'D)(m2 — p3)(m2 — p'3)
LSZ theorem =
T(p1,P) — P2,75) = —A+ O(\?) =
The meson-meson Ccross section is

do A2 4
= O(\
ds? 64712s + O

+ 0()\2)
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In higher orders in perturbative expansion in
powers of A we have more complicated dia-

grams such as

p-p-k

BPy

Feynman rules for the Green functions in mo-

mentum representation:

1
m2—p2—ie
tum p.

e — )\ for each

for each propagator with momen-

d*k
o [ T64; for each momentum k.
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LSZ reduction formula

Scattering:

o) -

T

free particlesin free particlesin
the remote past the remote future
described by 0. e — described by @, 4

_ _ A _
Fin(@) = 3(2) +iZ; [ d*=GH(@ - 2)3%(=)
G%(z —y) - “retarded” Green function

o) —
Grlz—y) = / i m2 — p2 4+ iepg

(82 + m?)G%(x —y) = —is\*) (z - y);
GOR(x—y) =0 if 20 < yo

(0% + m?)in(z) = 0

= ¢@jn describes free particles at t -+ —o0
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- T

Sout(@) = B(@) i, [ 4269 - 282)

GY(z —y) - Green function

i —ip(z—y)
G-y = [ZPS

(02 +m?)GY(z — y) = —is ) (z - y);
G%(a}—y)zo if zog > yo

(8% +m?)out(z) = 0

i m2 — p2 — iepg

= @out describes free particles at ¢ — oo

Ladder operators:

T 4 Gl (p)e'®”)

- d3p - .
Gin = /—\@( in(p)

[Gin(p), al- (p)] = (2m)36(5 — ),
ain(p)|0iny =0  |0jn) = ground state

[dout (p), a5 (p)] = (27)36 (5 — 7'),

po=EFEp

770
of Hin.

POZEp

dout|Oout) =0 |Oout) = ground state of HY ..
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Hypothesis: |0jn) = |Oout) = |€2)

“In” and “out’” states:

p1;---Pn)in = T 2Epka;gk|g>in

p1,-Prdout = My/2Ep.al, | B)out

The amplitude of the m — n transition is given
by

(m)

S(p1, 2, ™ = po, v, . p5)
— out(PQ:P’zy---Pgn)|P1,P’17---apgm)hn
- matrix element of the

LSZ reduction formula (for 2—2 scattering)

S(p1,p1 — P2,P5) =
4 2 2 2 2 2 2 2 2
i lim _(m*® — p1)(m* — p5)(m* — p'1)(m* — p'5)

pZ—m2

X / d:cda:’dydy’e_ipla’l_ipllml +ipoy+ipsy’
x (QT{¢(z)d(z)p(y)d(y")}I$2)
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Bin(@) = 3(2)+i [ d*2GH(z — )5 ()

t——o0

= 3(2) 75 Gin(a).
Similarly,

Pout(®) = $(@) +i [ d*2Gh (@ — )33(2)
= 6(@) " dout(e).

Proof of the LSZ.

For any free KG field
oy L
\/2Epa(p) = i/d3:ce_7’pm+7’Ept Jg d(x)
RN <
J2Eyat(p) = —i / d3zePT1Ept 5 B(5) =

out<p27p2 b1, p1> in — out<P27p2|a (p1)|291>|n 21 =

out (P2, P51l 1+ (p1) + @@l (1) — @l L1 (P1))|P)iny/2E1 =

out<p27p2 /d3$e7’p1x_ZE1ti 9o (Cbout(x) — ¢in($))|191>in
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The l.h.s. does not depend on t =

B
out<P27p/2|/d333€Zp1m ity 30 bout(®)|P1)in
= taket— o0 =

O =
out(p2, ol [ a2 3y G(w)|ph)in

t—=o0

C s o . <
—iEqt- -
out(p2, ph [ dPoePEIELG 8o Gin (2) p)in
= taket - —oc0 =
/ 43 iﬁlf—iElt-g N /\
out{P2, P7| Le i 0o ¢(x)|P1)in

Using the formula

— 0

t—=o0

Brai(t. ) 9 go(t. 7
zg1(t,T) 0o g2(t, )

t—=—00
82
= [ d*lg1() 0292( 2) — 92(2) 5591 (@)
we get ( g1(z) = P18 g5 = §(z) )
/ / —
out{P2, P2|P1,P1)in =
out<P27P,2|i/d4fv€_Zp1w(E% + 88)$($)|p/1>|n —

: 2 on: [ 4 2
Jim (m —pl)z/d ze P14 ,1(p2, p5|9(2) [P )in
ps—m?

Phys 872 -37- Spring 2001



out<p27pl2|$(33)|p/1>in —

out (Phlaout (P2)$(2) — $(@)ain(p2)\/2Es =
i [ dPye P () G (8, DB 10 )in

—71/d3ye_iﬁ25+iE2tout<p/2|$($)$in(ta ?7)|p,1>in
=i / d3ye~P2ITIE2t | (ph16(L, ) B(@) [P Vin

i / d3ye~P2YTiE2t | (ph16(2)b(t, )P in

t=o0

t—=—00
t—o0

= i [ dPye P IERt  (ph| T{B(2) Bt D HPh)in
g91(y) = e7P2UTE2 | g5 (y) = T{d(x)d(t,§)} =

out<p27P’2|$(x)|P’1>in
=i [ d*ye™V(E3 + 03) (pIT{3(1)é(2) IPh)in

= lim (m?2 —p%)i/d4y€ip2yout<p/2|T{$(y)$(fc)|P,1>in

t—=—00

pa—m?2
- 2 2\, .2 2
out(P2, P2lp1,P1)in = lim _(m*= —p1)(m” - p3)
pP1,p5—m

2 / d*zdbye™P1ETP2Y (Db T{A(x)B(y) Hph i
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Repeating this trick two more times, we get

S(p1,p] — p2,05) =

4 | 2 2 2 2 2 2 2 2
i 2Ilm (m* — p7)(m* — p3)(m~ — p'1)(m~ — p'5)

X / dzdz’ dydy' e~ P12~ P12 Fip2y+ipoy’
x (QT{$(x)d(z)d(y)d(y")}S2)

- LSZ reduction formula for 2—2 scattering

In the general case,
S(p1, P4, --PS™ = po, psy - pS)

= out(pz,p’g,---pgn’)lm,p'l,---,pgm)hn

= mtn Jim N(m? — p?)
pF—m?

o [ PtaPraset SA O+ Ao

x (QIT{B(z1)...3=")(22)...8(z5")} Q)
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Path integrals in quantum mechanics

Anharmonic oscillator

~2 w2

~ ~ ~ ~ 7T ~ -~ )\ ~4
H=Ho+V, Hy="—V="A0+=
0T 0= 5 o + 4!¢
(note that here Hy does not include “’7252).
Wave function in Dirac notations is W(¢,t) =
(W (1))

where |¢)- eigenstates of the coordinate oper-

~~

ator ¢: Plo) = ¢|¢). -

Evolution is described by the operator e~ UHT:
W(tp)) = e HU i (g))

In terms of wave functions

W(os,tp) = (651w D) = [ doilogle U6 (g, 1)

= K(¢f,ts dint;) = <¢f|€_ZH(tf_ti)|¢i> -
kernel of the evolution operator (

).
Physical meaning: we release the oscillating
particle in the point ¢ = ¢; at time ¢t = ¢; and
K(¢f,ts; ¢isti) is a probabilty to find this par-
ticle in the point z = ¢, at later time ¢ = ty-
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Path integral for the evolution kernel

Idea: insert 1 = [do|o)(d| n times
(65le” 1)) =
[ dé1... [ dén(ople TR gn)...(gole™ A 91) (g1 e~ At )

tr—t;)
n+1 -

where At =
For small At

(brle A g, 1) =
d -
/%(¢k|p><p|€_7ﬂm|¢k—1> —

2
d_peip(¢k_¢k—1)e_i%At_iV(¢k)At —

27
_ >
1 ei((b’“ 1"y () At
2mi At

(¢ fle =t |4,y =
n+1 (bp—p—_1)°

( : ) * [dor | dﬁbneiAtZ[ 2anz W

2mi At
z'ft’;f dt (@—V(cp))

— N1 / Do (t)e
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Exercize: propagation amplitude of a free non-
relativistic particle (with mass = 1)

it e—t
(¢ e Hollr=ti) 4,y =
n—l—l (¢]€ Pp_ 1)2

( 1 )n+1/d¢1 /dﬁbne AL Lk=1 T 502

2mi At
1 1 2 2]
T | 0100 [5 5, (02 =61 + 5 (61— 6)°
_ 1 2]
= 5 ex [4At $:)°|,
1 1 2 2
Ty ] 2% | P [ (63— 62)% + 5 (62 — 67
_ 1 2
= 5 ex [6 ~ ),
- 1 exp [Z(¢f — Qbi)z ]
 VnF1 2(n 4+ 1) At
) 1 ’i(¢f—¢i)2
= (pple”Hoti~t)|p;) = e 2771

\/27ri(tf — )
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Path integral and classical mechanics

Restore h for a minute

1 (o) =¢y
CIRTHRD Lo

This formula can be used as a postulate of
quantum mechanics instead of Schrodinger equa-
tion.

Dqﬁ(t)e%s((b(t))

Classical limit.
At h — 0 (classical limit) this integral is deter-
mined by a stationary phase point correspond-
ing to minimum of the action S(¢(t)) =

- given the initial and fi-
nal points, the classical path is a path with
minimal action.

In quantum mechanics, all trajectories are pos-
sible. Each trial path is weighted with e%#° and
we have to sum over trial configurations due
to the superposition principle of quantum me-
chanics (for undistinguishable paths, we must
sum the amplitudes).
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Path integrals for the Green functions

Consider the two-point Green function

G(t1,t2) = (QT{p(t1)d(t2)}2)
At first, we prove that (i =tr —t;)

G(t1,t2) =
—iHtp1 7 —iHt15 7 —iHto,
_ e flge—Ht124¢ 2i
9(t12)t L Jim g2l — 12 + (t1 < to
oot (gl eri| )
Proof:

Take t1 > t». Consider the numerator
Num(ty, ta) = (@le”Hirige™Hir2ge—iHt2i) gy

Recall that

t;——o0

e_iﬁt2i|Q) AN e—iEvact2i|Q><Q|g>
—ifty U —iEBvact =
(@le™" 7M1 "= (@2)(Qle™" Vet

lim Num(tq,tr) =
t f—00,t;——00

(gl Pe Practitizd(qgeilitzgiq)
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Slittlilarly, LT UchiviniiidiLul 1o
Den = (gle™*"'i| 9) = |(g|Q)[%e~ " Fvactss

Num

Den
On the other hand

<Q|eiﬁt1($e_iﬁt12$6_iﬁt2|Q> — eiEVact12<Q|$eth12q’5|Q>

N = etBvacti2(Q| de—iHt12) Q)

_ Num
= lim

= G(tq,t
tf—>oo,t7;—>—oo Den ( 1; 2)

Path integral for G(t1,t5).
We know that

_iHt, g i [ L(tydt
Den = (@e f%|¢>=/q Do €'Vt

_ —9p2 _wy2 /¢(tf):¢f iS
= [ dprdpie 2"e 2% Dge™®
| do s B(t) =4
The numerator

Num = <Q|€_iﬁtf1$€_iﬁt12($6_iﬁt2i| g) —
/d¢1d</>2(0|€_imfl$|¢1><¢1|€_th12<7>|</>2><¢2|€_th2i| @)
/d¢1d¢2<¢|€_imf1|¢1>¢1<¢1Ie_imlz|¢2>¢2(¢2|6_im2@'| @)
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Each path is weighted
with F((pl) = F(@(t1))

Property

¢a)=¢a i [* L(t)dt
d D t1 F
/ ” /ﬁb(t1)=¢1 ve (¢1)

/¢(t1)=¢1 Doel fbtl L(t)dt

¢(b)=ay

¢(a)=d¢q . ra
sy, D9 (6(t1))

9 z‘ftf L(t)dt
Num = /Q D¢ ¢(t1)d(tr)e

J§ Do ¢(t1)¢(t2)e’ 25 L(t)dt

= G(t1,tp) = b
ng¢ ot oo L(B)dt

In general

J§ D¢ $(t1)...6(tn) 5

(QT{p(t1)...0(tn) }|2) = 9 s 2iS(d)
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Euclidean path integral

Analytic continuation of the evolution operator
to the imaginary time t = —i7 gives

; T [0 v
<¢f|e_H(Tf_Ti)|(bz’> = N_1/D¢(7-)e Jzi d [ >+ V(#( ))]

(¢(7) denotes now the derivative with respect
to 7.)
The finite-sum version of this formula

(@ sle”HTr=T) |y =

n+ 2
1 \ 2 —ATZ[ 2o TV(ek)
(o)™ e f

IS very convenient for practical calculations since
the integrals of this type can be computed us-
ing the Monte-Carlo methods. This is the sim-
plest example of a in @ quan-
tum theory.
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Feynman diagams from path integrals

Consider the two-point Green function

I§ Db 6(t1)d(t2)e?5 (D)

(Q|T{e(t1)P(t2)}€2) =

for the anharmonic oscillator.
At small \

S = 50 + Sint
12 2
so=[ a0~ 2]

A
Sint = — [ di==6*(®)

Note that unlike p.39, we include % ¢2 in So.

. fDQb qb(tl)qﬁ(tQ)eiSO(gb)‘l'iSint(ﬁb)

(Q2[T{¢(t1)o(12)}[€2) = [D¢ €i50($)+iSint(9)

Perturbative expansion < expansion of eldint in
the numerator and denominator.
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In the first order in perturbation theory we get

A Jadt [ D¢ o(t1)d(t2) ™ (¢)e>0

4! [ D¢ etSo
42/ D¢ o(t1)d(t2)et™0  [dt [ Do ¢*(t)
4! [ DgetSo [ D¢ etSo

It is the same expansion as in interaction rep-
resentation picture (see p.9):

(QUT{(t1)9(t2)}I2) = (BIT{b1(t1)¢1(t2)}| @)
— i [T ) ()3 (D)} )
—(PIT{r(t1)d1(t2)}| BY(BI6T(1)] B)]

because

150
™ = (PIT(B1(t2)-B1(tn)}] 9
Proof: this is simply the master formula for
path-integral representation of Green functions
(see p.32) applied for the unperturbed har-
monic oscillator. (Recall that ¢; is a Heisen-
berg operator for H = Hy).
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Path-integral derivation of Wick’'s theorem

I3 Dé $(t1)..-¢(tn)eiSo
Go(ty, - tn) = 20— ! 8 = Y =
fg D¢ e*0 contractions

Go(t1 — t2)Go(tz — tg)...Go(t,,—1 — tn) + permutations

Define the functional
ng¢ piSo+i [ dtJ(t)¢(t)

Z(J) =
( ) ng¢ eiSO

Expansion of this Z(J)
in powers of the J(t) generates the set
of Green functions Gy:

Z(J) =
2
1 -I-?l/dtGo(t)J(t) + 5/dt1dt2J(t1)J(t2)Go(t1,tz)

-3
‘I’%/dtldtht:;J(tl)J(tQ)J(t3)GO(t1,t27t3) 4.

The generating functional Z(J) is a gaussian
integral (albeit a path one) so we can try to
calculate by appropriate shift of variable.
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ACCUlalLcly

Z(J) =
[ desdge” 39892 D=1 pgeiSoti Ji! ats)e)
ti)=o;
W2 w — ]
qubqubze 2¢fe_§¢i2 f;b((t?;):gbqu ngeZSO

Let us make a shift ¢(t) — o(t) + &(t) in the
path integral in the numerator. The exponen-
tial in the numerator will turn to

—2(65+87)% = Z(6i+3)° +iSo(¢ +§) +
t —
i [ I +6(0) =
— — — ¢ 7
233 — 28 +i50(®) +1 | R2OT0
_ _ ¢ e _
—w(9sds+ ¢id) +i [ 1 dt(9d— w63)

t
~59F = 597 +iS0(@) +i | 1 dtT (D(6(1))

t . —
|7 (36 —w?69) = =
b

I [V aol (07 - oPE0 + 10) >
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SSF - SBR+iso@) +i [ :f atJ(DF(E)
—2 67 = 67 +i50(#)
+(ip(tf) —wop)or — (id(t;) + wdi) b
+ :f dto[(—02 + w?)B(t) + J(B)]

We choose ¢(t) in such a way that it eliminates
the linear (black) term in the exponential
= we get the differential equation

(87 — w?)p(t) = J(¢)
with boundary conditions
i¢(ts) = wy, i¢(t;) = —w;

The solution of this equation is

2w

where Go(t —t') is the ‘“propagator” for har-
monic oscillator (see p. 11).

P(t) =i /t %f G@t—th)J(), Goit-t)= L it

1 tf / / / W 2 W 2 .
_E/t@- dtdt' J()G(t — 1) () — 267 — Z¢7F +iS0(¢)
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= the numerator reduces to

w . . tf
/ do dep; / Doe 563+6D) iSoti fi] dtI o 1)
Y ——
x [ dgsda; [ Dge 3T ise

sy = b as0ce 0

AS ty — oo, t; — —oo, we get
Z(J) = e~z dtdt' TG~ J ()
Expanding this in powers of J we obtain

Go(t1,t2) = Go(t1 —t2)
Go(t1,t2,1t3,ta) = Go(t1 —t2)Go(t3 — ta) +
Go(to —t3)Go(t1 — ta) + Go(t1 —t3)Go(to — ta)
Go(t1,t2,13,ta,t5,t6) =
Go(t1 —t2)Go(t3 — t4)Go(ts —te) + ...

while all the G, with odd n vanish

= Wick's theorem (see p. 12).
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Functional integrals

Consider again lattice model for 141 Klein-
Gordon field

@, - cp cp cpO o, @ ... @ @, ..

W?z

A=ay [

where V(@) = ’%252 for the free KG field of

—~ 2 ~ —~
V() = ™ g% 4+ 2¢* for the self-interacting
field.
For one oscillator, we found the path integral
representation for the evolution kernel

(prle™*|¢s)
where |¢) were the eigenstates of the coordi-
nate operator ¢.

a
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For 2N oscillators of our lattice model, the
eigenstates of the coordinate operator ¢, are

{éK}) = [¢—N)P—N41)---|o—1)|P0|P1)---|ON)

By construction, |{¢x}) are eigenstates of “field
operator’ ¢y:

oul{or}) = drl{oK})
The evolution kernel is
Tt :
{oxH le M il{px}")
As in the case of harmonic oscilator, in order
to find the path integral representation for the

evolution kernel we divide tg; into n + 1 small
intervals At and insert

1= [ dé_nl6_n)(6-nl- [ do_nlo_n) (6wl
= [ Ndggl{ox}) ({oxH

n times.
We get:

{orH e o)) = [ Nagh{oxH e A (o))
{orYle 2 {ox} ). {or} e A {ox))
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For small At the evolution kernel for our lattice
Hamiltonian is simply a product of evolution
kernels for individual oscillators:

Hor Pt e A (g1 =

[(¢H—1—¢l )2 (¢k+1_¢§§)2
&
2mi At

2 A2 2a2

~V(4})]

=

(n+1)(N+3)

a

2mi At

(¢l+1_¢l )2 (¢ b1 ¢l )2 ,
/ﬂd(bl (VAN Zk’n [ 2At2 2q2 _V(¢k)]

As in the case of one oscillator, it is convenient
to label the integration variables by the time {¢;
and position z; rather than by [ and k&

(o} e M {orc}) = |

oL — oy, 1)) =
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Hor e il {p kYY)

P R L e

2mi At )
. (p(zp, t + AL) — d(xg, 1))
exp {zaAtkz,;& [ k> 2l YN k> Cl
(@ +aty) — e, )2

— — V(¢(zp, )|}
In the “continuum limit" a, At — 0 we get
(o} e i {¢}") = 2 2
t i !
/D¢ ei ftif di f—LI/jz [(éb(ivz,t)) (¢ (igt)) —V(gb(x,t))]

where L is the size of the “box"” in x dimen-
sion.

Here |[{¢}") is a describing the
state where the field is equal to ¢(x,t).

The final form of the for the
evolution kernel is

— o Ht e i ¢(tf):¢f i
(ol ity = [ 7 " Do 5O
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Because of the complicated structure of the
wave functional |[{¢}*) it is more convenient to
work in terms of Green functions where the
initial and final states are simple (perturbative
vacua).

Repeating the steps which lead us from the
path integral for evolution kernel to path inte-
grals for the Green functions, we get

<Q|T{(E(£C1,tl)...q’ﬁ(a:n,tnNQ) —
/D¢ ¢(z1,t1)...9(xn, tn) eiS(¢)
[ D¢(x,t)etS(8)
In four dimensions everything is the same (ex-
cept we must start from 3-dimensional lattice)
=

- ; _ I D¢(x) d(x1)...p(zn)e™
(QT{d(x1)...0(zn)|2) = T Do(a)e
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The generating functional for Green functions
[ DepeiSoti [ ded()(x)

fqueiSO
As in the QM case, linear term in the nu-
merator must vanish after the shift ¢(x) —

¢(z) + é(z)

= we get the differential equation

(8% +m*)d(x) = J()

with the boundary conditions

Z(J) =

O — it -
Zaqﬁ(pa t) _:>>OO wqu(p, t)
Ot -
Za(rb(pat) _>:>OO _wp¢(p7t)7
reflecting the perurbative vacua at ¢t —+ +o0.

(¢(B,t) = [ dPxe™p(Z,1))

Solution:
B(x) =i / dz'Go(z — ') J(z')

4 .
N — [ d7p 1 —ip(z—a’) ;
a free propagator =
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Z(J) = e_%fdmdmlj(x)Go(w—w')J(m')

Expanding this generating functional in pow-
ers of J one obtains Wick’'s theorem, just like
for the anharmonic oscillator =

- - _ | D¢(z)p(1)...0(xn) e
(QT{p(x1)...0(xn)|Q) = T Do(a)eid

— sum of Feynman diagrams

The Euclidean version of the functional inte-
gral for Green functions is

. - [ D(x)p(x1)...p(zn)e
(B(z1).wd(@n)) = == 5

where the the boundary conditions are ¢(&,t) —

O at t — +o0. The correlation function
(p(x1)...0(xn)) is the analytical continuation of
the Green function (Q|T{¢(z1)...¢(xn)|Q2) to imag-
inary times t; — —t;. The lattice form of the

Euclidean functional integral is very convenient

for computer calculations.
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QED

Classical electrodynamics is a theory of elec-
tromagnetic field (describred by F,, = (E,B) -
field strength tensor) interacting with charged
Dirac field ¥ (x).

First pair of Maxwell’'s eqgs:

OuFH () = —gj"(z), g = |e| — positron charge

g = |e| - positron charge,
Ju = Yyup - 4-vector of the

(p(z) = gjo = g¥Ty - charge density)
Second pair of Maxwell's eqns < description
in terms of potentials
Fuy = 0uAy — OvAy,
FOY=F, .. Fl2=_B,
Ay = (P, A) - scalar and vector potentials (
).

The choice of potential is ambiguous =

one can add A, — Ay, + Oupa with

an arbitrary a(z) and E and B will not change.
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Dirac equation in an external electromagnetic
field:

i PY(z) = mi(z)
The electomagnetic coupling constant —g = e
is the charge of the electron.

Electrodynamics Lagrangian:

£(2) = —, Fun(@) PP (@) + (@) (i P — m)u(a)

Euler-Lagrange equation = Maxwell's eqns +
Dirac eqn.

Gauge invariance:
P(z) = i@y (2)

D(z) — e @) (1) = L(z) = L(2)
Ap(z) = Ap(x) + 20ualz) |
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akAk:O, k:1,2,3
In Coulomb gauge Maxwell's egns turn to
0?0 (x,t) = p((£,1)), 9°Ap(x) = j(x)

= Ag = & is not an independent dynamical
variable:

d(L,t) = —/d3x’4p|(f’ L| — Coulomb potential
TN —X

The electromagnetic coupling constant e (=
charge of the electon) is small

e2 . 1 e2 . 1
47 137 Anhe 137
= We Ccan use perturbative expansion

L=Lpr+ Lp+ Lint

Lp=—%Fu(z)F*(zx)  —free e.m. Lagrangian
Lp=1vY(x)(i @ —m)yY(x) —free Dirac Lagrangian
Lint = g (x) Ay(x) —interaction Lagrangian
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Quantization of the free e.m. field

1 1 —> —
Lp = — JFu@)F"(@) = Z(B*-B?)

We will quantize the electromagnetic field in
the Coulomb gauge.

(4+) - Non-physical degrees of freedom are ab-
sent.

(-) - Intermediate steps are not Lorentz invari-
ant.

Without sources Ag =0 =
we can try Ai(x) as canonical coordinates
Canonical momenta:

70 = (,f—fo —  does not exist
k_ 0L _ ik _0Ag _ ik _ pk (™
W——aAk— A Doy — A¥ = F

. 1 -
Hp = /d3x(7rkAk L) = /d3x§(E2 + B?)

(recall that E2 4 B2 is the energy density of
e.m. field).

Phys 872 -64- Spring 2001



Quantization: we promote A.(Z,t) and m(Z,t)
to operators A.(Z) and 7 (&) satisfying the
CCR

[Ai(Z), A (9)] =

7 (%), wy(y)] =0

7(2), A;()] = [Ey(F), A;(i)] = i6;;6°(& — §)
A problem: last line contradicts to Maxwell's
eqs.

We want to have Gauss law V - é = 0 as in
classical physics, but

[E:(®), A;()] = 6;;6°(Z — §) =
[V - B(), A;(i)] = i0;63(F — §) 0
A trick that works in QED (but not in QCD):
[7:(2), A;()] = i6563(& — 7))
5tr53(33 ) « /dsk <5z’j — kik]> e~k (#=7)
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Expansion in ladder operators

=2 d'?’k; — -7 A _.E_,
A7) = (k) (apethT 4 glte ik
V2L )\:zl:,Q ( : )
~ a>k MY (A BT _ 1A —ikE
() = iE} e'(k)(ape’™ —a;"e "
V2B )\:zl:,Q ( : )
where e*(k) - and E, = |k
k'l z
e(k)
3(1)(?)
_ / )
ay,ay] = [a}?,a}lj\] = 0
- N . . s = CCR
a,f;,a};, ] = (27)383(k — K")6)

_ 1 =2 =

Hp = —/d%(E +BHY= % /d%Ekai’\ag
2 A=1,2

(Again, we throw away Eq = L3 [d3pE,/2).
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ccro [Hral] = Bap }
[HF’G’I)C\} — _Ek L

a*|0p) =0
|Op) — the perturbative vacuum for free e.m.
field (ground state of the Hamiltonian Hy).
Heisenberg operators:

A(x t) = GZHFtA(.’E) —iHpt
W(x,t) — ezHFt )e—zHFt

zHFt —iHpt — ai\e 1Bt
e’LHFt ,%)‘ —’LHFt —_ "TA ’I,Ekt

Aj:( ) — d—sk Z —»)\(k) (CL e—zka: 1a AJ[)\ zka:)
V2bhy \ 59 2 ‘

524 = O,V-Ai =0= Ai(:c) satisfies Maxwell's
eqgs.
Propagator of the transverse photons

DYf = (0p|T{A;(z) A;(y)}|OF) =

A%k _ipa—yy_ L (5 Kikj
; —k2 — e k2
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Quantization of the free Dirac field

Lp=¢(x)( @ —m)Y(z)
Canonical coordinate: ¥ (Z,t)
oL _

= canonical momentum = = o g

H = /d%&(—ﬁﬁ 4+ m)y

Quantization: ¥ (Z,t) — (&), «(Z,t) — 7(Z)
CAR (canonical anticommutation relations):

{(D(@), 9@} = {($7(@), TP} =0
(D@, (P} = 3@ - 7)

LLadder operators

~ d3p ~5 = NPT | 71, (= —iﬁf-
¢(x) / \/E Z (a’ﬁu(p7 8)6 + bﬁ U(p7 8)6
p Ls=1,{

- a3 e a ]
@ = [ | 3 G555 9)e ™ +ala, s)e
V2Ep [s=1,

u(p,s) — Dirac bispinor for the electron,

v(p,s) — for the positron.
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CAR for the ladder operators
{a%,ag} =0 {65,065} =0
{a’fs ATS} =0 {bTS, bTS 1=0
{a3,a ATS } = 87363(F — )0,y {B5 b*s } = 8n363(5 — )3,y

88’

—
—~ o~ —_—

{¢,¢} = {4,¥} =0, {$(@),P()} =053 —7)

fp = [ dPab@ (=Y + m)v(@)
— / dspEpZ alas+bi53)

CAR + CCR would lead to 4+ < —
= Hamiltonian would not have the ground state.

s )
[H,ap] = Epa [H,bﬁ = Epb-
a%0p) = b3]0p) =0

|0p) = perturbative vacuum for the Dirac field.

\/QEPa;»S'OD) = |p,s)e — oOne — electron state
2EPB;S|OD) = |p,s)p — one— positron state
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Heisenberg operators are defined as usual
D@, 1) = eHPIP(@) e Dt P(, 1) = Pl (@)e D!

\
zHDta_e—zHDt — a_e —iBpt

ezHDt'ﬁS —iHpt aTS 1Bt

~”

=

same for b and bf

—~ d—sp | —~ - —sz "1'8 — ’Lp$_
¢(33) — Z (a’ﬁu(p7 8)6 +bﬁ’ ’U(p, 8)6
V2Ep [s=1,1 |
- a> _ — ~T$ 1 a:_
b(z) = P 1S (3555, )™ + ala(p, )e™
V2Ep [s=14 |

Propagator of the Dirac particle
S(z —y) = (Op|T{¢(z)¢¥(y)}0p) o
T{p(x)¥(y)} = 0(xo — yo) ()Y (y)—08(yo — o) (y)(x)

CAR +
>s u(P, s)u(p, s) =p+m, >sv(p,s)v(p,s) =p—m

a*p  mt b _ip(a—y)
m2 — p? — je

= S(az—y)Z/

1
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Quantization of electrodynamics in the
Coulomb gauge

£(2) = —, Fun(@)F* (@) + (@) (i P~ m)u(a)

Canonical coordinates: A;,, canonical mo-
menta: ©F = EkF 7 = ¢T.
In a free EM theory & = Ag was 0. Now
YIE, )Y@, 1)

4n|Z — 7|

O(Et) = — / a3z'7

- Coulomb potential due to the charge density

p(&',t) = guT (&, )y (&, t)
= Agp is not an independent dynamical vari-
able.

Hamiltonian H(t) = [ d3zH(Z,t)

i - T+ my + (A + B2) = (99)? — gAM Py
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3.1, 72 | B2 .
Jd z5(A + B<) free EM Hamiltonian N
[d3z9(—iv -V +m)y = free Dirac Hamiltonian

H = Hp+ Hp + Hint+Hcoulomb

Hint(t) = —g [ dPoAM(@ 03, D7 (D
1
Heowomp(t) = = [ do®(@,0)V20(,0)

1
= [ Padyp(z, )
4r|E —

—>| p(??) t)

( Recall that ®(&,t) = —g [ d32 p(fl’th)

4r|d—2

Quantization: A;(Z,t) — A;(2), ¥(&,t) — (),
m;(Z,t) — 7;(Z), w(Z,t) — 7(T).

Ao@) = g [ PP 5@ = @)
4| — T

Canonical (anti) commutaton relations — same
as in a free theory:

[7:(2), A;(D] = 05 6(@—1), {PL@), Dy(§)} = 60 (F—7)
All other (anti)commutators (including [, Ag])

vanish,
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KED Aamiitonian

H = Hp + Hp + Hint + Hcoulomb

Aint = —g | CrAu@P@nb(3)
1

Arr|d —

. 1 o o
Hcoulomb = §/d3xd3yp(a;) 37|p(y)

Heisenberg operators - as usually.

Au(Z,t) e”?tflﬂ(a_:’)e_iﬁi
(@) = gt (@)e

Equal-time (anti)commutators
[7(Z, 1), A;j(F,0)] = 656(Z - 7)
{$L(@,8), 0@ )} = 0y0(F — )
12) - of the interacting theory

(ground state of H).
Green functions:

(QITA*(z1), ... AP (zm) Y (1) Y (22)... 9 (zn)|2)

Green functions determine physical cross sec-

tions via the IL.SZ theorem.
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Perturbation theory: H = Hg + Hjnt,
Hy = Hp 4+ Hp, Hint =Hint + Hcoulomb-
| @) =1|9)r| 9)p

Interaction representation:
(T)(CU t) — GZHOtw(T)(CE)G_ZHOt
AM(3,1) = etHlot g1 ()~ Hot

a3k

A(z) = X A (k) [ae e 4 altethe]

br(z) = [a5u(7, s)e P + bLou(F, 5)etP?]
3= N/ \/2 p g

br(z) = Z/

s=T,J
Master formula (Hl(t) = Hint(v1(t), A7(t))

Q@) b(@2). M)l =
<Q|T{1ZI(331)1Z[(332)...A’I”Sazn)e—@fdtHI(t)H o),
<¢|T{e—z’fdtHI(t)}| 7)

630 (F, s)e T + Al a(F, s)eP]
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EIF leads to the propagator of the transverse
photons D}Jf (n=(1,0,0,0)):

Dtr d*k e—ik(w—y)
pr o / (2m)4i —k2 — e

e First (red) term is a
for the photon.

e Second (black) term does not contribute
to physical matrix elements due to

Ward identity: Multiplication of the ampli-
tude of the emission of the photon with
momentum k by k, vanishes provided all
the electrons and positrons are

(= p? = m?)

e Third (blue) term = z‘nm,,ﬁjf_?g;_?‘fy%) is the in-
stantaneous interaction which cancels the
contribution coming from Hcouiomb
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= One can omit Hcoylomp from the Hamilto-
nian and use the rel.-inv. Feynman propagator

_ / d*k o—ik(z—y)_Irv
(27)%4 k2 + ie
= New master formula

<Q|T{7;(371)---lel\(xn)A,u,(yl)...Ay(yl)}|Q) =
<¢|T{$I($1)---QZ[(a:n)Aﬁ(yl)...A{,(yn)eifd%ﬁfdw” a)

(9|T{et ) F*=Lrdzy| gy

Expanding in powers of £; = gfl{ﬂzﬂ“% one
obtains a set of the correlation functions of the
type

(DT {1 (21)---Dr(wn) AL (y1)-- AL (yn)}H| ) =
S (@) br(zn) AL (y1).-- AL (yn)

contractions
where

P1(@)d(a’) = S(z—a') and A} (»)A, () = Dy (y—y)
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= (QT{P(x1).. P (xn) Ap(y1) ... Av(y1)}|Q) =

sum of Feynman diagrams with the photon
propagator D}, (z —y), Dirac propagator S(z —

y), and the vertex gvy,.

Fourier transformation =

Set of Feynman rules for the QED Green func-

tions in the momentum representation G(pq, ..

m—+y :
® 2o for a Dirac propagator

Juv
® 240 for a photon propagator

n)

e igy,167*6(p1 + po + k) for a vertex with

incoming momenta p1,po, and k.

4
o [ 1‘2754 for each internal line.

e extra (-1) for each fermion loop .
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As usually, it is convenient to introduce the
reduced Green functions G(p1,..,kn):

G(p1, - kn) = Cm)*O pi + Y k) (=) 1G(p1, .., kn)

Set of Feynman rules for the reduced Green
functions in the momentum representation G(pq, ...kn)

o "1tV _for a Dirac propagator
m<—p<—1ue

Juv
° Wi for a photon propagator

e gvu for a vertex.

d*p
o | Te.4; Tor each loop momentum.

e extra (-1) for each fermion loop .

The matrix elements of the S-matrix are ob-
tained using the LSZ theorem.
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LSZ reduction formula for QED
Example:

LSZ theorem:

S(p1,s1; 91,57 k1, \1 — D2, 52; Do, 55, k2, A2)

= i® lim kfent (k1)k3en?(ko) lim

2 2
ki —0 p;—m

X [u(p2, s2)(m— p2)]e[0(p1,51) (m+ $1)],
x G po(P1,P1, k1,12, 05, k2)
X [(m— p1)u(pr, s1)]e[(m+ p2)v(po, 52)],y

Gg/lgmn/(plap,]_) k17p27 p,27 kQ) —
/d:cldzvlldyld:ch;c’Qder_iplxl_’iP'1$’1—iklyleipzwz-l-ip’gx'g-l—ikzy;
(QUT{Der(w2) e (1) Py ()0, (25) A (y2) AF (y1) }€2)
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S(pl, ...kn)
G(p]_, ...kn)

(2m)*8( pi + X p)iT(p1, ---kn) } N
(2m)*6 (T pi + T pi)i " 1G(p1, --kn)

T(p1,s1; pl, 81. k1, A1 — p2,52; D5, 85; ko, A2)

= Ilm kleﬂl(kl)kQGVQ(kQ) lim
kz-—>0 p2—>m2

X [a(p2,52)(m— p2)]e[0(p], 1) (m+ $1)],,
X g&'/é' nnl(p17p/]_7klap27pl27k2)

X [(m— p1)u(p1, s1)]e[(m+ p2)v(po, 52)],y

515 7777,(p1 p17 kl p27p27 kQ) —
(m+ p2) e (m— P5) g1y (mA4 B1) qe (m— B1) 5

Q—p% 2_p/2 m2—p% m2—p’%
1 1 pv
kj?( amp) ', B8 (p1, plakl p27P27k2)

The factors m=4 p, amputate the legs from g,
for example

— (m—+ ﬁQ)g’a’ amp\ 4V
@(p2: 52)(m— b)le 55 (9°™) e

= u(po,s2)y (gamp)z 'a, B0/
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=

T(p1781'29'1,8’1: k1,A\1 — D2,52i D5, 55i k2, A2)
= epl(k)en?(k2)i(p2, 52) (P, s1)g
amp\HY
x (gamP)" o5 (PLPL, k1, P2, P2, k2)

x u(p1,s1)av(py, 52)5/

Set of rules for the matix elements of the T-
matrix:

e u(p,s) for the incoming electron
e v(p,s) for the incoming positron
e u(p,s) for the outgoing electron
e v(p,s) for the outgoing positron
o e)(k) for the (initial or final) photon.

e Multiply by gemp
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Compton scattering

k k
. \kl K, x \\\1 2/
/ k1+p1 \ / P k 2
% b, 7, AN

Guv(p2, ko, p1, k1) =

e2 m—+ po
k%k% (m2 — p%)
m~+ p1+ k1 m~+ p1— k2
(WWQ — (p1 + k1)2% + Wim2 - (p1 — k2)2w>
m—+ p1
(m2 — p?)
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LSZ:

T(p1,k1; A1,51 = p2, ko A1,80) =
lim  lim  k2e)1k2e)2
ki2—>0pi2—>m2 L 2w
u(po, s2)(m— p2)Guv(p2,ko; p1,k1)(m— p1)ulp1,s1)
2_ \, M+ p1+ k1 A
= e“u(p2, $2) </é 2 £
m?2 — (p1 + k1)?
m—+ p1— ko
m? — (p1 — kp)?

Cross section is 92 — _ITI2
052 64n2s’

+ M /é’\2> u(p1,51)
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The Yukawa model

1 m2 _ _
L= 200" — T +4(i § —m)y — 9oy
Feynman rules:
e (m+ p)(m?—p2)~1 for the Dirac propagator
e (m2—p?)~1 for the meson propagator

e —g for the eem vertex.

“Compton scattering” in the Yukawa model

k k
Ky = =
kl +p1 \ / pl -k )
/pl pz\ /pl Pz\
2
g m—+ po

G(p27 kQ;pla kl) —

( m+ p1+ ki1
m? — (p1 + k1)

(m2 — k2)(m2 — k3) (m?2 — p3)
n m~+ p1— ko2 ) m+ p1
m? — (p1 — k2)?
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LSZ:

T(p1,k1; 51 = p2,ko; s2) =

im _ lim (m2 — k?)(m2 — k3)
k%—)m%pg%mQ

u(p2, s2)(m— p2)G(p2,k2; p1,k1)(m— p1)u(p1,s1)

= g°u(p2, 52) <m_:£1_+8k1 + m-;;i?i—uﬁz) u(p1,51)
2 2m—
= g°u(p2, 52) < m2+_k1 + n??? _{f) u(p1,51)

Cross section of the unpolarized ewr scattering
(in the c.m. frame) is

oo . g4
oQ ; 647125 .
[(mz _ S)QTF{@m-I—/ﬁ)(m—I— p1)(2m+ F1)(m+ o)} +

(m2 — 3)2(m2 — oy TH{@mA R (met 1) (2m— o) (et )}

s TH{(@m— ) (me 1) (2m— o) (m )]
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A try on CCR in QED

[A;(Z), A;(§)] = [7(ZD), 7;()] =0

[7:(2), A;(D)] = [Ei(&), A,;(§)] = i6;;0°(Z — )
A problem: we want to have Gauss law V- E =
O as in classical physics, but

[V - E(&@), A;(i)] = i0x6° (& — §) # O
The trick that works for both QED and QCD
(and for other gauge theories as well):

We impose the Gauss law on physical states
instead of imposing it on the operators.

[7:(2), A (] = i6;;6°(Z — §)
but
6 ' E|thysical> =0
This still appears to contadict to CCR since
(Wphys! [V - E(@), A;(N]|Wphys) = i0k03(F — §) # 0
<thys|v ‘ E(f)AAJ(g) — AAj(?j)v ' E(f)|wphys> =0

but actually there is no contradiction since the
I.h.s is ill-defined (see the QM examle below).
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Baby version of a gauge theory

Consider a mechanical model with the Lagrangian
(r12 =21 — 2)

L(A(t),z1(t), z2(t)) =
. .
i xZr . . w
L+ 224 A2 4 (41 + i) A — —275
2 2 2
The Euler-Lagrange equations of motion are
d OL  OL

4oL _ 0L .
T P w12
d oL oL L
a9 A=
dt Oz oxr1 2 F wrL2
4oL oL
dt0A  9A T1t 22+

This Lagrangian is invariant under the follow-
ing “gauge transformation”

r1(t) — z1(t) + a(t)
ro(t) — zo(t) + alt)
AG) = A®) — &b
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We can use this freedom to get rid of the vari-
able A by choosing a(t) = [dtA(t).

— { 5151: —WTr19, 5[32: wIri1o
r1+x2o0=0

First two equations describe two particles with

m = 1 connected by a spring and the last one

means that the sum of their momenta is O.

This problem may be described by the La-

grangian

L(z1(8),22(t)) = % + 2 - Zats

PLUS
the additional requirement that the total mo-
mentum of the two particles vanishes:

p1(t) + pa(t) = 0.
This is an example of the
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At first, let us forget about the constraint p1(¢)+
p2(t) = 0.

New canonical coordinates:

X = (x1 + x2)/2 - coordinate of the c.m.

T = I1o - separation
- D
LX), z(t)) = X2 % _ g:p?

New canonical momenta:
P=2X=p;+ps, p=5%=1(p1 —p2)

P2 5 w5
S H="+p2 %
2 TP 5
Quantization:
~ PQ 2 w 2
="+ _%
2 TP 5

Solutions of the Schrodinger eqgn are
W(X,z) = " ()

Yn(x) - wavefunction of the n-th level of har-
monic oscillator (Hermit polynomial).
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Q: How to generalize the classical constraint
that the observable P = pq1 + p> vanishes to
quantum mechanics?

Wrong A: Require that the operator correspond-
ing to this observable P = p; + p> vanishes -
contradicts to CCR [p;, z;] = —id;;.

Right A: Require that we consider only the
“physical” states Wypys = Y antn(x) with total
momentum P =0 — F(P)Wphys = 0 =we will
observe P = 0 in all experiments.

Apparent “contradiction”

(Wohys! [P, X][Wphys) = 0 or &?
In explicit form (|thys> = Wyac for simplicity).

w o o w
/da:ldxze_?m%? [ - ,T1 + ac2] e 2712 =

or1 Oxo
2

w 0 0 w
/dazldazge_?xé —+ — | (1 + x2)e_§x12
Oor1 Oxo

which is 0 or co depending on your taste (the
integral is divergent along the coordinate X =
1 + x2).
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Path integral for the constrained system

<wf —ZHt|w

?

hys'e phys> —

If we know how to solve the constraint,

—iHt
(Wl le WL ) =

2

z(tp)=¢ 1 tfd ﬁ_w_wQ
/dqbfdcbz phys(cbf)\lfphys(¢7:)/m(t;:¢fDx(t)e S} at(5 -5 +2)

If we do not know how to resolve the con-
straint(like in QCD), we can try the path inte-

gral in terms of both coordinates xz1 and z».
Insert

1= /CTplchz/dwldwze_iplxl_ip2w2|p1>|p2><$2|<fv1|

n times (for simplicity, n=2 and 'Wphys) = | 9)

@le” M @)
— /dx]lcde dridxrp dpidpo dCBlda?Q dpldpQ
@) |25) (@] (e A0 py) py)e~Prea—ip2v2

(w1 | (wole A ph ) [ph) e~ PL=1 P27 (2] | (2h| )
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[ dXydos dXde aPap dXidw; dPdp,

—%m?e—zAt(PT-l-pQ—jwfc)eiP(Xf—X)+ip($f—$)
P2
e—iAt(T’—l—piQ—%a:Q)eiPi(X—Xi)+iPi($_$i)6_%33722
dX¢ dry dr dx; e 27F 270 ——
T At

: (gcf—az:)2 2 51 (z—2;)2 L2 >
%At[ A2 —5 xf]e%At[ A2 _WQT']

€

(&

= integral over Xy Is divergent. To avoid the
divergence along the non-dynamical variables
X, we should write the path integral with inter-
mediate integrations over the dynamical coor-
dinates only. To this end, we repeat the deriva-
tion of the path integral, inserting at each ¢,
the projector on physical states

iphys — Z |thys><wphys|

instead of the projector on the total set of
states 1.
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Iphys = [ dp1dp26(p1 + p2)lp1)|p2) (p2|(p1]
[dx1dzodé(x1 + zo — a)|x1)|xo)(xo]{z1]
where a is an arbitrary number. Check:

<y1|<y2|iphys|wphys> —
/CTpldeQ(S(m +p2)6ip1y1+ip2y2/dw1div2

e ™ PLTLTIP2T26 (19 + 25 — a))Wpnys(212) = Wphys(¥12)

)

~2 o .
ohys = [ @ pdPae T PIEITIR22 p ) ) (0 |

~D
d"p = dpi1dprd(p1+po), d°c = dzideosd(xy+ro—a)
Insert 1,nys N times:

i T tfi
(Whysle ™ MW o)

—iHAt7 —iHAtS —iHAt
<thys|e ’ 1D hys€ ! 1phys--€ ’ |wphys>

—iHAtT —

~2 1 ik k_ ik k ik
/JQ:BI“CT pPe T PITT T PT3 e HEAY 4y Vo) (21| (20

kN2 kN2
kE — (p7) (p3) . w2 2
H* =51+ -5 2> Lk
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—z’ﬁAt'l‘ —iﬁAt'l‘

€ hys€ phys —
/d:ck+1dpk+1|pk+1)|pk+1> T I N

k—i—l k+1
/ dkGpkei@ (@ —aD)+p5(as" " —af) —H AL (k) 1k

In the end of the day (zg = z%)
—iHt £ 11s3 _
<w£hys| i |\'ﬂ|f>hys> _
: + k3 k
/dxf"’phys(f’flz)“’phys(xb) Me=odz™dp

iR (P @ )4 T T )+ R )

In the continuum limit this gives

(Whhysle™ i Whpye) =
/dacf\llphys(:clz)dxi phys(m12)/dpz
| Dpi®Dpo(t) Med(p1(1) + (1))

| Da1() Do) Med(ar (1) + @2(t) — a(®))
exp {’& /ttf dt (p1(t)z1 (1) + p2(t)z2(t) — H(t))}

phys>
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The meaning of the o(X; — a;) IS to restrict
the integral over non-dynamical variables Xj.:
/I_IkacS(Xk—ak) — 15 /I_Ikadzck5(Xk—ak)\U(a:k) — W(zy)

If the explicit form of this variables is unknown,

one can use the arbitrary functions fi.(X,x)
(X = X1,..Xpn, x =21,...xpn) because

J
provided the equation f.(X,z) = 0 has no mul-

/I’Ikad(fk(X,x)) det

tiple roots.
In terms of
X, 1P, [} where

J

f OF; 0G; OF: 0G ;
(F,Gyp By 20920 4 955 (p g )
- Poisson brackets for arbitrary F' and G.

Poisson brackets are invariant with respect to
change of canonical coordinates =

dXJ — {(pl +p2)i,fj(ﬂ31,$2)}
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In the continuum Ilimit

fr(z1,22) — f(z1(¢),z2(¢)) and

{p1+p2)i, fr(x1,22)} = {(P1+p2) (1), f(z1(t), zo(t')}
{F(),G({)} is a

variational derivative:

5G SF §G
F(t), G(t) /dt + )—(F < @)
t )= (5p1<t> 521(8) | 5pa() S ()
The final form of the path integral for the con-

strained system:

f
<thy

/dxprhys(xf)d:cz phys(:cz)/d“p

| Dpa(®) Dpa(®N6 (01 (1) + (1) [ D () Do (1)
det{p1(t) + po(8), F(21(8), 22(1)}

exp {z /ttf dt (p1(t)z1(t) + pa(t)zo(t) — H(t))}

S|€—7,Htf |\U

phys>

7

d(p1 + po) - Gauss law
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QCD

QCD is a theory of interacting quarks and glu-
ons.

8 gluons are described by AZ - 8 real massless
vector fields (like 8 different photons)
Convenient matrix notation: A, = Ajjt*.

t® are 8 - Hermitian matri-
ces with properties Trt® = 0, Trt%b = 169 (for
the explicit form, see any textbook).

Matrices t% are the of

- the group of unitary 3x3 matrices S with
detS = 1. An arbitrary SU(3) matrix can be
parametrized as exp(i>%w?) where w? are
real numbers. (cf. the parametrization U =

1 3
€3 21%k% for an arbitrary SU(2) matrix U)

3 quarks are described by the three-component

zp? (the quark of each color k

has the additional Lorentz (bi)spinor index &

similarly to the gluon which has color index a
and vector index pu).
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WU Lagrdligiall

1 —
L= —§TrG,UJI/G'UJV + Z ¢q(’& 7D o mQ)wq

flavors
g - coupling constant.
[te tb] = sfabege (fabe - SU(3) structure con-
stants) = G%, = AL — Oy A%, + g fiPe AL A
Non-Abelian gauge invariance:

P(z) = S(x)p(x) ‘
P(z) = () ST () | > = L(z) = L(z)
Au(z) = S(x)Au(x)ST(x) + 55(3})3“ST(33) |

(Cf. the gauge invariance of the QED
Lagrangian £ = —2F* Fu, + ¢(i D — m)y un-
der the Abelian gauge transformations ¥ —
ela(@) g, Ay — Ay + %Qua.)

Classical theory: non-linear equations

(D“Gw/)a — = Z%qta’)’ﬂba (¢ P — mq)lbq(f'?) =0
(where (DEGy)®* = OFGY, + gfPCAGS, ).
Quantum theory = perturbation theory (pQCD)

-+ lattice simulations.
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Proof of the gauge invariance of the Lagrangian

First, we prove that G (z) — S(2)Gu(z)ST(z):

GM(z) — 0u(SALST +ig~156,5T)
—ig(SALST 4+ ig7150,5T)(SALST 4+ ig7158,5T) — (1 & v)
= (0u8)ALST + S(0,A,)ST + SAL0,8T +ig™1(8,5)8,8T
+ ig7180,0,5T — igSA,A,ST 4+ 5(8,5T1)5A,ST
+ SA4,0,5T +ig715(0,51)58,5T — (u <+ v)
= S(8uAy —igALA)ST — (b v) = SGu ST
( we used the property $9,ST = —(9,5)ST)

Next, we prove that Dyy(z) — S(z)Duyp(z):
Dup(z) — (8 —igSALST + 5(8,51)) Sy
= Sou —igSAuY = SDuy
Finally,
TrGH (2)Guu(z) —
TrS(2)GM (2)51(2)8(2) G (2) ST () = TG (@) G (@),
() P () = P(2)ST(2)7S(2) D (z) = P(w) Py ()
map(2)9(x) = mp(2)S(x)ST(2)¥(x) = mp(z)y(x)

Phys 872 -99- Spring 2001



Perturbation theory - like QED:

L = Lrp+Lp—+ Lint

J— 1 a apv

Lp = ZQZ(Z ? — mq)¢q

igTrot AY[Ap, Avl + g Z g Atdq
— g Tr[Ay, AJ][AH, AY]

where Fuy = 0uAy — OvA,.

Another representaion of Lint

Lint = g g Athg — gf*" oA™Y A} A5

. 92 fabn fcdn AZ A,Ii ACH Adu

(Recall [t®,tP] = i fabege).

Iy
S
(s

|

Free Lagrangian = 8 issues of electrodynamics
labeled by a =1 + 8

=

Feynman rules are the same, except now we
have the self-interaction of gluons.

This is almost true - Ward identity in QCD is

different = ghosts.
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Functional integral for QCD

First, we consider the = QCD
without quarks.
— 1 a auv
L= _ZGNVG

Classical equations:

oL
o Aac

oL
— abc ~b cl _ a
= G, A = -G
97 P 7 9(Oa- l%) P

0 oL _ oL
O, OOHAY DAL
—0HGY, = gf*"Gb3AP = (DFG W) =0

Coulomb gauge: O AL = 0.
E¢=@eol . _
Ba = —Gae23 ..

x_

Canonical coordinates: A%(z).

Canonical momenta: 7% (z) = % = Eak,
k

Hamiltonian

i 1 4 4 N
H = / Br(r*AL—L) = / d3x§(E"’-Ea’—|—B“-B"’)
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Similarly to QED, the Ampere’s law
DiGik =0 < V X B=—igl[A, xB]
can lge generaAIizeg to the operator form
V x B = —ig[A, xB],
but the Gauss law
DiGOi =0+ V-E= —z'g[f_f, E]

cannot be generalized since it would contradict
CCR
= we impose Gauss law on physical states

é(f)|wphys> =0
(here C = -V - E —ig[A, -E)).

The Gauss law is a constraint on the canoni-
cal momenta = we use the analogy with QM
constrained system to obtain the functional in-
tegral for QCD.
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Path integral for the Green functions of the
constrained system in QM:

(QIT{O(t1)O(t2)...0(tn)}92) =
[ @6 5w 0ac(6D)dsiwac(67)
[ DT (ODra(ON6(r1 (1) + m2(1)) [ Dér. () Do (8)

det{m1(t) + m2(t), f(61(t), p2(t)}
O(t1)0(t2)...0(tn)

exp {z /t ff dt (w1 ()1 (£) + m2(t)do(t) — H (t))}

7

0(mqy + m) - “Gauss law”

O(t) = O(é1o(t)) - “local gauge-invariant op-
erator”

The functional integral for the Green functions
in the gluodynamics looks like in QM:

@i (t) — A (Z,t)
i (¢) — EX(Z,1)
O(m1 +m)(@) —  6(C(&,t) — Gauss law

5(f(p1(t), 92(t)) — 6&(0,A%%(&,t)) — choice of gauge
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(QIT{O(21)0(2)...O(2n)}I$2) =

| DE{(2) DA (2)6(8,A% (2))6(C%(=))
W0ac(ANWY, (AN O(21)O(22)...0(wn)

- —i [d*z (E*a(x)-zi(x)+%(ﬁa2+ﬁa2)>
det{C%(x), 8, A% (y)}e

where O(x) is an arbitrary gauge-invariant lo-

cal operator (e.g. Gy, (z)G*"(x)).

WO, .) is the “perturbative vacuum” of QCD

(= product of 8 perturbative vacua for 8 issues

of QED).

The Poisson bracket is

{C%(z), 8, A ()} =
/dz §(—=V - E® 4 gfamn gm . ) §(V . Ab)

dk dk
SEk( ) sAdh(y AT e BT

/ dz( — 8,89 — g famaA™ (2))5(z — 2) 8Oy — 2)6%
= M*(z)6*(z —y)

where M®(z) = V259 4 gfabey . A%(x).
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1 11T CLUlIoLidlliCu o=i1ulicLivil Ldll VT VVviIILLCll dado
a (functional) phase integral

Ns§(C%(z)) = / DA% | A5 (w)

= the Gaussian integration over Ef(x) can be
performed by shift Ef(x) — Ef(x) + Gijo =
(QIT{O(21)O0(22)...0(zn)}IQ2) =
N1 / DAY(z)5(8p A% (z)) det{M5(z — y) } W ac(AT) Wi, (A

x O(21)O(22)...0(zp)e 4 ) oG (@)G (@)

This is the final form of the functional integral
for the gluodynamics in the Coulomb gauge.

Without the constraint, the integral
‘ 4 a apy
/DA/C,LL(CU)O(fUl)O(IQ)O(g;n)e_zfd lemelly

would contain the additional integration over
gauge group at each point z since the inte-
grand is invariant under _
Au(z) = S(@) Au(x)ST(2) + 25(2)0u(2) ST(2).
The constraint M§(8, A% (z)) eliminates this in-
tegrations in the same way as the constraint
f(x1,zo) = 0O eliminates the integration over
the coordinate of c.m. X in our QM toy model.
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Functional integral for QCD in the Feynman
gauge
First, we go to the generalized Lorentz gauge

OuA*H(z) = c(x)

with arbitrary functions ¢*(xz).

In QM, we saw that the gauge fixing con-
dition f(¢1(t),p>(t) = O may be arbitrary as
long as we put the appropriate Poisson bracket

{m1(t) + m2(t), f(#1(1), p2(8) }.

= §(9,A%(x)) may be replaced by
6(0u A (x) — c*(x)) if we change the operator
M to My, = 826% — gf¢H, A (x)

We get
(QT{O(21)O(52)...0(z) })
= N1 / DA% (2)My8(Fu A% (z) — *(x))
X det{Mp5(x — y)}Wiac(AT)Wiac(AY)
« O(21)0(22)...0(zn)e 4 | *2Cw (@G (@)

R.h.s. does not depend on c¢%(xz) =
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We can integrate over all possible c*(z) with
the Gaussian weight exp {—% [ d*z c*(z)c*(z)} =

(QT{O(x1)O(x2)...0(xn)}|2) =
N1 /QQDAZ(:U) det{Mré(z — y)}O(z1)O(x2)...0(zn)
o ot f d*e{ 3G, (2)G (2)+5 (8, A% (2)) (8, A% (2)) }
The integrand in the exponent is
%AQNOQA““ + Lint(A)
Using the general formula
det A(z,y) = N1 / De(z)De(z)e— | ¢*d*ye(@) Alz.y)e(y)

the determinant can be written down as a
Grassman functional integral

det ML5(33—y) — N—l/Da(x)DC(x)e—ifd4x5a(;c)Mgbcb(a:)

The Grassman variables ¢(x) are called
They are scalar fermions (there is no violation
of Pauli spin-statistics theorem because ghosts

are auxiliary fields rather than physical degrees
of freedom).
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The final formula for the functional integral for
the gluodynamics in the Feynman gauge is

<QIT{@(az1)@(w2)---@(xn)}IQ> =

N1 / DA%(2) De(z) De(2) O (1) O(22) .0 (zn)
ot | dYa{ 5 A2 AW L (A) =202 c4g fr0ee B A}

Adding integration over quark fields we obtain

the QCD functional integral in the Feynman
gauge

(QIT{O(21)O0(22)...0(zn) }[2)
Y _

= N_lfa DA%DEDeDFEDY O(21)O(22)..-0(z1)

« ¢t [ d*a{5AMOP AN AP (iG—m)p—C 0% +Lint(Aph,c) }

where

‘C’int(A7¢7c) — QZQZq Awq gfabc(a,u )CbACN

gfabca,uAaVAb A€ _ QfabnfcdnAaAb Ac,uAdV
pity
(N = same integral without O(z1)...0(zn)).
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The free Lagrangian describes propagation of
massless gluons

a4k guo®® _,
b _ gpv —ik(z—y)
AL@)AL) = [ S5 A e

(a,b=1-+28)
quarks with mass m

41, skl
d_ kf(s (m—l— ﬁ)é‘n e—ip(fb—y)
. m2 — p2 — 1€

i@ = [

(k,l=1-+3)
and massless ghosts

4
@) = [
(a,b =1+ 8)

5ab

e—ta(z—y)
—q? — ie

Ghosts are auxiliary fermion scalar particles which
interact with gluons. Ghosts live in only in
loops.

Physical meaning: ghosts cancel the contri-
butions of the non-physical gluons from gluon

loops.
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Lel us TIind the gnhost-giuon vertex.
(QIT{E ()P (1) A5(2)})
— N1 /Q DA%DEDeDF DY ()" (1) A5 (2)
o o S d*w{Lo(w)+Lint(w)}

= N1 /Q QDAZDEDC A (2)(y) AS () €' J d*wlo(w)

x [1- igfmnl/d4w(8“5’m(w))cn(w)AiL(w)] 1 0(g2) =
4 d pld4pzd4k( 1, e_ipl(m—w)>e—ip1(y—w)e—ik(z—w)

abc
d w
97 —p5 —ic k2 +ie

1 2 i \Ow? —p% — 1€

(2m)*5(p1 + p2 + k)igf**°p1,
(k2 4 ie) (pg + i€) (p3 + ie)

=4 G(p17p27k) — =

_igfabcpl,u,
((p1 + p2)2 + i) (p7 + i€) (05 + i€)
Vertex = (G?™MP in the lowest order in g) =

g(p17p27 —P1 — p2) —

p =3 p, = -igf™p
1 22 U
EEEEm <Emmn@uuns S <LLEE

a b
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Feynman rules for QCD

b g Y, 5 ab
" " v = Cric gluon propagator
a b 6ab
----- . SEECELELE = —p2——1£ ghOSt propagator
P
! n (m+p) 3"
T = m2p 21 € quark propagator
H > a
1 g = gy, v H quark-gluon vertex
n
k|
Py Py
e e <.?; = _igfdbC pllJ ghost-gluon vertex

. b
-12 fa © [(kl _kz) )\g Y, + (kz_
_k3)ug\)}\ +(k3_k1)\)g)\u]

three-gluon vertex

d c _ Qfmabfmcd _
0 N g @) &p 8 pp8un)
= 2™ g -g g o)
MA SAp T HP TVA
a b ~ zfmad fmbc( B )
H vV g gu)\ gVp gu)\ gvp

four-gluon vertex
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AsS usual,

d4
o [ 1e-; for each loop momentum.

e extra (-1) for each quark and ghost loop.

e ghosts live only in loops.

Set of rules for the “matix elements of the T-
matrix’ :

e ul(p,s) for the incoming quark with color
index [ =1-=+3

e vl(p,s) for the incoming antiquark
e u'(p,s) for the outgoing quark
e v!(p,s) for the outgoing antiquark

o (k) for the (initial or final) gluon with
color index a =1 =+ 8.

e Multiply by gamp
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Appendix 1. NOtations.

Metric tensor: g, = diag(1,-1,-1,-1)
= a“bﬂzaobo—d’-g

/ dni = / <§:§n

9 B 9 9
0 £ 9®) = 15 9® = (5, 1®) 9(t)

Connection between the S-matrix and the T-
matrix

gconnected(,, _“pgm) 5 po, ...pgn)) —

2m)*i5(S p1 — S p2)T(p1, .0{™ = po, ..p8M)

(Note that S = M{/2ELS*RM see eq. (4.9.1)
of the AQM course).

Definition of the reduced Green functions G(p1, po, ..., Pn)

G(p]_,pQ,---,pn) —
m)*6( " p)(—)" G (p1, P2y —P1 — oo — Pp_1)

where G(p1,po,...,pn) IS the Fourier transform of
(Q2T-product of the corresponding operators|<2).
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ATTOUWO Oll LUIIC Uilhdl

Peskin's textbook:

W) P(y)

_

y

P

HiicoO.

m-+p
mZp 2

J——

incoming electron

outgoing electron

P, Re
P; P,

incoming positron

arrow || charge flow

AQM lecture notes:

W) P(y)

+

y

incoming electron

outgoing positron

outgoing electron

P, P,
P, P>

incoming positron

arrow || charge flow

outgoing positron
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Appendix 2: Variational derivatives.

(say, F : Lo - R).
Example: KG action

S(¢(z)) = 5 [ d*z(9u(z)po*(z)d — m?$>(x))

“Taylor expansion” for functionals:

F(6()+h(@) = F6@)+ [do h@) 5o D+
((552’((¢)) is called the of

F(¢). Example:

S(¢(x) + h(z)) =

> [ @*2@u(0 + 16+ h) —m2(6+ 1)) =
S(8) + [ d*@(8uh(2)06(x) — m>hg) + O(h?)

Y EBS(0) + [ dho(— h(@)0%6(x) - mPh(@)é(2))
= oty = —(02 +m)o(@).

Least action principle: 23¢2) = 0 - classical egn

_ Toop(x)
of motion. (KG egn in our case).
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HWVs.

HW1: Find (Q|T{¢(t)$(0)}2) in the first non-
trivial order in A.

HW2: Find i [ dze®*(Q|T{p(z)$(0)}Q) in the
first nontrivial order in X (in the KG theory).
Leave the answer in terms of integral(s) over
4-momenta.

HW3: Check the boundary conditions at ¢t —
+o00 for the function ¢(x) at page 50.

HW4: Using the expresasion for E = 7 in terms
of ladder operators (see p. 66) and the formula

prove the last egqn. on page 66.
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HWS5.
Prove that

/ d€1d¢4 / d€rdén / dEsdes e Tii=1EMiii = det M

where &; and &; are independent Grassman vari-
ables.

HW6.

Find the differential cross section for the unpo-
larized electron-electron scattering in the Yukawa
model (in the lowest order in perturbation the-

ory).

HWT.

Find the three-gluon vertex in QCD (consider
(QT{A%(x) A% (y) A4 (2)}]€2) and follow the deriva-
tion of the ghost-gluon vertex).
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